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ABSTRACT. We give some applications of mixed support forcing iterations to
the topics of disjoint stationary sequences and internally approachable sets. In
the first half of the paper we study the combinatorial content of the idea of a
disjoint stationary sequence, including its relation to adding clubs by forcing,
the approachability ideal, canonical structure, the proper forcing axiom, and
properties related to internal approachability. In the second half of the paper
we present some consistency results related to these ideas. We construct a
model in which a disjoint stationary sequence exists at the successor of an
arbitrary regular uncountable cardinal. We also construct models in which
the properties of being internally stationary, internally club, and internally
approachable are distinct.

In [16] we worked out a general schema for a mixed support forcing iteration.
In this paper we present some applications of this forcing iteration to the topics of
disjoint stationary sequences and internally approachable sets. Let k be a regular
uncountable cardinal. A disjoint stationary sequence on kT is a sequence (S, : « €
A), where A is a stationary subset of 1 N cof(k), such that for all @ in A, S, is a
stationary subset of P, (a), and for all @« < §in A, S, NSs is empty. This definition
is a weakened version of the idea of a disjoint club sequence which we introduced
in [11].

In the first half of the paper, we study the combinatorial content of the idea
of a disjoint stationary sequence. In Section 3 we study the relation of this idea
to adding clubs by forcing and the approachability ideal. In Section 4 we give a
canonical description of the domain of a disjoint stationary sequence on ™, under
the assumption x<* < k1. In Section 5 we prove that the forcing axiom PFA™
implies the existence of a disjoint stationary sequence on wo. In Section 6 we relate
disjoint club sequences and disjoint stationary sequences to some variations of the
property of internal approachability.

In the second half of the paper, we use mixed support forcing iterations to prove
some consistency results concerning the combinatorial properties studied in the
first half. This requires some preparatory work. In Section 7 we refine a theorem
of Gitik [12] on adding stationarily many new sets. In Section 8 we summarize the
properties of the mixed support forcing iteration we will use.

In Section 9 we begin our consistency proofs, by constructing a model with a
disjoint stationary sequence on the successor of an arbitrary regular uncountable
cardinal. Sections 10 and 11 present very general constructions of models in which
variations of the property of internal approachability are distinct, building on pre-
vious work on the topic from [14], [15], and [17]. In Section 10 we construct a
model in which the properties of being internally stationary and internally club are
distinct, and in Section 11 we construct a model in which the properties of being
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internally club and internally approachable are distinct. In Section 12 we present
some open problems related to the material in this paper.

1. BACKGROUND AND NOTATION

We assume the reader has some basic familiarity with proper forcing and it-
erated forcing, generic elementary embeddings, generalized stationarity, and the
interaction of elementary substructures with forcing.

For a regular cardinal p, we write cof(u) to denote the class of limit ordinals
with cofinality equal to p, and similarly for cof(< u), cof(< ), and so forth. We
write Even and Odd to denote the classes of even and odd ordinals respectively.
For ordinals a < 38, 8 — « is the unique ordinal v such that a+~v=8. If f: X —= Y
is a function and A C X, f[A] denotes {f(z) : z € A}. We say that a cardinal x
is much larger than a set X if P(P(P(X))) is a member of H(x). For a regular
cardinal p, ADD(u) denotes the usual p-closed Cohen forcing for adding a subset
to p. For a regular cardinal x and a set X, COLL(k, X) denotes the Lévy collapse
for adding a surjection of x onto X.

Let x be a regular cardinal and let X be a set. Then P, (X) denotes the collection
of sets a C X such that |a| < k. We will always assume in this case that k C X,
although this is not necessary in general. We assume the reader is familiar with
generalized stationarity on P.(X), in the sense of Jech. A characterization of
stationarity we will use is that a set S C P.(X) is stationary if for any function
F : [X]<¥ — X, there is a set a in S closed under F' such that a Nk € . This
property is equivalent to S having non-empty intersection with every club subset
of P,(X).

If 1 is a cardinal and X is a set, [X]* denotes the collection of sets a C X
such that |a| = p. The family [X]* is a club subset of P,+(X). So when we
speak of stationary and club subsets of [X]#, we mean stationary and club subsets
of P,+(X) which are contained in [X]*. We will always assume that pu* C X,
although this is not necessary in general. A set S C [X]* is stationary if for any
function F' : [X]|<“ — X, there is a set IV in S which is closed under F' and satisfies
that 4 C N. This is true because there is a club subset of [X]* such that for any
N in this club, 4 C N implies N N p*t € pt.

We will often consider collections of the form Py («), where s is a regular un-
countable cardinal and « is an ordinal with size k. If f : kK — « is a surjection,
then {f[é] : ¢ < Kk} is a club subset of P.(«). It follows that any stationary subset
of P,(a) contains a stationary subset of size k. If (a; : i < k) is an increasing and
continuous sequence of sets in P.(«) with union equal to «, then {a; : i < Kk} is a
club subset of P, (), and a set S C P, («) is stationary iff there is a stationary set
B C & such that {a; : i € B} C S.

Suppose that j : M — N is an elementary embedding between transitive models
of ZFC, P is a forcing poset in M, G is a generic filter for P over M, and H is
a generic filter for j(P) over N. If j[G] C H, then there is a unique extension of
j to j: M[G] — N[H] such that j(G) = H, namely, j(a%) = j(a)”. Suppose
that M C N are transitive models of ZFC with the same ordinals, and X is a
regular uncountable cardinal in N such that M<*N N C M. If P is a forcing
poset in M which is A-c.c. in N, and G is a generic filter for P over N, then
M[G]<* N N|[G] € M[G].
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2. INTERNAL APPROACHABILITY

In this preliminary section, we review some well-known facts about internal
approachability. For more information on this topic, see [8]. Let ¢ be a limit
ordinal. A set N is internally approachable of length £ if N is the union of an
increasing and continuous sequence (N; : i < &) such that for all @ < &, (N; : i < )
is in N. We write IA(&) for the class of sets which are internally approachable of
length £. If N is in TA({) and N is an elementary substructure of H(\) for some
cardinal A, then £ is a subset of N. Note that the property of being in IA(£) is
upwards absolute.

Suppose & is a regular uncountable cardinal and x > & is regular. Then for any
limit ordinal £ less than k, the family P,(H(x)) NTA(§) is a stationary subset of
P.(H(x)). Indeed, let F : H(x)<“ — H(x) be a function. Define by induction an
internally approachable chain (N; : i < £) of sets in H(x) as follows. Let Ny be any
non-empty set in P.(H(x)). If 6 < ¢ is a limit ordinal and (N; : ¢ < ¢) is defined,
let N5 =J{N; :i < d}. Suppose (NV; : i <v) is defined for an ordinal v < &. Since
X is regular, the sequence (N; : i < v) is in H(x). Choose N, 41 in P.(H(x)) such
that N, C N,41, (IV; : @ < v) is a member of N,y1, N,y; is closed under F, and
Ny+1 Nk € k. The set N4y is in H () because it is a subset of H(x) of size less
than x. Now let N = [J{N; : i < &}. Then N is in P.(H(x)) NIA(E), N is closed
under F', and N Nk € k.

Let K < X be regular cardinals, and suppose N is a set in [H(A)]®. In this
context, we say that N is internally approachable if N is internally approachable of
length k. Suppose that N is an elementary substructure of (H()), €, <, k) of size
k, where < is a well-ordering of H(X). We claim that N is internally approachable
iff N is the union of an increasing and continuous sequence (a; : i < k) of sets with
size less than k such that for all 8 < &k, (a; : i < ) is in N. Obviously the second
condition implies N is internally approachable.

Suppose N is internally approachable, and let (IV; : i < k) be an increasing and
continuous sequence with union equal to N such that for all « < &, (N; : i < ) is
in N. Since N has size &, |N;| < & for all i < k. Without loss of generality, assume
Ny is non-empty. For all i < k, let f; denote the <-least surjection of xk onto N;.
Note that for all & < &, the sequence (f; : i < &) is in N by elementarity. Fix in N
a bijection g : kK — k X k. Define a function h : Kk — N as follows. For an ordinal
v < K, let g(y) = (i,7), and define h(y) = f;(j). Clearly h is a surjection. Note
that for all @« < k, h [ ais in N, since h | « is definable in (H()), €, <, k) from g
and a proper initial segment of (f; : i < k). Since h is a surjection, (h[i] : i < k) is
an increasing and continuous sequence of sets in Py (V) with union equal to N. For
all a < k, the sequence (h[i] : i < @) is in N, since it is definable in (H()), €, <, k)
from A | a.

Definition 2.1. Let u < x be reqular cardinals and suppose P a forcing poset. We
say that P is k-proper for IA(u) if for any regular cardinal x much larger than k
and P, there is a club set C C P,(H(x)) such that for all N in C N IA(p), for all
p in N NP there is ¢ < p such that q is N-generic.

The condition ¢ being N -generic in Definition 2.1 means that ¢ forces N[G]NV =
N, or equivalently, for any dense open set D C P in N, q forces GNDNN is non-
empty.
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Lemma 2.2. Let k be a reqular uncountable cardinal, and suppose P is a k-closed
forcing poset. Then for any reqular cardinal p < k, P is k-proper for IA(u).

Proof. Let x be a regular cardinal much larger than x and P. Let C be the club
set of N in P,(H(x)) such that N is an elementary substructure of (H(x), €, <, P),
where < is a well-ordering of H(x). Suppose N is in C NTA(u). Let (N; : ¢ < p)
be an increasing and continuous sequence with union equal to N such that for all
a<p, (N;:i<a)isin N. Since |[N| < &, |N;| < & for all i < k.

Let p be in N NP. Define by induction a descending sequence of conditions
(pi : i < p). Let pg = p. Suppose p; is defined for a fixed i < p. Since P is k-closed,
P is < k-distributive. Let p;11 be the <-least condition below p; which is in the
intersection of all dense open subsets of P which lie in N;. This is possible since
N; has size less than k and P is < x-distributive. If § < p is a limit ordinal and
(pi 1 < 9) is defined, let ps be the <i-least condition in PP which is below p; for all
1 < 0. This is possible since P is k-closed. This completes the definition.

Note that every proper initial segment of (p; : ¢ < p) is in N, since any such
initial segment is definable in (H(x), €, <1,P) from p and a proper initial segment
of (N; : ¢ < p). In particular, p; is in N for all i < pu. Let ¢ be a lower bound to
the sequence (p; : ¢ < p). We claim that ¢ is N-generic. So let D be a dense open
subset of P in N. Fix ¢ < p such that D is in N;. Then by construction, p;y; is in
DN N. Since g < p;y1, q forces G N DN N is non-empty. O

Lemma 2.3. Let u < k be reqular cardinals, and suppose P is a forcing poset which
is k-proper for IA(n). Then P preserves the regularity of &.

Proof. Suppose for a contradiction there is a condition p in P and an ordinal v
less than k such that p forces f : v — K is unbounded in k. Let x be a regular
cardinal much larger than x and P. Choose an elementary substructure N of
(H(x), &,P,p, f) of size less than k such that ¥ C N and there is a condition ¢ < p
which is N-generic. Note that since IV has size less than x, N Nk is bounded below
K.

Let G be a generic filter for P over V such that ¢ is in G. Then N[G]NV = N,
and in particular, N[G]Nk = NNk. Moreover, N[G] is an elementary substructure
of H(x)VI), and f = f¢ is in N[G]. Since v is a subset of N[G], f[v] is a subset
of N[G] Nk by elementarity. But f[v] is a cofinal subset of k. So N[G]Nk = NNk
is unbounded in x, which is a contradiction. O

Lemma 2.4. Let u < & be regular cardinals, and suppose P is a forcing poset which
is k-proper for IA(u). Let x be a regular cardinal much larger than k and P. If S
is a stationary subset of Po(H(x)) N IA(u), then P forces S is a stationary subset

of Po(H(x)").

Proof. Let p be a condition in P, and suppose p forces F : (H(x)V)<* — H(x)" isa
function. Since P is k-proper for TA (i) and S is a stationary subset of P, (H (x)) N
TA(u), we can fix a set N in S such that N is an elementary substructure of
(H(x),€,P,p,F), NNk € k, and there is ¢ < p in P which is N-generic.

Let G be a generic filter for P over V' which contains ¢. Then N[G]NV = N,
and in particular, N[G] N H(x)" = N. Since N[G] is an elementary substructure
of H(x)VI¢l and F = F¢ is in N[G], N is closed under F. Also N is in S and
NNk € k. t
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3. DISJOINT STATIONARY SEQUENCES AND ADDING CLUBS

In [11] we introduced the idea of a disjoint club sequence on ws (see Definition
3.1 below). In this section we generalize this idea to the notion of a disjoint station-
ary sequence on k1, for an uncountable regular cardinal x. Our first application
of mixed support iterations, given in Section 9 below, is to construct a disjoint
stationary sequence on the successor of a regular uncountable cardinal. Over the
next several sections we study the combinatorial content of disjoint stationary se-
quences, beginning in this section with its relation to adding clubs by forcing and
the approachability ideal.

First let us recall the definition of a disjoint club sequence, stated here for an
arbitrary regular uncountable cardinal .

Definition 3.1. Let k be a regular uncountable cardinal. A sequence (Co, : v € A)
is a disjoint club sequence on k™ if A is a stationary subset of K Ncof(k), for all
ain A, Cy is a club subset of P(«), and for all a < 3 in A, Co, NCp is empty.

Our original motivation for this definition was to prove the consistency of the
non-existence of a thin stationary subset of P,, (w2) [11], answering a question of
S.D. Friedman. Thin stationary sets were used by Friedman in [10] to construct a
forcing poset which adds a club subset to a stationary subset of ws. The impact of
Definition 3.1 for adding clubs is more general.

Theorem 3.2 ([11]). Suppose V.C W are transitive models of ZFC with the same
ordinals and the same wy and wy. Assume there exists a disjoint club sequence
(Co:a€ A) onwy inV. Then the set AU cof(w) does not contain a club subset in

w.

The existence of a disjoint club sequence on ws is a consequence of Martin’s
Maximum, and is equiconsistent with the existence of a Mahlo cardinal [11]. We
do not know whether it is consistent to have a disjoint club sequence on x* for a
regular cardinal k larger than w; (see Section 12). But if we weaken the definition
so that the sets on the disjoint sequence are only stationary, instead of club, we are
able to obtain the consistency of such a sequence on the successor of an arbitrary
regular cardinal; this is shown in Section 9 below.

Definition 3.3. Let k be a regular uncountable cardinal. A sequence (S, : o € A)
is a disjoint stationary sequence on kT if A is a stationary subset of K+ N cof(k),
for all a in A, S, is a stationary subset of P.(c), and for alla < B in A, So NSp
s empty.

An important parameter related to a disjoint club sequence or disjoint stationary
sequence is the domain of the sequence. Assuming x<* < kT, there is a maximum
set which is the domain of such a sequence, as we show in the next section. Let
us note that the domain of such a sequence cannot contain almost all ordinals of
cofinality » in k1.

Proposition 3.4. Let k be a regular uncountable cardinal, and suppose (S, : @ €
A) is a disjoint stationary sequence on k. Then (kT Ncof(k)) \ A is stationary.

Proof. Let C C k™ be a club set. We prove there is a in C' N cof(x) which is not
in A. Choose an increasing and continuous sequence (N; : i < k) of elementary
substructures of H (k™) such that for all i < s, N; has size less than x, N; Nk € &,
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the parameters C and (S, : @ € A) are members of N;, and N; € N;4;. Note that
by elementarity, for all 4 < , the ordinal sup(N; N k™) is a limit point of C, and
so isin C.

Let N = [J{N; : i < k}. Since N;Nk € k and N; € N;y; for all i < k, £ is
a subset of N. It follows that N NxT € kT. Let 3 = NN &x'. Then 3 is the
supremum of the sequence {sup(V; N k¥) : i < k). Since N; € N;y1 for all i < &,
this sequence is increasing. So (3 is in C' N cof(k).

Suppose for a contradiction that 3 is in A. Then Sg is defined and is a stationary
subset of P,(3). Clearly {N; Nx™ : i < k} is a club subset of P,(8). So fix an
ordinal i <  such that N; N x* is in Sg. Since N; isin N, N; N k™ is in N. Now
(S : € A) is a disjoint stationary sequence, so ( is the unique ordinal in A such
that N; N k" is in Sg. By elementarity, 3 is in N. This contradicts that N N x™ is
equal to 3. [

As a corollary, we get an analogue of Theorem 3.2 for disjoint stationary se-
quences.

Corollary 3.5. Suppose V.C W are transitive models of ZFC with the same ordi-
nals. Let k be a reqular uncountable cardinal in W, and assume (k%)Y = (x)W.
Suppose that every stationary subset of k in V' remains stationary in W. If (S, :
a € A) is a disjoint stationary sequence in V', then the set A U cof(< k) does not
contain a club subset in W.

In particular, if k is a reqular uncountable cardinal and (S, : « € A) is a disjoint
stationary sequence on Kk, then for any < k*-distributive forcing poset P, P does
not add a club subset to AU cof(< k).

Proof. First note that for all a in A, S, is a stationary subset of P.(«a) in W.
Indeed, choose an increasing and continuous sequence {(a; : i < ) in V of sets of
size less than » with union equal to . Since S, is stationary in P, («), there is a
stationary set B C k in V such that {a; : i € B} C S,. By our assumptions, B
remains stationary in W. Therefore in W, {a; : i € B} is a stationary subset of
P, () contained in S,, so S, is stationary in W.

Suppose for a contradiction there is a club C C s in W which is a subset of
AU cof(< k). In particular, A is still stationary in W, so (S, : a € A) is still a
disjoint stationary sequence. But then (kT Ncof(k)) \ 4 is disjoint from C, which
contradicts Proposition 3.4.

If P is a < kT-distributive forcing poset, then P does not add any new sets of
ordinals with order type less than k. So x and k% remain regular cardinals in V.
Since P does not add any new subsets to «, P preserves the stationarity of stationary
subsets of k. Now apply the previous part of the corollary to W = V¥, (]

It follows in particular that k< = k implies there does not exist a disjoint
stationary sequence on k. For as shown in [2], k<% = k implies that for every
stationary set S C s+ N cof(k), there is a < xk*-distributive forcing poset which
adds a club subset to S U cof (< k).

We now discuss the relationship between disjoint stationary sequences and the
approachability ideal. Let k be a regular uncountable cardinal. For a sequence
d = {a; : i < kT) of bounded subsets of k*, let Sz denote the set of limit ordinals
a < kT such that there is a club set ¢ C o with order type equal to the cofinality of
a such that for all g < «, there is ¢ < « such that ¢N B = a;. The approachability
ideal I[kT] is the collection of sets S C k™ for which there exists a club set C' C k™
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and a sequence @ = {(a; : i < k) of bounded subsets of k¥ such that SNC C Sz

([21], [22]).
We will use the following well-known result about the approachability ideal.

Theorem 3.6. Suppose Kk is a reqular uncountable cardinal and S is a stationary
subset of kT Ncof(k) in I[kT]. Then there is a < k™t -distributive forcing poset which
adds a club subset to S U cof(<k).

Proof. Fix a sequence @ = (a; : i < k) of bounded subsets of k™ and a club set
C C kT such that SN C C Sz. Define a forcing poset P by letting P consist of
conditions which are closed and bounded subsets of T contained in S U cof (< k),
ordered by end-extension.

We show that P is < x*-distributive. Let D = (D; : i < ) be a sequence of
dense open subsets of P. Consider a condition p in P. Let 8 denote the structure
(H(kTT),€,<), where < is a well-ordering of H (k™).

Since S is stationary in k™, there exists a set N < B with size x such that
NnNnkT™ € SNC, and the parameters P, p, and D arein N. Let a« = NN«x*.
Then « is in SN C C Sz, and since « is in S, a has cofinality «. Fix a club set
¢ ={a;: i < Kk} C a with order type & such that every proper initial segment of ¢
isin {a; : i < a}. Since @ is in N, by elementarity the set {a; : ¢ < a} is a subset
of N. Thus every proper initial segment of ¢ is in V.

We define by induction a descending sequence (p; : i < k) of conditions in P.
Let pg = p. Given p;, let p;11 be the <-least member of D; below p; such that
max(p;+1) is greater than both max(p;) and a;. Let 6 < k be a limit ordinal and
suppose (p; : i < d) is defined. Let ps be equal to

U{pi 11 < 8} U {sup( U{pi (i< d})}

For all i < 6, max(p;) < max(p;+1), so sup(|J{p; : # < §}) has cofinality equal to the
cofinality of §, which is smaller than . Therefore p;s is a closed and bounded subset
of kT contained in S U cof(< k). So ps is in P. This completes the construction of
the sequence.

Every proper initial segment of (p; : ¢ < k) is definable in B from a proper
initial segment of ¢, together with the poset P, p, and the sequence D. But these
parameters are all in V. So by elementarity, every proper initial segment of the
sequence (p; : i < k) is in N.

Now for all ¢ < k, max(p;+1) is greater than «;. On the other hand, p;+1 isin N,
so max(p;+1) is in NN kT = a. So [J{pi : i < k} is unbounded in «, and therefore
is a club subset of a.

Let ¢ be equal to

U{pi (i< k) U{al

Since «r is in 9, ¢ is a closed bounded subset of k™ contained in S U cof(< k). So ¢
isin P, ¢ < p, and q is in D; for all i < k. ]

For an uncountable cardinal x, the approachability property AP, is the statement
that I[x7] contains a club subset of k.

Corollary 3.7. Let k be a reqular uncountable cardinal and suppose (Sy, : o € A) is
a disjoint stationary sequence on k*. Then I[kT] does not contain any stationary
subset of A. In particular, AP, fails.
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Proof. Let S be a stationary subset of A. If S is in I[x™"], then by Theorem 3.6 there
is a < xkT-distributive forcing poset which adds a club subset to S U cof (< ). But
SUcof(<k) C AUcof(<k), so P adds a club subset to AU cof(< k), contradicting
Corollary 3.5. Thus S is not in I[xT]. Now if C is a club subset of kT, ANC is
a stationary subset of A, and hence is not in I[x"]. But I[x"] is an ideal, so C
cannot be in I[x™] either. So AP, fails. O

For independent interest, we make the following observation.

Proposition 3.8. Let k be a regular uncountable cardinal, and assume k<% < k™.
Let @ = {(a; : i < k*) be an enumeration of [kT]<". Let S C k* Ncof(k). Then the
following are equivalent:

(1) SN Sz is stationary.

(2) There is a <rk™-distributive forcing poset which adds a club subset to
S Ucof(<k).

Proof. (1= 2) Let T = SNSz. Then T is a stationary subset of K™ Ncof (k) and T
is in I[k*]. By Theorem 3.6, there is a < xT-distributive forcing poset which adds
a club subset to T'U cof(< k). But T U cof (< k) C S Ucof(<k). So P adds a club
subset to S U cof (< k).

(2 = 1) Suppose P is a < xT-distributive forcing poset which adds a club subset
to SUcof(<k). Let G be a generic filter for P over V, and let W = V[G]. Then in
W, all cardinals and cofinalities less than or equal to k™ are preserved, and @ still
enumerates all sets in [£T]<". Let C be a club subset of S U cof(<k) in W.

We would like to show that SN Sz is stationary in V. So let D be a club subset
of k7 in V. In W, D is still a club subset of k™. For the rest of the proof we work
in W. Define by induction an increasing and continuous sequence (N; : i < k) of
elementary substructures of H(x" 1) such that for all i < k, N; has size less than
k, N; Nk € K, the parameters C, D, and @ are in N;, and (N; : j <) is in N;4q.
Let N = J{N; : i < k}. Let « = NNxT. Then « is an ordinal in C' N D with
cofinality equal to k.

Let ¢ = {sup(N; N ") : i < k}. Then ¢ is a club subset of o with order type
equal to k. For all 3 < o, ¢N B is in N, since it is definable in H(x™") from a
proper initial segment of (N; : i < k). But (a; : i < k) enumerates all of [skT]<".
So by elementarity, cN 3 is in {a; : i < a}. The poset P is < x*-distributive, so c is
in V. Therefore in V| ¢ is a witness that « is in Sz. As « is in C, which is a subset
of SUcof(<k), and « has cofinality s, a isin S. So e is in (SN Sz) N D. O

4. DISJOINT STATIONARY SEQUENCES AND CANONICAL STRUCTURE

We now relate the idea of a disjoint stationary sequence to the concept of canon-
ical structure in set theory, as discussed in [6]. Although ZFC has a wide variety of
models, there are invariants which take different values in different models, thereby
giving information about the model. Such invariants are canonical if, although the
axiom of choice may be required to prove they exist, their definition is independent
of the choices made.

An example of a canonical invariant in set theory is the set of approachable
ordinals, which we describe now. Let s be a regular uncountable cardinal, and
assume <% < k7. Let @ = (a; : i < kT) be an enumeration of [T]<*. It is
not hard to show that if S is in I[sk*], then there is a club set C C k™ such
that SN C C Sz. Thus the set Sz generates I[x"] modulo clubs. We refer to
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Sz as the maximum set in I[xkT], or as the set of approachable ordinals in k™. If
b= (b; : i < kT) is any other enumeration of [x+]<*, then Sy is equal to Sz modulo
clubs. Thus the set of approachable ordinals in x* is a canonical invariant, in the
sense described above, under the assumption £<% < k7.

It turns out that a similar situation occurs with regards to the domain of a
disjoint stationary sequence.

Proposition 4.1. Let k be a reqular uncountable cardinal, and assume k<% < xT.
Let (z; : i < KkT) be an enumeration of [kT|<". Define S as the set of a in
kT Ncof(k) such that P.(a) \ {z; : i < a} is a stationary subset of P.(«).

(1) If S is stationary, then there is a club C C k% and a disjoint stationary
sequence (Sq : v € SN C).

(2) If there exists a disjoint stationary sequence (T, : o € T), then S is stationary
and T is a subset of S modulo clubs.

Proof. (1) Suppose S is stationary. For any « in S, « has size k, so there is a
club subset of P.(«) of size k. It follows that any stationary subset of Py («)
has a stationary subset of size k. For each « in S, choose a stationary set S, C
P.(a)\ {x; : i < a} of size k.

Define F : S — k™ by letting F(«) be an ordinal less than x* such that S, C
{z;:1 < F(a)}. This is possible since S, has size k. Now let C' be the club set of
v < kT such that for all @ in S Nv, F(a) < v. We claim that (S, : a € SNC) is
a disjoint stationary sequence. Clearly SN C is a stationary subset of ¥ N cof(x),
and for all @ in SNC, S, is a stationary subset of P,(a). Let « < f bein SNC.
Then F(a) < 8,50 S C {z; 17 < F(a)} C {z; : i < B8}. But S is disjoint from
{z; i < B}. So S, NS is empty.

(2) Suppose (7, : a € T) is a disjoint stationary sequence. We claim there is
a club D C T such that for all a in T'N D, 7T, is disjoint from {z; : i < a}. It
then follows that TN D C S. For if a is in T'N D, then 7, is a stationary subset
of P,(a) contained in P, (a) \ {x; : i < a}, so a is in S. Therefore S is stationary
and T is a subset of S modulo clubs.

If the claim fails, then there is a stationary set 77 C T such that for all « in
T, T, N{z; : i < a} is non-empty. Then there is a regressive map which sends an
ordinal « in T” to some ¢ < « such that x; is in 7. By Fodor’s Lemma, there is a
stationary set T” C T’ and i < k™ such that for all o in T”, 2; is in 7. Fix o < 8
in T”. Then w; is in 7, N 7, contradicting that 7, N 73 is empty. O

Corollary 4.2. Let k be a regular uncountable cardinal, and assume k<% < k7.
Suppose there emists a disjoint stationary sequence on kT. Then there exists a
disjoint stationary sequence on kT with a mazimum domain, in the sense that its
domain contains modulo clubs the domain of any other disjoint stationary sequence

on k.

Proof. Let (x; : i < k™) be an enumeration of [kT]<%. Let S be the set of «a in
kT N cof(k) such that Py(a) \ {z; : i < a} is stationary in P,(«). By Proposition
4.1(2), S is stationary. By Proposition 4.1(1), there is a club C' C kT and a disjoint
stationary sequence (S, : « € SN C). Now suppose that (7, : « € T is a disjoint
stationary sequence on 7. Then by Proposition 4.1(2), T is a subset of S modulo
clubs. ]
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The existence of the maximum domain S of a disjoint stationary sequence was
proven using a fixed enumeration & = (z; : i < xT) of [kT]<%. If Sy is defined
from another enumeration of [x*]<* in the same manner as S is defined from Z,
then by maximality, S and S; are equal modulo clubs. So assuming k<% < k™, the
maximum domain of a disjoint stationary sequence is a canonical invariant.

A similar analysis holds for disjoint club sequences.

Proposition 4.3. Let k be a reqular uncountable cardinal, and assume k<% < xT.
Let (z; : i < KkT) be an enumeration of [kT|<". Define S as the set of a in
kT Ncof(k) such that P.(a) \ {z; : i < a} contains a club subset of P.(«).

(1) If S is stationary, then there is a club C C k™ and a disjoint club sequence
(Cq:aeSNC).

(2) If there exists a disjoint club sequence (D, : o € T), then S is stationary
and T is a subset of S modulo clubs.

Corollary 4.4. Let k be a regular uncountable cardinal, and assume k<% < k7.
Suppose there exists a disjoint club sequence on k+. Then there exists a disjoint
club sequence on kT with a maximum domain, in the sense that its domain contains
modulo clubs the domain of any other disjoint club sequence on k.

The proofs of Proposition 4.3 and Corollary 4.4 are minor variations of the proofs
of Proposition 4.1 and Corollary 4.2.

5. DISJOINT STATIONARY SEQUENCES AND THE PROPER FORCING AXIOM

We proved in [11] that Martin’s Maximum implies there exists a disjoint club
sequence on wy. In this section we show that PFAT implies the existence of a
disjoint stationary sequence on ws.

Definition 5.1. The forcing aziom PFA" is the statement that for any proper
forcing poset P, any collection {D; : i < w1} of dense open subsets of P, and any
P-name A for a stationary subset of wi, there exists a filter G C P such that for all
i < wi, GN D, is non-empty, and moreover, the set AG = {a<w :IPpeGpl
o€ A} is a stationary subset of wy.

Let x > wy be a regular cardinal, and suppose P is a forcing poset in H(x). If N
is an elementary substructure of H(x) with size Xy, P € N, and G C P, we say that
G is N-generic if for every dense open set D C P in N, GN DN N is non-empty.

Suppose PFA™ holds. Let x > ws be a regular cardinal, and let P be a proper
forcing poset in H (). Then for any P-name A for a stationary subset of wy, there
are stationarily many N < H(x) of size N; such that there exists a filter G C P
which is N-generic such that A% is stationary in w; (see Proposition 2.1 of [14]).

In the next theorem, we use the fact proven in [2] that the poset ADD(w) forces
that the collection P, (w2) \ V is a stationary subset of B, (w2). This fact is also
a consequence of Theorem 7.1 below.

Theorem 5.2. The forcing aziom PFAT implies that there exists a disjoint sta-
tionary sequence on ws.

Proof. Suppose PFAT holds. Then 2% = ws, since this follows from PFA. So Wi =
wo, and thus we are in the context of Proposition 4.1 with k = wy. Let & = (x; :
i < wg) be an enumeration of [we]<“!. Define S as the set of & in wy Ncof(wy) such
that P, (@) \ {z; : i < a} is a stationary subset of P, (). By Proposition 4.1, if
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S is stationary then there exists a disjoint stationary sequence on ws. So it suffices
to show that S is stationary. Let C be a club subset of ws, and we will show that
SN C is non-empty.

Let P be the forcing poset ADD(w) * COLL(w1,w2). Consider a generic filter
G * H for P over V. Note that wy = w;/[G]7 and wy has size 8; in V[G x H]. In the
model V]G], let X = P,,, (w2)\ V. By the comments preceding the statement of the
theorem, X is a stationary subset of P,, (w2) in V[G]. Now the poset COLL(w1,ws)
in V[G] is proper, and so preserves stationary subsets of P, (wy). Therefore in
V|G * H], X is a stationary subset of P, (wy ). Fix in V[G x H| an increasing and
continuous sequence {(a; : i < w;) of countable sets with union equal to w) . As X is
stationary in V|G x H], there is a stationary set B C wy such that {a; : i € B} C X.
In particular, the set {a; : ¢ € B} is disjoint from V.

Now back in V, fix a P-name (d; : ¢ < wy) for an increasing and continuous
sequence of countable sets with union equal to wy , and a P-name B for a stationary
subset of wy, such that P forces {a; : ¢ € B} is disjoint from V. Let x be a
regular cardinal larger than ws such that P, (a; : i < w), and B are in H(x).
Fix an elementary substructure N < H(x) of size N; which contains as elements
the parameters Z, C, P, {(a; : i < w1), B, and all countable ordinals, and a filter
G+« H C ApD(w) * COLL(w;,ws) which is N-generic such that B = B is a
stationary subset of wy. Let & = N Nwsy. By elementarity, « is a limit point of C,
so « is in C'. It suffices to show that « is in S.

For each i < wy let a; = {a < wy :Ip € GxH plk a € a;}. We claim that
(a; : i < wq) is an increasing and continuous sequence of countable sets with union
equal to a. First let us show that (J{a; : i < w1} = a. Fix i < wy. Since P is
proper, every countable set in VT is covered by a countable set in the ground model.
So by elementarity there is a countable set b; C wo in N such that P forces a; C b;.
Then clearly a; C b;, hence a; is countable. Since b; isin N, a; Cb; C NNwsy = a.
So U{ai : i <wi} C . On the other hand, suppose v is in a. Let D be the dense
open collection of conditions p in P for which there is i < w; such that p forces
v € a;. By elementarity, D is in N. As G « H is N-generic, (G* H)N DN N is
non-empty. Let p be in this intersection, and fix ¢ < wy such that p forces v is in
a;. Then v is in a;. This proves |J{a; : i <w1} = .

To show that (a; : i < w1) is increasing, suppose i < j < wp and v is in ;. Then
there is p in G * H such that p forces v is in a;. But P forces a; C a;. So p also
forces v is in a;, hence v is in a;. To prove continuity, let § < w; be a limit ordinal.
By what we just proved, |J{a; : i < 0} C as. Let v be in as. Then there is p in
G * H which forces that v is in a5. Let E be the collection of conditions ¢ in P such
that either ¢ forces v is not in a4, or there exists ¢ < § such that ¢ forces v € a;.
Since P forces | J{a; : i < §} = a5, E is dense open, and by elementarity, E is in N.
Let ¢ bein (Gx H)NENN. Since p and ¢ are compatible, there is ¢ < d such that
q forces v is in ;. Hence v is in a;. So ag = J{a; : i < 0}.

It follows that {a; : i < w;}is a club subset of P, (o). Since B C w; is stationary,
the set {a; : i € B} is stationary in P, (). We claim that {a; : i € B} is disjoint
from {x; : ¢ < a}. Then by the definition of S, a is in S, which finishes the proof.

Since & = (x; : i < wg) isin N, {z; : i < a} is a subset of N. Suppose for a
contradiction that for some ¢ in B and j < o, a; = x;. Let F' be the collection of
conditions p in P which decide for some v < wy that v is in @; A ;. Since P forces
a; is not in V', whereas x; is in V/, F' is a dense open set. By elementarity, F' is in
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N. Fixpin (G+« H)NFNN. Then there is v in N Nwy = « such that p forces
visin a; A x;. If visin z;, then p forces v is not in ;. Since G * H is a filter,
there is no condition in G * H which forces that v is in @;. So v is not in a;, which
contradicts our assumption that a; = ;. On the other hand, if v is not in z;, then
p forces v is in a; \ ;. So v is in a; \ x;, which again contradicts that a; = z;. O

6. VARIATIONS OF INTERNAL APPROACHABILITY

We now discuss some variations of the notion of an internally approachable
set, and relate these properties to disjoint stationary sequences and disjoint club
sequences.

Definition 6.1. Let K < X be regular uncountable cardinals, and suppose N is a
set in [H(N)]".

(1) N is internally unbounded if for any set x in P.(N), there is a set a in
NN P,(N) such that x C a.

(2) N is internally stationary if N N P.(N) is a stationary subset of P,(N).

(8) N is internally club if N N P,(N) contains a club subset of P.(N).

(4) N is internally approachable if N is internally approachable of length k.

The properties in Definition 6.1 appear in several papers of Matt Foreman, in-
cluding [6] and [9]. In [9] it is asked whether these properties are equivalent. Note
that (4) = (3) = (2) = (1) holds for club many N (see Section 2). Assuming
K<" = K, it is not hard to show that (1) implies P,,(N) C N, from which it follows
that N is internally approachable. In general, these properties are not equivalent,
as we proved in [14] and [15].

Previously the properties in Definition 6.1 were studied independently of the
topic of disjoint club sequences. But it turns out there is a close relation between
these ideas, as we show in Theorem 6.3 below.

Lemma 6.2. Let x be a reqular uncountable cardinal and assume 2% = k+. Then
there is a club set C C [H(k™1)]® such that for any N in C, if NN k™ is an ordinal
with cofinality k, then N is internally unbounded.

Proof. Since 2% = kT, H(k™) has size k. Fix an increasing and continuous sequence
(N; : i < k) of elementary substructures of H(x%) with union equal to H(x™")
such that for all i < k™, K € N;, N; has size k, and N; € N;.1. Let D be the club
set of & < k1 such that N, Nk™ = a. Let C = {N; : i € D}, which is a club subset
of [H(kT)]".

Suppose that N is in C' and NNk™ is an ordinal with cofinality x. We show that
N is internally unbounded. Fix a < T such that N = N,. Since N, N T = a, «
has cofinality x. Fix a cofinal set d C « with order type k. Then N = [J{N; : i € d}.

Consider a set z in P,(N). Since d has order type &, there is 7 in d such that
is a subset of N;. Since N; is in N and N; has cardinality &, by elementarity we
can fix in N an increasing sequence (a; : j < k) of sets with size less than x such
that U{a; : j < K} = N;. Now z is a subset of NN, so there is j < x such that
x Caj. Then a; isin N N P,(N) and x C a;. O

Theorem 6.3. Let k be a reqular uncountable cardinal and assume 2% = k. Then
the following statements are equivalent.
(1) There is a disjoint club sequence on k™.
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(2) There are stationarily many N in [H(kT)]® which are internally unbounded
but not internally stationary.

Proof. (1 = 2) Suppose that C = (Co : v € A) is a disjoint club sequence on 7.
By thinning out the C,’s if necessary, we may assume that for all « in A, C, is
equal to {b% : i < k}, where (b¢ : i < k) is an increasing and continuous sequence
of sets with union equal to «.

We would like to show that there are stationarily many N in [H(x7)]® which
are internally unbounded but not internally stationary. By Lemma 6.2, it suffices
to show that there are stationarily many sets N in [H(x7)]" such that N Nk is an
ordinal with cofinality x and N is not internally stationary. So let F': H(xT)<* —
H(k™) be a function.

Since 2% = kT, H(xk") has size k. Fix a bijection g : k™ — H(k"). Let
(N; :i < k") be an increasing and continuous sequence of sets of size x with union
equal to H(k™), such that for all i < T, N; is an elementary substructure of
(H(k"),€,C,F,g) and N; Nt € k. Let D be the club set of a < x* such that
N,NkT =a.

Choose an ordinal 3 in AND. Then 3 has cofinality equal to x and NgNxt = 3.
Clearly Ng is closed under F' and x C Ng. So we need only to show that Ng is not
internally stationary. Since g : k™ — H(k™) is a bijection, by elementarity g | 3 is
a bijection from § onto Ng. Therefore the collection {g[b?] : i < k} is a club subset
of P.(Ng). So to show that Ng is not internally stationary, it suffices to show that
for all i < k, g[b?] is not in Nj.

Let i be less than x. Then b? is the unique set in H (k") whose pointwise image
under g is equal to g[bf]. So bf is definable in the structure (H(x"), €, C,F,g) from
the parameter g[b’]. Suppose for a contradiction that g[b’] is in N. Then b7 is
in Ng. Since (C, : o € A) is a sequence of disjoint sets, 5 is the unique ordinal
in A such that bf is in Cg. So by elementarity, § is in Ng, which contradicts that
Ngn kT = 0.

(2= 1) Suppose there are stationarily many N in [H (x")]" which are internally
unbounded but not internally stationary. Since 2% = k™, H(x") has size k™. Fix a
bijection g : k™ — H (k™). Let B denote the structure (H(x"), €, <, g), where < is
a well-ordering of H (k™). Fix an increasing and continuous sequence (N; : i < k™)
of sets with union equal to H (k%) such that for all i < k™, N; is an elementary
substructure of B, N; has size k, K C N;, and N; € N;;1. Note that {N; : i < k1} is
a club subset of [H(kT)]*. Let D be the club set of @ < kT such that N, NxT = a.

We would like to define a disjoint club sequence (C, : o € A) on . First define
the domain of the sequence by letting

A ={a e Dncof(k) : N, is not internally stationary}.

We claim that A is stationary. Indeed, let C C k* be a club set. Since {N; :i €
C N D} is a club subset of [H(k)]®, by (2) we can fix @ in C' N D such that N,
is internally unbounded but not internally stationary. If « has cofinality k, then «
is in AN C and we are done. If not, then let x be a cofinal subset of « with order
type less than x. Since N, is internally unbounded, there is a in N, N P, (N,) such
that x C a. Then z Cans™ C N,NkT =, sosup(aNk™) = a. Since a is in N,
a is in N, by elementarity, which contradicts that N, N k' = a.
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Let o be in A, and we define a set C, which is a club subset P,(«). Since
N, is not internally stationary, there exists an increasing and continuous sequence
(M; i < k) of sets in P, (N, ) with union equal to N, such that for all i < k, M;
is not in Ny. Let (M : i < ) be the <-least such sequence.

Define b for i < k* by letting b¢ = M> N kT. Since N, Nkt =, {b% 10 < k}
is a club subset of @. Now by elementarity, g [ a is a bijection from « onto N,,.
So (g[b$] : ¢ < k) is an increasing and continuous sequence of sets in P, (N,,) with
union equal to N,. Fix a club E, C & such that for all ¢ in E,, g[b$] = M¥. Now
define C, = {b% : i € E,}. Clearly C, is a club subset of P, (a).

We claim that (C, : a € A) is a disjoint club sequence on k. We already know
that A is a stationary subset of k™ Ncof(k), and for all « in A, C, is a club subset
of P;(a). Let aw < 8 be in A. Suppose for a contradiction that there is a set b in
Ca NCs. Fix i, in B, and ig in Eg such that b= 0§’ = b’?ﬂ. Now N, is a member
of N, so by elementarity, the sequence (M : i < k) is a member of Ng. Since
k C Ng, for all i < k, M N xk* = b} is in Ng. In particular, b§ is in Ng. But
be =1b; . Sob] isin Ny. By elementarity, g[b]’ ] is in Nj. The index ig is in Ep, so
g[b?ﬁ] = Mﬁs Therefore Mfﬁ is in N, which contradicts that the set {Mf (i< K}
is disjoint from Ng. O
Corollary 6.4. The following statement is equiconsistent with the existence of a
Mabhlo cardinal: there are stationarily many N < H(ws2) with size Xy such that N
1s internally unbounded but not internally stationary.

Proof. By Theorem 6.3, it suffices to show that the existence of a disjoint club
sequence on ws together with 241 = wy is equiconsistent with the existence of a
Mahlo cardinal. We proved this in [11]. O

On the other hand, the only way we know how to distinguish between internally
unbounded and internally stationary for elementary substructures of H(ws) of size
N; uses a supercompact cardinal; see [14].

The next theorem is a variation of Theorem 6.3.

Theorem 6.5. Let k be a reqular uncountable cardinal and assume 2% = k. Then
the following statements are equivalent:

(1) There exists a disjoint stationary sequence on k.

(2) There are stationarily many N in [H(kT)]® such that N is internally un-
bounded but not internally club.

Proof. The proof is almost the same as the proof of Theorem 6.3. We leave the
minor adjustments in the proof to the interested reader. O

7. ADDING STATIONARILY MANY NEW IA SETS

We now give a technical refinement of a theorem of Gitik [12], which we will use
in the consistency proofs later in the paper. Suppose V' C W are models of ZFC
with the same ordinals, and there is a real in W \ V. Gitik proved under these
assumptions that for any regular uncountable cardinal x in W, if A > (x)", then
P.(A\)\ 'V is a stationary subset of P, () in W.

Theorem 7.1. Suppose V. C W are models of ZFC with the same ordinals and
there is a real in W\ V. Let k be a regular uncountable cardinal in W, and let X
be a set in V such that (k)W C X. In W let x > k* be a regular cardinal such
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that X C H(x). Then in W there are stationarily many N in P.(H(x)) N IA(w)
such that N N X is not in V.

The proof of Theorem 7.1 which we give below is basically the same as the proof
of Gitik’s theorem in [12], although we provide somewhat more detail.
First let us review some notation and background material.

Definition 7.2. Let k be a regular uncountable cardinal. A tree on k™ N cof(k)
with stationary splitting is a set T C (k¥ N cof(k))<¥ such that:

(1) T consists of finite increasing sequences of ordinals and is closed under taking
initial segments,

(2) T contains a stem u such that for any t in T, either t Cu or u C t,

(8) for any t in T which extends the stem u, the set {a: t"a € T} is a stationary
subset of K.

For two such trees S and T, we say that S is a subtree of T if S CT.

Suppose T is a tree on k* N cof (k) with stationary splitting. For n < w, T' | n
denotes the set of s in T" with domain less than n. The n-th level of T is the set of
t in T with domain equal to n. If ¢ is in T, let T} be the subtree of T consisting of
nodes s in T such that s Ctort C s.

We write [T for the set of all functions f : w — k™ such that f [ n is in T for
all n < w. A standard topology on [T] is defined by letting the basic open sets be
sets of the form [T}, where ¢ is in T. The Borel subsets of [T] are the sets in the
o-algebra generated by the open sets.

We will use the following special case of a theorem of Rubin and Shelah [20]. Let
T be a tree on x™ N cof (k) with stationary splitting, and suppose {B; : i < £} is a
family of fewer than ™ many Borel subsets of [T] such that [T] = (J{B; : i < &}
Then there is a subtree S C T with stationary splitting, with the same stem as T,
such that [S] C B; for some i < £. In our application of this theorem, the B;’s will
be closed sets.

Lemma 7.3. Suppose k is a regular uncountable cardinal, and T is a tree on
kT Ncof(k) with stationary splitting. Let {Ns : s € T} be a family of sets such that
forall s inT, Ny is a set of size less than k, and for allt inT with s Ct, Ny C N;.
Forn inT, let Ny = |U{Nymn : n < w}.

Then there is a subtree S C T with stationary splitting, with the same stem as
T, and a function F : S — k% such that for all s"a in S, F(s) < a, and if n is in
[S] and s™a is an initial segment of 1, then sup(N, Na) < F(s).

Proof. For each « in k1 N cof(k), fix an increasing sequence (£ : i < k) cofinal in
a. We define a sequence of trees (T}, : n < w), each of which has a stem equal to
the stem of T. We will arrange that T, [ (n +1) =T, | (n+ 1) for all m > n.
After defining the sequence of trees, we let S = ({T}, : n < w}. Then for all n < w,
the n-th level of S is equal to the n-th level of T,,. So we can define a function
F: S — k™ by inductively defining F(s), where s has domain n and is in T},.

Let Ty = T. Let n < w and assume that T, is defined. Define T, 41 [ (n +1) =
T, | (n+1). Consider s in T}, with domain n. For i < k define B;(s) as the set of
n in [(Ty)s) such that sup(N, Nn(n)) < Ef(n). Clearly [(T,)s] = U{Bi(s) : i < K},
since for any 7 in [(T},)s], N, has size less than «, whereas 7)(n) has cofinality .

For each i < k, B;(s) is a closed subset of [(T},)s]. Indeed, suppose v is in
[(Th)s] \ Bi(s). We find an open neighborhood of v in [(T},)s] disjoint from B;(s).
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Since v is not in B;(s), sup(N, Nv(n)) > f;j(n). But N, = U{Nyim : m < w}.
So there is m < w larger than n and ¢ in N}, such that ff(n) < ¢ < v(n).
Then [(T,,)vm] is an open neighborhood of v in [(T},)s] which is disjoint from
Bi(s). For if is in [(Ty)ym], then ¢ is in Ny = Nypm, and n(n) = v(n). So
&1 = /™ < ¢ < sup(N, N(n)).

By the theorem of Rubin and Shelah, fix a subtree T'(s) C (T,), with stationary
splitting, with the same stem as (T},)s, and an ordinal i5 < &, such that [T'(s)] C
B, (s). If the stem of T}, has domain larger than n, then there is a unique « such
that s”a is in T5,. In this case, define F(s) = £ and A(s) = {a}. Otherwise the
set {a: sTa € T(s)} is a stationary subset of x*, and the function which maps
any « in this set to &' is regressive. By Fodor’s Lemma, there is a stationary set
A(s) C{a: s a € T(s)} and a fixed ordinal F(s) such that for all « in A(s),

Now define T;,11 as follows. As mentioned before, let T, [ (n+1) = T, |
(n+1). Suppose t is in T, and dom(t) > n. We let ¢ be in T4 if t is in T'(¢ | n)
and t(n) is in A(t | n).

Let S = (T, :n < w}. Then S is a subtree of T' with stationary splitting and
with the same stem as T. Consider a node s~ « in S, and let n = dom(s). Since
s ais in T, and has domain greater than n, by definition s”« is in T'(s) and «
is in A(s). By construction, F'(s) = £, which is less than a. Suppose 7 is in [S]
and s~ « is an initial segment of 7. Then for all m > n, n [ m is in Tj,41, so by
definition, n | m is in T'(s). Hence 7 is in [T'(s)]. But [T'(s)] is a subset of B;_(s).
So sup(N, N7(n)) < &1 = & = F(s). O

1s

Lemma 7.4. Suppose V.C W are models of ZFC with the same ordinals and there
is a real in W\V. In W, let & be a reqular uncountable cardinal, and let T be a tree
on Kkt N cof (k) with stationary splitting. Assume {Ns:s € T} is a family in W of
sets such that for all s in T, the range of s is a subset of Ns, Ny has size less than
k, and for allt in T with s Ct, Ny C N;. Forn inT, let Ny = J{Nym :n <w}.
Then there is 1 in [T] such that N,y N k™ is not in V.

Proof. By Lemma 7.3, fix a subtree S C T with stationary splitting and with the
same stem as 7" and a function F': S — £ such that for all "« in S, F(s) < a,
and if 7 is in [S] and s” o is an initial segment of 7, then sup(N, Na) < F(s). Let
h:w — 2 be a function in W\ V.

We define by induction three branches 7, 1y, and 7, in [S]. Suppose m < w and
n [ m,n [ m, and 7, | m are defined and are in S. Since S has stationary splitting,
the set {a: (n | m)"a € S} is unbounded in k™. Choose n(m) in this set which is
larger than F'(no | m), F(n | m), and any ordinal appearing in ng [ m and n; [ m.
Then choose 79(m) and 71 (m) so that 79 [ (m+1) and n; [ (m+1) are in S, no(m)
and 71 (m) are distinct ordinals larger than n(m) and F(n | (m+1)), and such that
no(m) < m(m) iff h(m) = 0.

This completes the construction of 7, 19, and 7;. The following statements are
easily verified from the definition.

(1) For i < 2 and m < w, min((N,, N &1) \ n(m)) = n;(m).
(2) For i < 2 and m < w, min((N,, N &™) \ n;(m)) = n(m + 1).

(3) For m < w, h(m) = 0 iff min((N,,N&*)\n(m)) < min((N,, N&™)\n(m)).
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For (1), we know n;(m) is in N,, by assumption, and n;(m) > n(m). So
min((N,, N &)\ n(m)) < n;(m). On the other hand, sup(N,, Nn;(m)) < F(n; |
m) < n(m), so equality holds. The proof of (2) is similar. Now (3) follows imme-
diately from (1) and the definition of 7no(m) and 7 (m).

We claim that at least one of the sets N, N s+, N, Nxt, and N,, N xT is not
in V. Then we are done, since 7, 19, and 7, are in [T']. Suppose for a contradiction
they are all in V. We show that 7 is in V' as well. Working in V', define a function
g : w — On by recursion as follows. Let g(0) = 1(0). Given g(m), define

g(m +1) = min((N, V&) \ min((Ny, N £7) \ g(m)).

We claim that g = 7. Indeed, g(0) = n(0), and if g(m) = n(m), then by (1) and
(2) and the definition of g, g(m + 1) = n(m + 1). So n is in V. But now by (3), h
is definable in V' from 7, N, Nx*, and N,, N ™, which is a contradiction. O

Now we are ready to prove Theorem 7.1. Suppose V' C W are models of ZFC
with the same ordinals and there is a real in W\ V. Let x be a regular uncountable
cardinal in W, and let X be a set in V such that (x7)" C X. In W let x > s+ be
a regular cardinal such that X C H (). We show there are stationarily many N in
P.(H(x)) NTA(w) such that NN X is not in V.

We work in W. Let F': H(x)<“ — H(x) be a function. We will find a set N in
P.(H(x)) NTA(w) such that NNk € k, N is closed under F', and N N X is not in
V. Let T be the tree of all finite increasing sequences in (k™ N cof(k))<“. Let B
denote the structure (H(x), €, <, F), where < is a well-ordering of H(x).

We define for each s in T" a set N in P.(H(x)) by induction on the domain of
s. Let Ny be the empty set. Suppose m < w and Ny is defined for all s in T" with
domain equal to m. Consider s~ « in T such that s has domain m. Define N,~, as
the Skolem hull in B of the set

Ny, U{N;} U {s"a} Usup(N; NK).

This completes the definition of the family {N; : s € T}. Note that for all s in T,
N is a set in P,(H(x)) closed under F', the range of s is a subset of Ny, and for
all t in T with s C ¢, Ny C N;.

For each n in [T7], let N,, = [J{Nyn : n < w}. Then N, < B, so N, is closed
under F. Also N, Nk € k. Since Ny, € Nyjnyry for all n < w, N, is in
P.(H(x)) NTA(w). By Lemma 7.4, choose n in [T] such that N,, N x* is not in V.
Then N,y N X is not in V either, since N,, N s = (N,, N X) N ™. This completes
the proof.

8. MIXED SUPPORT FORCING ITERATIONS

In the remaining sections of the paper, we present some consistency results re-
lated to the combinatorial properties studied in the first part of the paper. These
consistency results will rely on a mixed support forcing iteration which we worked
out in detail in our previous paper [16]. This iteration is described in the next
theorem.

Theorem 8.1 ([16]). Suppose p~* = p, Kk is a regular cardinal greater than u, and
for allv < k, v<F < k. Consider a forcing iteration

(P;,Q;:i<B3,j<p)

satisfying the following conditions:
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(1) If i < 3 is even, then P; forces Q; = ADD(y),
(2) If i < 3, then P; forces that Q; is p-closed,

(8) If 6 < (B is a limit ordinal, then Ps consists of all partial functions
p:0—V such thatp | i is inP; for alli < ¢, |dom(p) N Even| < p, and
|[dom(p) N Odd| < k. For p and q in Ps, let ¢ < p if dom(p) C dom(q)
and for all i in dom(p), q | i forces q(i) < p(4).

In addition, for all even a with a+1 < (3, define a weak ordering <* on ADD(u)*
Qa1 = Qo * Qg1 in VF by letting pa * G2 <* p1* 41 if p2 * G2 < p1 * ¢1 and
P2 =p1.

(4) If o is even and a +1 < 3, then Py forces (ADD(p) * Qat1,<*) =
(Qu * Qqt1,<*) is k-strategically closed.

Assuming that these conditions are satisfied, then:
(a) Pg is p-closed,
(b) Pg preserves all cardinals and cofinalities less than or equal to K,
(c) Pg is k-proper for TA(u),

(d) Pg is (< k, 00, u)-distributive; that is, for any & < Kk, if g: & — On
is a function in VT8, then there is a function h: & — [On]* in V such
that g(i) € h(i) for all i <,

(e) Pg forces that whenever X is a subset of V' such that for all A in
([VI=)V, XN AisinV, then X isin V.

Since P; is p-closed for all i < (3, the poset ADD(u) is the same in the ground
model and in any intermediate extension. Let § be a limit ordinal less than or
equal to 8. If cf(d) < p, then (3) implies Py is the inverse limit of (P; : i < ). If
cf(4) > &, then (3) implies Ps is the direct limit of (P; : ¢ < d). If p < cf(d) < &,
then Ps is a mixed support limit.

Let us emphasize that in condition (4), it is not the two-step iteration itself which
is k-strategically closed, but rather the two-step iteration with the weak ordering
<*. A special case in which condition (4) holds is when ADD(y) forces Qa1 is
k-strategically closed. For example, in the forcing iterations defined in Sections 9
and 10, x-closed Lévy collapses are used at odd stages.

On the other hand, (4) does not imply that ADD(p) forces Qg1 is s-strategically
closed. For example, in Section 11 we consider a forcing poset ADD(w) +Q, where Q
adds an increasing and continuous sequence of sets in P,,, (H(w2)") NV with order
type wy and union H(w;)Y. Since Q destroys the stationarity of the stationary set
(P, (H(ws)Y)NVAPP) )\ V| Q is not proper. In particular, Q is not w-strategically
closed. However, the poset (ADD(w) * Q, <*) is wy-strategically closed. For more
details on this example, see Section 2 of [16].

Let us draw some additional conclusions about such an iteration.
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Lemma 8.2. Suppose p<* = u, k is a reqular cardinal greater than p, and for all
v < Kk, vF < k. Consider a forcing iteration

(Pi,Q : i< B, < B)
satisfying assumptions (1), (2), (3), and (4) of Theorem 8.1. Then:

(f) If § is a limit ordinal with cofinality greater than or equal to p, then
in VP, cf(8) > p.

(g) If 6 is a limit ordinal with cofinality greater than or equal to Kk, then
in Vs cf(8) > k.

(h) Pg forces that whenever h : k — V is a function, all of whose initial
segments are in V', then h is in V.

Proof. Since Pg is p-closed, Pg does not add any new sequences of ordinals of order
type less than p. Property (f) follows immediately.

To prove (g), let § be a limit ordinal, and suppose cf(d) < & in V5. We prove
that cf(6) < k in V. Fix a function g : ¢ — & in VF# which is cofinal in §, where
¢ < k. By conclusion (d) of Theorem 8.1, there is a function h : £ — [On]* in V
such that g(z) € h(i) for all i < £. Define a function f : &€ — On in V by letting
f(@) =sup(h(i) N o) for all ¢ < &. If f(i) =6 for some ¢ < &, then cf(d) < p < &k in
V and we are done. Otherwise the codomain of f can be taken as d, so f: & — 9.
Since g is cofinal in 6 in V¥4, f is cofinal in . Hence cf(6) < & < k in V.

For (h), let h: k — V be a function in V¥4, all of whose proper initial segments
are in V. Note that h is a subset of V. Let A be in ([V]<*)V. Since A has size less
than x, h N A is a subset of h [ ¢ for some i < k. Therefore hNA = (h [ i) N A,
which is in V. By conclusion (e) of Theorem 8.1, it follows that h is in V.

([l

In applications of this mixed support forcing iteration, oftentimes we would like
to apply the properties described in the conclusions of Theorem 8.1 and Lemma
8.2 not to IPg, but rather to P, g, where o is even, a +1 < 3, and Py is factored as
P, * P, 5. This is justified by the fact that P, s is equivalent in V¥ to a forcing
iteration satisfying assumptions (1), (2), (3), and (4) of Theorem 8.1.

The proof of this fact is a reworking of the usual intermediate stage analysis of
a forcing iteration, as given for example in Section 5 of [3], for the mixed support
case. The details are trivial, but very technical, and we only give a sketch of the
proof below. The proof would be better understood after having read [16]. For the
reader who is not already familiar with [16], we suggest only reading the statement
of the theorem and skipping the proof.

Theorem 8.3. Suppose p<* = p, k is a reqular cardinal greater than u, and for
all v < Kk, v<F < k. Consider a forcing iteration

(P;,Q;:i<B3,j<f)

satisfying assumptions (1), (2), (3), and (4) of Theorem 8.1. Then for all even «
with a +1 < 3, Pg factors as Py * Py g, such that in VPa:

(I) Py 5 preserves all cardinals and cofinalities less than or equal to k,

(II) Py g is k-proper for IA(u),
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(II1) If § is a limit ordinal with cofinality greater than or equal to k,
then Py, g forces that cf(§) > &,

(IV) P, 5 forces that whenever h : k — V¥e is a function, all of whose
proper initial segments are in VFe, then h is in Ve,

Proof. Suppose that (P;,Q; : i < (3, < f3) is an iterated forcing satisfying assump-
tions (1), (2), (3), and (4) of Theorem 8.1. By properties (b), (c), (g), and (h) of
Theorem 8.1 and Lemma 8.2, to prove the theorem it will suffice to show that for
all even a with a+1 < 3, Pg is equivalent to P, * P, 3, where P, g is equivalent in
VFa to a forcing iteration satisfying assumptions (1), (2), (3), and (4) of Theorem
8.1.

First let us describe how to factor the iteration. So let a < v < [ be given.
Define in V a set P, ., as the collection {p | [o,7) : p € P,}. In VFe define
a partial ordering on the set P, by letting ¢ < s if there is a condition p in the
generic filter G, for P, such that p~t < p”s in P,. Then the map 7 : Py — Po %Pq -
defined by letting 7(p) = (p | @) * (p [ [@, 7)) is an isomorphism of P., onto a dense
subset of Py, * Py, .

Let a be an even ordinal such that oo +1 < 3. We would like to see that in VFe,
P, is equivalent to a forcing iteration satisfying conditions (1), (2), (3), and (4).
We give only a sketch of the relevant points of the argument, and refer the reader
to Section 5 of [3] for more complete details.

Fix a generic filter G, for P, over V. Let * = 8 — a, so a + 8* = (. In the
model V[G,], we define a forcing iteration

which satisfies conditions (1), (2), (3), and (4). Suppose i < 8* and P, is defined.
The appropriate induction hypotheses imply P, is equivalent in V[G4] to Pq a4i.
We translate the P,4;-name Qq4; to a P, name QZ,, which is interpreted as the

same forcing poset as Qaﬂ' in any generic extension of V[G,] by B,. It is easily
seen that P;,; = P, * @Z is equivalent to Py q+it1-

Let ¢ be a limit ordinal less than or equal to 5*, and suppose P; is defined for all
i < 4. Let P; be the mixed support limit of (P, : ¢ < §) as described in condition
(3). One shows that Py s is isomorphic to a dense subset of Ps, by a map which
is obtained by piecing together the isomorphisms P, o44; — P, for ¢ < §. The only
non-trivial issue is to show that the range of the map thus obtained is dense in
Ps. The problem is that there might be conditions in Ps whose domain is not in
the ground model V. To handle this, we claim that for every set b in V[G,] which
is the domain of a condition in P, there is a set B C [a,« + §) in V such that
|BNEven| < p, |[BNOdd| < k, and b C {v — o : v € B}. Then given a condition
u in P with domain b, we can find B as above which will serve as the domain of a
condition in Py o+s which will map to a condition in Ps which is below u.

So assume p is a condition in P, which forces that b is a subset of § in V¥« such
that |[bNEven| < p and [bNOdd| < k. We find s < p in P, and a set B C [a, a4 6)
in V such that |[B N Even| < p, |[BNOdd| < &, and s forces b C {v — a : v € B}.
To prove this, we will find s < p and a set C C § in V such that |C N Even| < p,
|C N Odd| < &, and s forces b C C'. Then we let B = {a+ v : v € C}. Since «
is even, a + 7y is even iff v is even, for any v in C. Therefore |B N Even| < p and
|B N Odd| < &, and we are done.
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Since b is forced to have size less than K, we can fix ¢ < p and a cardinal £ < k
such that ¢ forces b has size €. Let (i 11 < &) be a Py-name which ¢ forces is an
enumeration of b. Since P, is p-closed and ¢ forces that |b N Even| < p, there is
r < g and a set Cy C § with size less than p such that r forces b N Even = Cj.
By property (d) of P,, there is a s < r and a sequence (a; : i < &) of subsets of
6 with size less than or equal to p such that for all i < &, s forces v; € a;. For
each i < &, let ¢; be the set of v < § such that there is t < s which forces v = ;.
Clearly ¢; C a;, and so |¢;| < p. Let C = J{c¢; : i < £}. Then s forces b C C. Since
s forces b N Even = Co, clearly C' N Even = Cy, which has size less than u. As C
is the union of £ many sets of size at most p, |C] < £ - u < k. So in particular,
|C' N Odd] < k. O

9. CONSTRUCTING A DISJOINT STATIONARY SEQUENCE

In [11] we constructed a model in which there exists a disjoint club sequence on
wg, assuming there is a Mahlo cardinal. The next theorem can be thought of as
an attempt to generalize this result to cardinals larger than wo. See Section 12 for
some open problems related to this construction.

Theorem 9.1. Suppose that k is a reqular uncountable cardinal, and X\ is a Mahlo
cardinal greater than k. Then there exists a forcing poset Py satisfying:

(1) Py preserves cardinals and cofinalities less than or equal to K,

(2) Py collapses X to become k™, and forces 2¥ = kT,

(3) Py forces there exists a disjoint stationary sequence on k™.

Proof. We define by recursion a forcing iteration

(P, Qi <\ j < A).
This iteration will satisfy the assumptions of Theorem 8.1, in the case y = w.
Clearly w<¥ = w and for all v < K, ¥ = v < k. In particular, the iteration will
preserve cardinals and cofinalities less than or equal to «.

Suppose P; is defined for a fixed i < A. If i is even, let Q; be a P;-name for
ADD(w). If i is odd, let Q; be a P;-name for CoLL(k, k7).

Let 6 < A be a limit ordinal, and suppose P; is defined for all i < §. Let Ps
consist of all partial functions p : 6 — V such that p [ ¢ is in P; for all ¢ < 6,
|dom(p) N Even| < w, and |dom(p) N Odd| < k.

This completes the definition. The iteration clearly satisfies the hypotheses of

Theorem 8.1. So we can conclude that for all even a < A, Py can be factored as
Py =P, * Py, such that in VP

(I) Py, preserves all cardinals and cofinalities less than or equal to &.
(I) Pq,» is -proper for IA(w).

(ITI) If § is a limit ordinal with cofinality greater than or equal to &,
then P, » forces that cf(d) > &.

Define a set A by letting
A={a<X:k<a A ais strongly inaccessible}.

Since A is a Mahlo cardinal, A is stationary.
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Consider an ordinal a in AU {A}. Then for all i < a, |P;] < a. Moreover, if
d < « is an ordinal with cofinality greater than or equal to x, then Pgs is the direct
limit of (P; : ¢ < ¢). It follows by a standard argument that P, is a-c.c., and any
bounded subset of a in VP« is in V¥ for some i < a. (See [3] for a review of such
arguments.) Since Lévy collapses are used unboundedly often below «, P, forces
that « is equal to k*. Also P, forces that 2¢ = o = xt. In particular, Py collapses
X to become x1, and forces that 2 = k™.

We claim that in V| A is a stationary subset of KT Ncof(k). Since P, is A-c.c.,
A is a stationary subset of A = kT in V¥A. Let a be in A. Since cf(a) = a > k in
V, Py = Py forces cf(a) > & by (IIT). But in VF*| « has size 5. So cf(a) = & in
Ve

Let G be a generic filter for Py over V. We construct in V[G] a disjoint stationary
sequence (S, : a € A). We know that A is a stationary subset of x* N cof(x) in
VIG]. For all i < A, let G; = GNP;. Fix in V a regular cardinal x much larger
than A.

Consider an ordinal « in A, and we define S,,. We apply Theorem 7.1 in the case
of the models V[G,] C V[Gat1] and X = a. There is a real in V[Gq11] \ V[G4],
and in V[G,411], a is equal to k. Working in the model V[Gy41], define 7, as the
set of N in P.(H(x)) NIA(w) such that N N« is not in V[G,]. By Theorem 7.1,
7. is a stationary subset of P, (H (x)).

Since CoLL(k, k™) is k-closed, 7, remains stationary in V[G,42] by Lemmas
2.2 and 2.4. By property (II), Poyo y is -proper for IA(w) in V[Gy42]. Therefore
T, is a stationary subset of Py (H(x)V[¢>+l) in V[G] by Lemma 2.4. Define S, =
{NNa:N € 7,}. Since 7, is stationary, S, is a stationary subset of P, (a) in
V|G]. Note that by the definition of 7, S, is a subset of V[Go41] \ V[Ga].

We claim that (S, : @ € A) is a disjoint stationary sequence on % in V[G].
We know that A is a stationary subset of k™ N cof(k), and for all @ in A, S, is a
stationary subset of P.(a). Let o < f bein A. Then S, C V[G441] C V[Gpg], and
Sz N V[Gg] is empty. So S, N Sp is empty. O

10. INTERNALLY STATIONARY AND INTERNALLY CLUB

Let us recall the definition of internally stationary and internally club sets from
Section 6. Let k < A be regular uncountable cardinals, and let N be a set in [H (\)]".
The set N is internally club if N N P,(N) contains a club subset of P.(N). This
is equivalent to the existence of an increasing and continuous sequence (N : i < k)
of sets in N N P,(N) with union equal to N. The set N is internally stationary if
NNP,(N) is a stationary subset of P, (NN). Equivalently, N is internally stationary
if there exists an increasing and continuous sequence (N; : i < k) of sets in P, (N)
with union equal to N, and a stationary set B C &, such that {N; :i € B} C N.

Foreman and Todorcevié¢ [9] asked whether the properties of being internally
stationary and internally club are equivalent. We solved this problem in [14] by
showing that under the forcing axiom PFA,, for all regular A > wy there are station-
arily many N in [H()\)]™ such that N is internally stationary but not internally
club. We now generalize this result to sets of size larger than N;. See Section 12
for some open questions related to this construction.

Theorem 10.1. Suppose that k is a reqular uncountable cardinal and \ is a su-
percompact cardinal larger than k. Then there exists a forcing poset Py satisfying:
(1) Py preserves cardinals and cofinalities less than or equal to k,
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(2) Py collapses X to become k™, and forces 2¥ = kT,
(8) Py forces that for all reqular @ > ™, there are stationarily many N in
[H(0)]" such that N is internally stationary but not internally club.

Proof. We define by recursion a forcing iteration
<Pian 11 < )\,] < A)

This iteration will satisfy the assumptions of Theorem 8.1, in the case y = w. For
this purpose, fix a Laver function f : A — V). Suppose P; is defined for a fixed
i < \. If i is even, let Q; be a P;-name for ADD(w). Suppose i is odd. Let a be the
predecessor of i, so i = a + 1. We consider two cases.

Case 1: « is a strongly inaccessible cardinal greater than &, |P;| < « for
all j < a, and f(«) is a regular cardinal greater than or equal to a.

Case 2: Otherwise.

If Case 2 holds, let Q; = Qa+1 be a P;-name for COLL(k, k™).

Suppose Case 1 holds. As an induction hypothesis, assume that P, is a-c.c.;
this will follow easily from the assumptions of Case 1 and the definition of the limit
stages described below. Since we use the Lévy collapse unboundedly often below
a, P, forces that « is equal to k. Since P, is a-c.c., in V¥« the ordinal f(a) is a
regular cardinal greater than or equal to o = k™. Let Ql = QQH be a P;-name for
CoLL(k, H(f(a)V™™).

Let 0 be a limit ordinal less than or equal to A\, and suppose P; is defined for all
i < 0. Let Ps consist of all partial functions p : 6 — V such that for all7 < §, p [ i is
in P;, |dom(p) NEven| < w, and |dom(p) N Odd| < . If § satisfies the assumptions
of Case 1, standard arguments show that Ps is d-c.c.

This completes the definition. The iteration clearly satisfies the hypotheses of
Theorem 8.1. So we can conclude that for all even o < A, Py can be factored as
Py =P, * Py 5, such that in I48E

(I) Po,» preserves all cardinals and cofinalities less than or equal to k.
(IT) Py, 5 is k-proper for TA(w).

Also, Py is A-c.c., and PPy forces that X is equal to xT. Moreover, any bounded
subset of A in VP is in V® for some i < X. Hence P, forces that 2¢ = \.

We claim that in VP, for all regular § > \, there are stationarily many N in
[H(0)]" such that N is internally stationary but not internally club.

To prove the claim, we first need to analyze an elementary embedding. Fix in V'
an elementary embedding j : V' — M with critical point X such that MI# O C M
and j(f)(A) = 6. This is possible since f is a Laver function. Consider in M the
iteration

FUP, Qs i < A)) = (P, Q7 i < j(\)).
Then for all 1 < A, ]P’{ = j(P;) = P;. So in the definition of QAH by cases in M, A
satisfies Case 1. Therefore j(P,) factors as

j(Py) = Py % ADD(w) * CoLL(r, H(0)M ™) » Prt2,i00)-



24 JOHN KRUEGER

Let K = G*Go*G1+H be a generic filter for j(IPy) over V. Since j[G] = G C K,
in the generic extension V[K] we can extend j to j : V[G] — MI[K] such that
J(@) = K.

For the rest of the proof, we write H(0) for H(9)VIGl. As P is \-c.c.
and M? NV C M, we have that M[G]? N V[G] € M[G] by a standard fact. So
H(#) = H(O)MIE, Since P is a subset of H(\) and P is A-c.c., H(0) = H(0)V[G].
It follows that

JH ()] = j[H (0)"][K].

Indeed, let j(a) be in j[H(6)], where a is in H(#). Fix a Py-name ¢ in H(0)"
such that ¢ = a. Then by elementarity, j(a) = j(a%) = j(a)*, which is in
FIH(0)V][K]. On the other hand, suppose ¢ = j(b)*, where b is in H()V. Then
c=j(b)K = j(b)1(@ = j(bF), which is in j[ H(0)V[G] ] = j{H(#)]. This proves the
equality. Now by the closure of M, j[H(0)V] is in M, so j[H(0)V][K] = j[H(0)] is
in M[K]. The function j | H(f) is the inverse of the transitive collapse of j[H (6)]
to H(0), therefore j [ H(0) is in M[K] as well.

We would like to show that in V[G] there are stationarily many N in [H(0)]"
such that IV is internally stationary but not internally club. So fix a function
F:H@®)<¥ — H(#). In VIK], j : V]G] — M|K] is an elementary embedding. So
by elementarity, it suffices to show that in M[K] there is a set N in [j(H (0))J") =
[1(H(0))]" such that j(k) = k C N, N is closed under j(F), and N is internally
stationary but not internally club. So let N = j[H(6)]. We will prove that N
satisfies these properties in M[K].

First let us prove that N is in [j(H(#))]". Clearly N is a subset of j(H(#)).
Factor j(Py) as

j(Py) = Py % ADD(w) * CoLL(r, H(0)M ™) Prt2,i00)-

Since j is injective, N has the same size as H() in M[K], and H(0) is equal to
H(0)MIE], In M[G], H(f) has size at least §, which is greater than or equal to x7.
In M[G * Go * G1], H(0) acquires size . Since Py, j(x) preserves x, H(6) has size
k in M[K]. So indeed N is in [j(H(0))]".

Now the critical point of j is A, so kK = j[k] € N. Also N is closed under
J(F). Indeed, let j(a1),...,j(a,) be in N, where ay,...,a, are in H(#). Then
F(ay,...,a,) is in H(0), so j(F(a1,...,a,)) is in N. But j(F(a1,...,a,)) =
](F)(](al)v te 7.7(an))

Now we prove that N is internally stationary in M[K]. Fix a regular cardinal x
in V' much larger than 6 and j()). Factor j(Py) as Py * Py j(n). By property (II),
the poset Py j(x) is k-proper for IA(w) in M[G]. Define a set S in M[G] by letting

S = PL(H(x) NIA).

Then S is a stationary set in M[G]. Since PPy ;) is x-proper for IA(w), S remains
a stationary subset of P, (H (x)™!¢!) in M[K] by Lemma 2.4. Let T = {AN H(6) :
A € S}. Since S is stationary, T is a stationary subset of P, (H (#)) in M[K]. Also,
since S is a subset of M[G], T is a subset of M[G].

Fix in M[K] an increasing and continuous sequence (b; : i < k) of sets in
P.(H(6)) with union equal to H(#). This is possible since H(f) has size x in
MIK]. Then {b; : i < k} is a club subset of P, (H(#)). Since T is a stationary
subset of P.(H(0)), there is a stationary set B C k such that {b; : i € B} is a
subset of T. But T is a subset of M[G], so {b; : i € B} is a subset of M[G].
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For all ¢ in B, b; is a subset of H() in M[G] with size less than 6. So b; is
in H(f). It follows that j(b;) = j[b;] is in j[H()] = N. Now (j[b;] : i < k) is
an increasing and continuous sequence with union equal to N. This sequence is
in M[K] since it is definable in M[K] from (b; : ¢ < x) and j | H(#). So the set
{j[bi] : i € B} is a subset of N N P,,(N) which is stationary in P.(N). Thus N is
internally stationary in M[K].

Suppose for a contradiction that N is internally club in M[K]. Fix an increasing
and continuous sequence (N; : i < k) of sets with size less than x such that for all
i <, N;jisin N = j{H(6)]. Then (j7'[N,] : i < k) is an increasing and continuous
sequence of sets in M[K] with union equal to H (). For each i < k, fix a; in H(6)
such that j(a;) = N;. Since j(k) = k, a; has size less than . So j(a;) = jla;] = N;
therefore j7![N;] = a;. Hence (a; : i < k) is an increasing and continuous sequence
of sets in H(0) N P,,(H(0)) with union equal to H(6).

Define a set U in M[G * Go] by letting

U={A¢cP.(H(x)NIA(w): AN H(0) ¢ M[G]}.

There is a real in M[G*Go)\M|[G], and H(f) is a set in M[G] such that (kT )M[G*Gol —
A C H(#). Therefore by Theorem 7.1, U is a stationary subset of P, (H(x)) in
MIG x Gy]. Since COLL(k, H(0)) is k-closed, U is stationary in M[G * Go * G1]
by Lemmas 2.2 and 2.4. By property (II), Pyi9 ;5 is s-proper for IA(w) in
MG x Go * G1]. So U is a stationary subset of P.(H (x)™¢*Gol) in M[K] by
Lemma 2.4. Therefore in M[K] the set {ANH(#) : A € U} is a stationary subset
of P,(H(0)).

Since {a; : i < k} is a club subset of P,(H(#)), there is i < k such that a; is
equal to AN H(0) for some A in U. By the definition of U, AN H(f) = a; is not
in M[G]. But a; is in H(0), and H(#) = H(0)M] is a subset of M[G], which is a
contradiction. So indeed N is not internally club. ([l

11. INTERNALLY CLUB AND INTERNALLY APPROACHABLE

Let k < A be regular uncountable cardinals, and let N be a set in [H(X)]*. The
set N is internally club iff N is the union of an increasing and continuous sequence
(N; : i < k) of sets in NN P,(N). The set N is internally approachable iff N is the
union of an increasing and continuous sequence (N; : i < k) of sets in P,(N) such
that for all @ < &, (N; 14 < ) is in N.

Foreman and Todor¢evi¢ [9] asked whether the properties of being internally club
and internally approachable are equivalent. We originally solved this problem in
[15], by showing that under the Proper Forcing Axiom, for all regular A > ws there
are stationarily many N in [H()\)]™ which are internally club but not internally
approachable. In [17] we presented a more general argument, which distinguished
internally club and internally approachable for sets of size the successor of a regular
cardinal. This argument used a mixed support forcing iteration, which we later
axiomatized in a general form in [16]. Using the iteration schema from [16], we are
now in a position to present a very general construction of a model in which the
properties of being internally club and internally approachable are distinct, which
handles all possible cardinalities.

Theorem 11.1. Suppose u < k < X are reqular cardinals, where X\ is supercompact,
w<F = p, and for all v < K, v < k. Then there exists a forcing poset P
satisfying:
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(1) Py preserves cardinals and cofinalities less than or equal to K,

(2) Py collapses X to become T, and forces 2V = k™,

(8) Py forces that for all reqular @ > x™, there are stationarily many N in
[H(0)]" such that N is internally club but not internally approachable.

In particular, this theorem distinguishes internally club and internally approach-
able for sets of size an inaccessible cardinal. For sets of size the successor of a singu-
lar cardinal, Theorem 11.1 is used in combination with Prikry forcing techniques;
see [13].

Before proving Theorem 11.1, let us give an overview of the forcing poset we will
use. Let p < k be regular cardinals, and assume pu<* = u. Let § > kT be regular.
We define a two-step iteration ADD(u) * Q. Let G be a generic filter for ADD (1)
over the ground model V. In V[G], define Q as the poset consisting of conditions
which are increasing and continuous sequences (a; : ¢ < v) such that v < k, and for
alli <wv,a;isin P.(H@)V)NV. Welet ¢ < pin Q if ¢ [ dom(p) = p.

The poset Q adds a generic sequence (a; : @ < k) which is increasing, continuous,
and cofinal in P, (H (0)V)NV. In particular, [ J{a; : i <k} = H(6)V. So Q collapses
H(0)V to have size x. In [17] it is proven that Q is < s-distributive, so Q does not
add any new sequences of ordinals with order type less than k.

Define a weak ordering <* on ADD(u) * Q by letting po * go <* p1 % ¢ if po*go <
p1 % ¢ and pa = p1. In Proposition 2.2 of [16] we proved that (ADD(u) * Q, <*) is
k-strategically closed. Also, ADD(u) forces that Q is u-closed, as shown in Lemma
3.2 of [17].

Now we begin the proof of Theorem 11.1. Fix regular cardinals p < k < A
such that A is supercompact, u<* = pu, and for all v < k, v<# < k. We define by
recursion an iterated forcing

(P, Qj i < A j < A).
For this purpose, fix a Laver function f : A — Vj. Suppose P; is defined for a fixed

i < A If i is even, let Q; be a P;-name for ADD(u). Suppose i is odd. Let « be the
predecessor of i, so i = a + 1. We consider two cases.

Case 1: a is a strongly inaccessible cardinal greater than &, |P;| < « for
all j < «, and f(«) is a regular cardinal greater than or equal to a.

Case 2: Otherwise.

If Case 2 holds, let Q; = Qq41 be a P;-name for COLL(k, kT).

Suppose Case 1 holds. As an induction hypothesis, assume P, is a-c.c.; this will
follow easily from the assumptions of Case 1 and the definition of the limit stages
given below. Since we use COLL(k,x") at unboundedly many stages below «, P,
forces that « is equal to k*. Since P, is a-c.c., f(a) is still a regular cardinal in
VPa and is greater than or equal to o = k. Working in VP« let Ql = QQH be an
ADD(p)-name such that ApD(j1)* Qg1 is the two-step iteration discussed earlier in
this section for adding an increasing and continuous sequence of length x through
Pr(H(f(a))"") N VFe.

Let 6 < X be a limit ordinal and suppose P; is defined for all i« < §. Let Ps
consist of all partial functions p : § — V such that for all i < §, p | 7 is in P;,
|dom(p) NEven| < p, and |dom(p) N Odd| < . If § satisfies the properties listed in
Case 1, then standard arguments show that Py is d-c.c.
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This completes the definition. The iteration clearly satisfies the hypotheses of
Theorem 8.1. So we can conclude that for all even o < A, Py factors as P, x P, »,
where in VFe:

(I) Py, preserves all cardinals and cofinalities less than or equal to &.

(IT) P, forces that if h : k — VFe is a function, all of whose initial
segments are in Ve, then h is in Ve,

In addition, Py is A-c.c., and Py forces that A is equal to ™. Also any bounded
subset of A in V> is in VP for some ¢ < A. Therefore Py forces that 2+ = x+.

Proposition 11.2. In VX, for any reqular cardinal > k*, there are stationarily
many N in [H(0)]" such that N is internally club but not internally approachable.

Proof. Fix in V an elementary embedding j : V — M with critical point A such
that MO C M and j(f)(A) = 6. This is possible since f is a Laver function.
Consider the iteration

G((Pi, Qi i < A) = (B, Q] i < (M)

in M. For all i < A, IP’{ = j(P;) = P;. So in the definition of Q{\-s-l by cases in M,
A satisfies Case 1. Hence j(IPy) factors as

](]P))\) =P, x ADD(;},) * Q * P)\+2,j(>\)7

where Q is a name for the poset which adds an increasing and continuous sequence
of order type # through P.(H(0)M™) N MP.
Let K = G*Go*G1+H be a generic filter for j(Py) over V. Since j[G] = G C K,
in the generic extension V[K] we can lift j to j : V[G] — M[K] such that j(G) = K.
For the remainder of the proof, we write H(6) for H(A)VI¢]. As P is A-c.c. and
NV C M, we have that M[G]’ NV [G] € M[G]. So H() = H(A)MIC], Since P
is a subset of H(\) and P is A-c.c., H(#) = H(0)"[G]. Tt follows that

JH ()] = j[H(0)"]IK],

by the same argument as given in Section 10. By the closure of M, j[H(6)"] is in
M, so jIH(0)V][K] = j[H(0)] is in M[K]. Also j | H(f) is in M[K], since j | H(6)
is the inverse of the transitive collapse of j[H(9)] to H(0).

We would like to show that in V]G], there are stationarily many N in [H(0)]"
such that IV is internally club but not internally approachable. So fix a function
F : H(0)<¥ — H(). By elementarity it suffices to show that in M[K], there is
aset N in [j(H(0))™ = [j(H(0))]* such that j(k) = k C N, N is closed under
j(F), and N is internally club but not internally approachable. Let N = j[H(6)].
We will prove that N satisfies these properties in M[K].

Clearly N C j(H(#)). The critical point of j is A, so k = j[s] C N. Also N is
closed under j(F'), as we argued in Section 10. To show that N has size s, let us
factor j(IPy) as

Py x ADD (1) * Q * Pxy 2 5(n)-
Clearly in M[K], N has the same size as H(6), and H(6) is equal to H(#)MI[C], Tn
M|G], H(0) has size at least 6, which is greater than or equal to k*. In M[G x G *
G1], H(0) acquires size k. Since Py o j(n) preserves s, H() has size x in M[K].
So N isin [j(H(0))]".
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We will prove that N is internally club but not internally approachable in M[K].
First let us show that N is internally club. Let (a; : ¢ < k) be the union of Gy,
the generic filter for Q over M[G * Go]. Then (a; : i < k) is an increasing and
continuous sequence of sets in P, (H(0)) N M[G] with union equal to H(#). For all
i < K, a; is a subset of H(0)MI = H(#) of size less than x. Since 6 > x* in M[G],
it follows that a; is in H(6). Since a; has size less than A, j(a) = jla;]. Hence
jla;] is a member of N = j[H()]. But clearly (j[a;] : i < k) is an increasing and
continuous sequence with union equal to N, and for all ¢ < &, j[a;] is in N. This
sequence is in M[K], since j | H(#) is in M[K]. So N is internally club in M[K].

Suppose for a contradiction that N is internally approachable in M[K]. Fix an
increasing and continuous sequence (N; : i < k) in M[K] with union equal to N,
such that every proper initial segment of the sequence is in N. Then for all a < &,
we can fix g, in H(#) such that j(go) = (IV; : i < ). Now for all & < § < &,
J(gs) | o =j(ga). As j(a) = «, this implies j(gg | &) = j(ga). So by elementarity,
98 | @ = ga.

Let (M; : i < k) = (J{ga : @ < &}. The sequence (N; : i < k) and the function
j | H(0) are in M[K]. Therefore (9o : o < k) is in M[K] by definability, so
(M; : i < k) is in M[K]. Note that for all & < K, N, = j(M,). Indeed, M, is
the maximal element of g1, so j(M,) is the maximal element of j(ga+1) = (N; :
i < «), which is N,. Clearly (M; : ¢ < k) is increasing and continuous, since g, is
increasing and continuous for all « < k. Note that since g, is in H(0) for all a < k&,
M; is in H(0) for all i < k.

We claim that J{M; : i < k} = H(#). For all i < s, M; is in H(#), so
M,; C H(#). Hence U{M; : i < k} C H(0). On the other hand, let = be in H(0).
Then j(z) is in N. Since N = [J{N; : i < x}, there is ¢ < & such that j(z) is in N;.
But N; = j(M;). So x is in M; by elementarity. Thus (J{M; : i < k} = H(6).

Define h = (M; : i < k). Then for all @« < k, h | @ = g,. Since g, is in
H(0) = HOMC h]aisin M[G]. So h:k— M|[G] is a function in M[K], all of
whose proper initial segments are in M[G]. Factor j(Px) = P * Py j(»). Applying
property (IT) to Py ;(n) and h, we can conclude that A is in M[G]. But if A is in
MIG], then H () has size x in M[G]. This is false, since 6 is greater than or equal
to kT in M|[G]. So N is not internally approachable. O

12. OPEN PROBLEMS

There are a number of open questions remaining on the topics studied in this
paper. In Section 9 we showed how to construct a model with a disjoint stationary
sequence on the successor of a regular cardinal k. But we do not know how to
construct a disjoint club sequence on any cardinal larger than wo.

Question 12.1. Is it consistent that there exists a disjoint club sequence on ws?
Or on larger cardinals?

An alternative way to weaken the idea of a disjoint club sequence is to require the
stationary sets on the disjoint sequence to contain almost all sets of a particular
cofinality, in the sense described in Question 12.2. This property has stronger
implications than disjoint stationary sequences for the theory of adding clubs by
forcing, since it is more strongly upwards absolute.

Question 12.2. Let v be equal to w or wy. Is it consistent that there exists a
sequence (E, : a € A) such that A is a stationary subset of ws N cof(ws), for all
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a < fin A, E,NEz is empty, and for all a in A, &, is a stationary subset of
P,,(a), and there is a club C C P,,(«) such that {a € C : cf(aNwy) =v} C &7
What about for other cardinals and cofinalities?

The mixed support forcing iteration schema we used in our consistency results
is flexible about which cardinal g we can use when forcing with ApD(y). But in
Sections 9 and 10 we were restricted to using ADD(w), since we needed to appeal
to the fact that adding a real produces stationarily many new sets.

Question 12.3. Is it consistent there is a disjoint stationary sequence on ws and
2% = wy 2 What about for other cardinals?

Question 12.4. Is it consistent the properties of internally stationary and inter-
nally club are distinct for sets of size Ny, while 2% = w1 ? What about for other
sizes?

One difficulty in answering Questions 12.3 and 12.4 is the lack of any analogue
of Theorem 7.1 to higher cardinals provable in ZFC. Indeed, Magidor’s Covering
Lemma [18] implies, for example, that if 0* does not exist, then there is a club
subset of [w3]™ consisting of sets which are countable unions of sets in L. Thus if
0% does not exist, then ADD(w;) does not add stationarily many new sets of size
N;. The most we can hope for along these lines is a consistency result.

Question 12.5. Is there a general method for constructing a model in which
ADD(u) forces that [T\ V is a stationary subset of [ut+]*, where u=+ = u?

Question 12.6. Is there a general method for constructing a model in which
ApD(p) forces ([H(x)* N IA(u)) \ 'V is a stationary subset of [H(x)]*, where
w<H = and x > pt is reqular?

Question 12.5 was answered positively in the case p = N; by Dobrinen and
Friedman [7], by adapting an argument of Baumgarter [4]. But it is not clear if this
argument can apply to Question 12.6 to obtain stationarily many new internally
approachable sets of size X; in a generic extension by ADD(w;). Also the arguments
of [7] and [4] are very closely tied to the case p = wy. The hope is, if a positive
answer to Questions 12.5 and 12.6 is obtained, then the machinery developed in
Sections 9 and 10 will yield positive solutions to Questions 12.3 and 12.4.

Our proofs for distinguishing variants of internal approachability used a super-
compact cardinal. But in Section 6 we used a distinct club sequence to reduce the
consistency strength in a special case. It is not clear whether this is possible in
general.

Question 12.7. Is it possible to reduce the large cardinal assumptions used in
Theorems 10.1 and 11.1 for distinguishing the properties of internally stationary,
internally club, and internally approachable?

As we discussed in [16], some of our applications of mixed support forcing iter-
ations bear some resemblance to Mitchell’s construction of a model with no Aron-
szajn tree on wq [19]. Abraham [1] adapted Mitchell’s argument to obtain a model
in which there are no Aronszajn trees on two successive cardinals. Cummings and
Foreman [5] extended this result to obtain a model with no Aronszajn trees on an
infinite interval of cardinals. Thus a natural question is whether the same situation
can be obtained for the consistency results of Sections 9, 10, and 11.
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Question 12.8. Is it consistent to have a disjoint stationary sequence on two
successive cardinals? Or on an infinite interval of cardinals?

Question 12.9. Is it consistent to have a distinction between variants of internal
approachability simultaneously for sets of two successive cardinalities? Or for an
infinite interval of cardinalities?
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