ON THE WEAK REFLECTION PRINCIPLE

JOHN KRUEGER

ABSTRACT. The Weak Reflection Principle for wa, or WRP(w2), is the state-
ment that every stationary subset of P,,, (w2) reflects to an uncountable ordinal
in wa. The Reflection Principle for wa, or RP(w2), is the statement that every
stationary subset of P, (w2) reflects to an ordinal in wo with cofinality wq. Let
% be a kT-supercompact cardinal and assume 2% = k1. Then there exists a
forcing poset P which collapses k to become ws, and IFp WRP(w2) A =RP(w2).

In this paper we will be concerned with reflection of stationary subsets of P, (w2).
Recall that for an uncountable ordinal o, a set S C P, (o) ={z Ca: |z| <wi}is
stationary if for any function F : [@]<¥ — «, there is a set b in S which is closed
under F. Let S C P,, (w2) be a stationary set. We say that S reflects to «, where
« is an uncountable ordinal in we, if SN P, («) is stationary in B, (a).

The Weak Reflection Principle for wy, or WRP(ws), is the statement that for
every stationary set S C P, (w2), there is an uncountable ordinal « in ws such
that S reflects to a. This principle is a special case of the stronger Weak Reflection
Principle introduced in [1]. The statement WRP(w3) has a number of interesting
combinatorial consequences, including 2 < wy ([4], [6]), "O(w2) ([7]), and every
stationary subset of wa N cof(w) reflects to an ordinal in we with cofinality w;.

A related principle is the Reflection Principle for wy, or RP(ws), which asserts
that every stationary subset of P, (w2) reflects to an ordinal in wy with cofinality
w1. The standard models for obtaining WRP(ws) (for example, by Lévy collapsing
a large cardinal to become ws) all satisfy RP(wsy). Also, it tends to be easier to
work with RP(w3) than with WRP(w3). Thus it is a natural question, and one
which has been open for some time, whether WRP(w2) implies RP(ws).

A standard argument shows that if {4 holds for every stationary set A C ws N
cof(w), then for any stationary set S C P,, (ws), there is a stationary set T C S
which does not reflect to any uncountable ordinal in we with cofinality w. So
assuming the existence of such diamonds, WRP(w3) implies RP(ws). Classically,
the existence of such diamonds were known to follow from GCH; more recently,
Shelah [5] has proven they are a consequence of 21 = ws. Thus assuming 241 = wo,
WRP (w2) implies RP(w2) (originally, this result was proven in [2] by a different
argument).

The Weak Reflection Principle for ws is equiconsistent with a weakly compact
cardinal. However, Sakai [3] has shown that a kind of local reflection is consistent
from ZFC. Specifically, assuming GCH and [J,,, there is a generic extension in
which there exists a stationary set S C P, (w2) such that every stationary subset
of S reflects to an uncountable ordinal in ws with cofinality w.
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We had the idea to combine parts of Sakai’s argument with the classical methods
for constructing models of the Weak Reflection Principle, in an attempt to show that
WRP(wz) does not imply RP(ws). This paper is the culmination of those efforts.
We will prove that if » is a xT-supercompact cardinal and 2% = k™, then there is a
forcing poset P which collapses x to become wq, and forces WRP (w2) A “RP(ws).

1. BACKGROUND MATERIAL

We begin by recording some definitions and results which will be used in the
paper.

By a forcing poset, we mean an order which is reflexive and transitive (we do not
assume it is antisymmetric or separative). Let P be a forcing poset, and let u be a
regular uncountable cardinal. We say P has the p-chain condition, or is p-c.c., if
for any sequence (p; : i < p) of conditions in P, there are ¢ < j such that p; and p;
are compatible. We say P is pu-Knaster if for any sequence (p; : i < p) of conditions
in P, there is a set Z C p with |Z| = p such that for all ¢ < j in Z, p; and p; are
compatible. Clearly if P is y-Knaster, then P is p-c.c.

We say P is p-distributive if whenever (D; : i < v) is a sequence of dense open
subsets of P, where v < p, then ({D; : i < v} is dense. This property implies
that if G is a generic filter on P over V, then for any set 2 C V in V[G] such that
VIG] E |x| < p, z is in V. (Assuming P is separative, these two properties are
equivalent, but they are not equivalent in general.)

A map i: P — Q, where P and Q are forcing posets, is a complete embedding if:

(1) g < p in P implies i(q) < i(p) in Q,

(2) if i(p) and i(q) are compatible in Q, then p and g are compatible in P,

(3) for all ¢ in Q, there is p in P such that whenever ¢ < p in P, i(t) and ¢ are
compatible in Q.

Suppose i : P — Q is a complete embedding. If H is a generic filter on Q over
V, then i~1(H) is a generic filter on P over V, and V[i~(H)] C V[H]. Note that
if P C Q and i is the inclusion map, then i "*(H) ={peP:pe H} = HNP.

A complete embedding ¢ : P — Q provides a way to translate P-names to Q-
names. Define i(%), for each P-name &, by recursion, letting i(2) = {(i(p),i(y)) :
(p,y) € 2}. If H is a generic filter on Q over V, then i(i) = (1) Note that if
i is the inclusion map, then for any P-name &, i(4) = #. So if H is a generic filter
on Q over V, then ¢ = zH"P,

A map i: P — Qis a dense embedding if

(1) ¢ < p in P implies i(¢q) < i(p) in Q,

(2) if i(p) and i(q) are compatible in Q, then p and g are compatible in P,

(3) ¢[P] is dense in Q.
Every dense embedding is a complete embedding. If 7 is a dense embedding, then
P and Q are forcing equivalent, in the sense that they have the same generic ex-
tensions. We will consider a particular kind of dense embedding, as follows. Say a
map i : P — Q is an isomorphism if i is a bijection, and ¢ < p in P iff i(¢) < i(p) in
Q. If i : P — Q is an isomorphism of P onto a dense subset of QQ, then 7 is a dense
embedding.

Let P and Q be forcing posets with maximum elements 1p and 1g respectively.
A map 7 : Q — P is a projection mapping if:

(1) m(1g) = 1p,
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(2) ¢ <pin Q implies 7(q) < 7(p) in P,
(3) if t < m(q) in P, then there is r < ¢ in Q such that w(r) <t in P.

Suppose 7 : Q — P is a projection mapping. If H is a generic filter on Q over
V', then w[H] generates a generic filter on P over V. Furthermore, the projection
mapping 7 allows a factorization of Q into a two-step iteration Px (Q/P) as follows.
Let G be a generic filter on P over V. In V[G], define Q/P as the forcing poset with
underlying set {¢ € Q : 7(q) € G}, ordered as in Q. Then the map i : Q — Px(Q/P)
defined by i(q) = (7(q), §) is an isomorphism of Q onto a dense subset of P (Q/P).
Moreover, if K is a generic filter on Q over V', and J is the filter on P generated by
7w[K], then K is a generic filter on Q/P over V[J], and V[K] = V[J|[K].

Lemma 1.1. Suppose 7w : Q — P is a projection mapping. If D is a dense subset
of Q, then P forces D N (Q/P) is a dense subset of Q/P.

Proof. Let G be a generic filter on P over V. Then Q/P = {q € Q : w(q) € G}. Let
p be in Q/P, and we find r» < p in DN (Q/P). Note that «(p) € G.

Let D' ={u<w(p):Ir<p(reD A w(r)=u)}. We claim D’ is dense below
m(p). So let t < w(p) in P be given. By the definition of a projection mapping, fix
g < p in Q such that 7(q) < t. Since D is dense, choose r < ¢ in D. Let u = 7(r).
Thenu=7(r) <7w(q) <t,sou<t Alsor<g<p,sor <p,r€ D, and n(r) =u.
Sou <tandwisin D'.

Since 7(p) is in G and D’ is dense below 7(p), fix w in D’ N G. Then there is
r < pin D such that 7(r) = w. Since 7(r) = u is in G, r is in D N (Q/P). O

Suppose P and Q are forcing posets. The Product Lemma says that for any set
G CPxQ, Gis a generic filter on P x Q over V iff there is a generic filter Gp
on P over V, and a generic filter Gg on Q over V[Gp], such that G = Gp x Gg.
Moreover, V[G] = V[Gp][Ggl, where G = Gp x Gg. Since P x Q is isomorphic to
Q x P by the map (p,q) — (q,p), it follows that if Gp is a generic filter on P over
V, and Gg is a generic filter on Q over V[Gp], then Gp is a generic filter on P over
VI[Gql, and V[Gp][Gql] = V[Gq][Ge|.

We will apply the Product Lemma in the following way. Consider a generic
extension V[G][H], where G is a generic filter on P over V, and H is a generic
filter on Q over V[G]. If it happens that the forcing poset Q is already in V,
then by the Product Lemma, V[G][H] = V|G x H] = V[H x G] = V[H][G]. So
VIG[H] = VIH][G].

Let X be a set. A nice P-name for a subset of X is a P-name of the form
U{Az x {&} : € X}, where for each x in X, A, is an antichain of P. A basic fact
about P-names is that if p F A C X, then there is a nice P-name B for a subset
of X such that p IF A = B. Nice names are useful for controlling the continuum
function. Let Z be the collection of all nice P-names for a subset of X. If G is a
generic filter on P over V, then in V[G], the map A — AC is a surjective function
from Z onto P(X). Hence V[G] | |P(X)| < |Z|. Usually the chain condition and
the size of P are used to put an upper bound on the size of Z.

Suppose f : X — Y is a function and a is a subset of X. If we say a is
closed under f, this implicitly assumes that a is non-empty. If f is a function and
A C dom(f), we write f[A] for the pointwise image of A, {f(a):a € A}.

For any set A, let P, (A) = {a € A : |a] < wi1}. Suppose w; C A. A set
C C P,,(A) is club if (1) whenever (a, : n < w) is a sequence of sets in C such
that a, C ap41 for all n < w, then |J{a, : n < w} € C, and (2) for all b in P, (A4),



4 JOHN KRUEGER

there is ¢ in C with b C ¢. A set S C P,,(A) is stationary if for every club set
C C P, (4), SNC is non-empty.

A useful characterization of stationarity is given in terms of functions. A set
S C P,,(A) is stationary iff for any function F' : [A]<¥ — A, there is a set a in
S which is closed under F. Fodor’s Lemma says that whenever S C P, (A) is
stationary, and F : S — A satisfies that F(b) € b for all b in S, then there is a
stationary set S’ C S and x in A such that F(a) =z for all a € 5.

When we say a cardinal 6 is much larger than a set X, we mean that P(P(P(X)))
is in H(#). We will frequently consider countable elementary substructures of H(8),
where 6 > ws is a regular cardinal. Let N < H(6) be countable. We claim that for
any uncountable ordinal v in N, NNv is not in N. For if NNy is in IV, then since
v ¢ NNv,let € be the least ordinal in v\ (N Nv). Then by elementarity, £ is in
N, which is a contradiction.

Let N < H(f) be countable. Suppose C € N is a club subset of P, (A). Then
NNAeC. Suppose P is a forcing poset in N. If G if a generic filter on P over V,
then N[G] = {¢¥ : & is a P-name in N} is an elementary substructure of H(6)"[¢],
Assume P preserves wy, C' is a P-name in N, and p forces C' is club in P, (A). If
G is a generic filter on P over V and p € G, then C = C€ is in N|G], and hence
N[GINnAeC.

A condition ¢ is N-generic (for P) if ¢ IF N[G]NV = N, where G is the canonical
P-name for the generic filter. Suppose p I- C is club in P,,, (A), where C' € N, and
p is N-generic. Then by the last paragraph, p |- N[G] NA e C. But since p is
N-generic, pIF N[G]NA=NnNA. Sopl- NNA e C. A descending sequence of
conditions (p, : n < w) in PN N is N-generic if for every dense open set D C P
in NV, there is n < w such that p, € DN N. It is always possible to construct an
N-generic sequence, by simply enumerating the dense open subsets of P which are
in N in order type w, and defining a descending sequence of conditions in N NP by
recursion, meeting each dense open set in the enumeration. If (p, : n < w) is an
N-generic sequence, and ¢ < p,, for all n < w, then ¢ is an N-generic condition.

We will use the following special case of the A-System Lemma. Assume CH.
Then for any sequence (x; : ¢ < wy) of countable sets, there is a set Z C wy with
|Z| = wy, and a countable set b, such that for all i < jin Z, z; Nz; = b.

A cardinal k is A-supercompact, where k < ), if there exists an elementary
embedding j : V — M with critical point x such that j(x) > A and M* C M.

Suppose j : N — M is an elementary embedding, where N and M are transitive
inner models of ZFC. Suppose P is a forcing poset in N, G is a generic filter on
P over N, and H is a generic filter on j(P) over M. Then j can be extended to
j : N[G] — M|[H] such that j(G) = H iff j[G] C H (namely, let j(#%) = j()H).

Let M C N be inner models of ZFC, suppose A is a regular uncountable cardinal
of N, and assume M<*N N C M. Let P be a forcing poset in M, and assume N
models that P is A-c.c. If G is a generic filter on P over N, then M[G]<* N N[G] C
MIG].

2. OUTLINE OF PROOF

The objective of this paper is to define a forcing poset P such that

ke WRP (ws) A ~RP(ws).
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Specifically, we will define a forcing poset P which satisfies that whenever K is a
generic filter on P over V, then in V[K] there is a set S satisfying:

(1) S is a stationary subset of P, (w2),

(2) S does not reflect to any ordinal in wy N cof (wy),

(3) every stationary subset of S reflects to an uncountable ordinal in weNcof (w),
(4) every stationary subset of P, (w2) \ S reflects to an ordinal in we Ncof(wy).

Clearly statements (1) and (2) imply that “RP(ws) holds in V[K]. Statements (3)
and (4) imply WRP(ws) holds in V[K]. For if U is a stationary subset of P, (w2),
then either U N S is stationary, or U \ S is stationary. In the first case, (3) implies
there is an uncountable ordinal « in wy N cof(w) such that U N S reflects to a. In
the second case, (4) implies there is an ordinal « in wg N cof(wy) such that U \ S
reflects to a. In either case, there is an uncountable ordinal « in wy such that U
reflects to .

We will define P in a model V in which there is a cardinal x which is xT-
supercompact and 2* = x*. The forcing poset P will be of the form

CoLL(wy, <k) * B, * Q.

So in the first step, we Lévy collapse x to become wy. Let G be a generic filter on
CoLL(wy, <k) over V. Note that in V]G], 2% = w1, 2! = wq, and 2“2 = ws.

In V[G] we define a forcing poset P, which adds a generic stationary set S C
P, (w2) which does not reflect to any ordinal in ws N cof(wy).

Definition 2.1. Let P,,, be the forcing poset consisting of pairs (X, F) satisfying:

(1) X is a countable subset of P, (w2) \ {0},
(2) F is a function whose domain is a countable subset of wa N cof (wy),
(3) for all & in dom(F), F(&) is a C-increasing and continuous sequence <a§ :
i < e) of countable subsets of £, for some ¢ < wr,
(4) for all ¢ in dom(F) and i < e, af is not in X,
(5) for all & in dom(F), agg cCUX.
Define an order on P, by letting (Y, K) < (X, F) if:
(a) X CY,
(b) forallbinY \X,bZ UX,
(¢) dom(F) C dom(K),
(d) for all § in dom(F), F(§) is an initial segment of K(£).

The forcing poset P, is w;-distributive. Since 2 = w; holds in V[G], Py, is
wa-c.c. It is easy to see that P, forces 2¥ = wy, 2! = wy, and 2“2 = ws.

Let H be a generic filter on Py, over V. Define S = |J{X : IF (X, F) € H}.
Then S is a stationary subset of P,, (w2). For each v in wq N cof(wy ), the union of
the collection of sequences {F'(v) : 3X (X, F) € H, v € dom(F)} is an increasing
and continuous sequence (aY : ¢ < wi), with union equal to v, which is disjoint from
S. Tt follows that S does not reflect to any ordinal in we N cof(wy). Moreover, by
upwards absoluteness, S does not reflect to any ordinal in wo Ncof(w) in any outer
model of V[G x H| with the same w; and ws.

In V[G * H], we define a forcing iteration Q, which is designed to destroy the
stationarity of any subset of S which does not reflect to an uncountable ordinal in
ws Ncof (w). This forcing poset is wi-distributive and we-c.c. in V[G x H]. Let I be
a generic filter on Q over V[G* H|. Then in V|G * H I, S is a stationary subset of
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P, (w2) which does not reflect to any ordinal in wy N cof(wy), and moreover, every
stationary subset of S reflects to an uncountable ordinal in wy N cof(w).

Finally, let K = G H = I. Statements (1), (2), and (3) hold in V[K], as we have
already observed. It remains to show (4), that every stationary subset of P,,, (w2)\ S
reflects to an ordinal in wy N cof (wy).

In the ground model V', let j : V' — M be an elementary embedding with critical
point & such that j(x) > T and M~ C M. Let G * H * I be a generic filter on
F(COLL(wy, <) * P, * Q) over V. Let G = G N CoLL(wy, <k) and H = HNP,,.
Then G is a generic filter on COLL(w1, < k) over V, and H is a generic filter on
P,, over V[G]. In V[G x H|, we can extend j to j : V[G * H| — M[G * H|
such that j(G * H) = G H. Also let G’ = G N CoLL(wy, [k,j(k))). Note that
MI[G] = M|G][G').

In the model M[G], j(P,,) factors as a two-step iteration
IP)WQ * ]P)(I{7 S? j(li))'

(The definition of P(k,S,j(x)) will be given in the next section; it is a general-
ization of Definition 2.1.) Since j(P,,) is forcing equivalent to Py, * P(x, S, j(k)),

there exists a generic filter H' on P(k, S, j(k)) over M[G][H] such that M[G][H] =
M@HIE).

In the model M[G * H], there exists a projection mapping 7 : j(Q) — Q. This
allows us to factor j(Q) as Q * (5(Q)/Q). Let I be the filter on Q generated by
7[I]. Then M[G * H|[I] = M[G x H|[I][I]. In the model V|G % H * I|, we extend j
toj: V[G* Hx*1) — M[G * H * I such that j(G * H * I) = G« H x I. By several
applications of the Product Lemma, the model M[G * H * I] can be shown to be
equal to M |G * H = I][G'|[H'][I].

Suppose T is a stationary subset of P,, (w2) \ S in the model V|G x H % I]. Since
the forcing poset COLL(wy, < k) # Py, *Q is k-c.c., M[G * H x I]"Jr NVI[GxH=«I| C
MI|G « H % I]. So in M[G = H = I|, T is a stationary subset of P, (k). The
model M[G % H * I] is a generic extension of M[G * H x I| by the forcing poset
CoLL(wy, [k, j(k))) * P(k, S, j(k)) * (j(Q)/Q). It turns out that this forcing poset
preserves the stationarity of any stationary subset of P,, (k) in M |G * H * I| which
is disjoint from S. Thus, T remains stationary in M[G * H * I].

In the model M[G * H * I], j(T) reflects to &, since j(T) N P,, (k) =T and T
is stationary in P, (k). In this model,  is an ordinal in j(k) = wy with cofinality
w1. By the elementarity of j, in V[G x H * I] the set T reflects to an ordinal in ws
with cofinality w;.

3. THE FORCING POSET P(a, 4, )

In the previous section we defined the forcing poset P,,,, which adds a stationary
subset of P,, (w2) which does not reflect to any ordinal in wy with cofinality w;.
For the purpose of extending an elementary embedding after forcing with P,,, we
will need to consider a more general version of this forcing poset.

Definition 3.1. Let a < 8 < wy be ordinals, where 3 has uncountable cofinality.
Let A be a subset of P, (a). If cf(a) = w1, also assume P, () \ A is stationary
in P,, («). Define a forcing poset P(«a, A, 3) as follows. A condition in P(a, A, §)
is a pair (X, F) satisfying:

(1) X is a countable subset of P, (3),
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(2) for allb in X, b is not a subset of «,

(3) F is a function whose domain is a countable subset of [a, §) N cof (w1),

(4) for all ¢ in dom(F), F(£) is a C-increasing and continuous sequence (a5 :

i < 7¢) of countable subsets of &, for some ye < wy,

(5) for all & in dom(F') and i < e, as is not in X U A,

(6) for all & in dom(F), a,‘fyE cyx.
Define an order on P(a, A, 3) by letting (Y, K) < (X, F) if:

(a) X CY,

(b) forallbinY \X,bZ UX,

(¢) dom(F) C dom(K),

(d) for all & in dom(F), F(§) is an initial segment of K(£).

Note that property (2) implies every set in X is non-empty. Also, for any con-
dition (X, F) in P(c, A, 3), X N A is empty. Namely, if b is in X, then b is not a
subset of a by (2). But A is a subset of P, (a).

If (X,F) is a condition, then X is an approximation of a generic stationary
set S C P,,(#). The function F' in (X, F') approximates an array of clubs which
witnesses that S does not reflect to any ordinal in [«, 3) with cofinality w;.

We will only be interested in two particular cases of the definition. The first case
is when o = 0 and A = (). In this case, we abbreviate P(«, A, §) as Pg. For example,
the forcing poset P, described in the previous section is equal to P(0, (), ws).

The second case of interest occurs in the following context. Let v < wy be an
ordinal with cofinality w;. Let H be a generic filter on P, over V. In V[H], define
A=|H{X:3F (X,F) € H}. So A is a subset of P, (v). As we will prove later,
P,,(v) \ A is stationary in P, (). So it is meaningful to define P(v, A,ws) in the
model V[H]. As it turns out, P, is forcing equivalent to the two-step iteration
P, « P(v, A,ws). This factorization is the motivation for Definition 3.1.

Notation 3.2. Let 8 < wy be an ordinal with uncountable cofinality. Then Pg
denotes P(0,0, 3).

The proof of the next lemma is straightforward.

Lemma 3.3. Let /1 < B3 < wy be ordinals with uncountable cofinality. Then
Pg, € Pg,. If p and q are in Pg,, then ¢ < p in Pg, iff ¢ <p in Pg,.

Lemma 3.4. Let p = (X, F) be a condition in P(a, A, B3), and let d be a set
in P,, (8) such that d is not a subset of a and d is not a subset of | JX. Then
q= (X U{d}, F) is a condition in P(a, A, B) and q < p.

Proof. Properties (1), (2), (3), (4), and (6) of Definition 3.1 are immediate. For
(5), let € be in dom(F) and let F(&) = (a% : i < Ye). Let ¢ < ve. Then a$ is not in
X UA. Also af is a subset of [ J X. Since d is not a subset of |J X, a% is not equal
to d. So a is not in (X U {d}) U A. It is immediate that ¢ < p. O

Lemma 3.5. Let b be a set in P, (). Then there are densely many conditions
(Y, K) in P(a, A, B) such that b C JY.

Proof. Let (X, F) be a condition. Choose a countable set d C [ such that b U
(UX)U{a} & d. By Lemma 3.4, (X U{d}, F) is a condition in P(a, A, 3) which is
below (X, F'), and clearly b C |J(X U {d}). O
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Lemma 3.6. Let £ be an ordinal in [a, B) Ncof(wy), let m < wy, and let b be a
countable subset of £&. Then there are densely many conditions in P(«, A, 3) of the
form (Y, K), where ¢ is in dom(K), and K(&) = (b : i < Ye), where m < ¢ and
b CbE .

= e

Proof. Let (X, F) be a condition in P(«, A, 3). We choose sets ¢ and d as follows,
depending on whether £ > a or £ = . First suppose £ > a. Since £ is uncountable
and |JX is countable, we can choose countable sets ¢ and d such that ((JX) N
§HubU{a} G c S d C & Now suppose £ = a. Then cf(a) = wi, so P, (a) \ A is
stationary in P, (o). So we can choose ¢ in P, (a)\ A such that ((J X)Na)Ub S c.
Now let d = cU {a}.

Define Y = X U {d}. By the choice of d, @« € d and d € |J X. So by Lemma 3.4,
(Y, F) is a condition in P(a, A, 8) which is below (X, F).

Now we define a function K. Let K have domain equal to dom(F') U {¢}. For
all v in dom(K) different from ¢, let K(v) = F(v). To define K (&), we consider
the two cases of whether ¢ is in dom(F') or not. Suppose £ is not in dom(F'). Then
let K(£) be the sequence (bf : i < m), where b§ = ¢ for all i+ < 7. Suppose &
is in dom(F). Let F (&) = (af 14 < 7). Let ¢ = max(F¢,m) + 1. Now define
K(€) = (b§ : i < 7¢), where b} = af for i <7, and b5 = c for 7 < j < 7e. It is
routine to verify that (Y, K) is a condition in P(a, A, 8) which is below (X, F), and
(Y, K) clearly satisfies the conclusion of the lemma. O

We will frequently consider descending sequences of conditions in P(«, A, 8). So
it will be useful to establish some notation and basic facts about such sequences.

Suppose ((X,, F,) : n < w) is a descending sequence of conditions in P(a, A, ).
Let us define what we will call the infinum of the sequence of functions (F,, : n < w).
Let K have domain equal to | J{dom(F},) : n < w}, which is a countable subset of
[, B) N cof(wr). Consider £ in the domain of K. If n < m and ¢ is in the domain
of F,, then since (X, Fin) < (Xn, F), Fn(§) is an initial segment of F,,(£). So
if we take the union of all sequences F,,(§), where £ € dom(F,,), we obtain an

3

increasing and continuous sequence of the form (a; : i < v¢), where 7 < wi. If ¢

is a successor ordinal, let K(£) be the sequence (af 24 < e —1). If 9 is a limit
ordinal, define a%g = U{a® : i < e}, and let K(€) = (a% : i < ~¢). Then K(¢) is
an increasing and continuous sequence of countable subsets of £. We refer to K as
the infinum of the sequence (F, : n < w).

Lemma 3.7. Let 0 be a regular cardinal much larger than P(a, A, 3), and suppose
N is a countable elementary substructure of H(0) such that P(«, A, 8) is in N. Let
((Xn, Fn) :n <w) be an N-generic sequence for P(a, A, 5).
Let X' = |{Xn : n < w} and let K be the infinum of (F,, : n < w). For each &

in dom(K), write K(§) as (af 21 < ye). Then:

(1) UX'=Nng,

(2) dom(K) = N N |a,B) Ncof(wr),

(3) for all ¢ in dom(K), ve = NNwy and a§£ =NnNE&.

Proof. For each n < w, X, is in N. Since X,, is countable, X,, C N. It follows
that X' = | J{Xn :n <w} C N. Soif bisin X', then bis in N, and therefore since
b is countable, b C N N G. It follows that | J X’ € N NG. On the other hand, if v is
in N N g, then by Lemma 3.5 there is a dense set D of conditions (X, F') such that
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visin |JX. By elementarity, D is in N. So fix n < w such that (X,, F},) is in D.
Then v isin |JX, CUX’, sovisin |[JX’. Thus X' = N Npg. Statements (2)
and (3) can be proven by similar arguments, using Lemma 3.6. (]

The next result is our main tool for constructing lower bounds of descending
sequences.

Proposition 3.8. Let 6§ be a regular cardinal much larger than P(«, A, 8). Let N
be a countable elementary substructure of H(0) such that P(«a, A, 3) is in N, and
moreover, if cf(a) = w1, then N N« is not in A. Let ((X,,F,) : n < w) be an
N-generic sequence for P(a, A, 3).

Let X' = | U{Xn : n < w} and let K be the infinum of (F, : n < w). Suppose
that Y is a countable subset of P, (B) such that X' CY, and for all b in Y \ X',
either b= N N B, or there is an uncountable ordinal v in (o, 3) N N N cof (w) such
that b= NNv. Then (Y, K) is a condition in P(a, A, 8) and (Y, K) < (X,, F,,) for
alln < w.

Proof. We prove that (Y, K) is a condition in P(«, A, 3). Note that properties (1),
(3), and (4) of Definition 3.1 are obvious, and (2) fi llows from the fact that « is
in N. To prove (5) and (6), consider £ in dom(K). Let K(§) = (a f 11 < 7). By
Lemma 3.7, JY = NNgB, £ € N, and a%s = NnN¢&. So ais =NN¢ECNNB=Y,
proving (6).

To prove (5), let ¢ < 7¢, and we show af is not in Y U A. First suppose i < v¢.
Then a is in N. Note that every set in Y\ X’ is not in N. So if a$ is in Y, then it
is in X’. But if af is in X/, then we can find n < w such that af is in X,, and also
appears on the sequence F), (&), contradicting that (X,,, F},) is a condition. So af is
not in Y. For some n < w, af is on the sequence F), (&), which implies by definition
that af is not in A. So af isnot in Y U A.

Now assume ¢ = v¢. Then by Lemma 3.7, agg = N N¢. In particular, a%g is not

in N. So ag is not in X', If £ = «, then « has cofinality w;. By the assumptions

on N, Nﬁg—Nﬁa—as5 is not in A. If £ > «, thenaENﬂf—avyand
therefore agg is not in A. So we have proven that agg is not in X’ U A.

Let b be in Y\ X', and we show b is not equal to agg. First suppose b = N N f.

Then £ € N NG = b, whereas asg is a subset of £&. So b is not equal to agg. Now
suppose b = N N v, for some uncountable ordinal v in (a, 3) N N N cof(w). Since
v has cofinality w and € has cofinality wy, either £ < v or v < & If € < v, then &

isin N Nv = b, whereas a5 C ¢, so ag is not equal to b. If v < &, then v is in

NN¢é= a 30 whereas b C v, so ai is not equal to b. This completes the proof that
(Y, K) is in P(o, A, ).

Let n < w be given, and we show (Y, K) < (X,, F,,). Properties (a), (c), and (d)
of Definition 3.1 are immediate. Suppose bis in Y\ X,,, and we show b ¢ |J X,,. If b
is in X', then there is m > n such that b is in X, \ X,,. Since (X,,, Fin,) < (X, Fin),
b ¢ |UX,. Now suppose b is not in X’. Then b = N Nv, where either v = 3, or v
is an uncountable ordinal in (o, 5) NN N cof(w). Suppose for a contradiction that
bCJX,. Thenb=bnv C (UXn)mug Nnv=»b. So (UX,)Nv=NnNv. But
JX, and v are in N, so by elementarity, (|JX,)Nvisin N. So NNvisin N,
which is impossible. So indeed b € (J X,,. O

Theorem 3.9. The forcing poset P(«, A, 3) is wy-distributive.
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Proof. Let {D,, : n < w} be a collection of dense open subsets of P(a, A, 3). Let
(X, F) be a condition. We find a condition (Y, K) < (X, F) in ([{D, : n < w}.
Fix a regular cardinal # much larger than P(a, A, 3). Choose a countable ele-
mentary substructure N of H(6) which contains as members the objects P(«, A, 3),
(X,F), and {D,, : n < w}, and moreover, if cf(a) = wy, then N N« is not in A.
This is possible since if cf(a) = wy, then P, («) \ A is stationary in P, ().
Choose an N-generic sequence (X, F,) : n < w) with (Xg, Fo) = (X, F). Let
Y = |U{X,» : n < w} and let K be the infinum of the sequence (F, : n < w).
By Proposition 3.8, (Y, K) is a condition and (Y, K) < (X, F,) for all n < w.
In particular, (Y, K) < (X,F). Let n < w be given. Then D,, is in N. So for
some m, (X, Fp,) is in D,,. Since D,, is open, (Y, K) is in D,,. Thus (Y, K) is in
(D, :n <w}. O

Theorem 3.10. If 2% = wy, then P(a, A, ) is wa-c.c.

Proof. We will prove that P(w, 4, 3) is we-Knaster. Let ((X;, Fj) : j < ws) be
a sequence of conditions in P(«, A4, 3). For each j < ws and { € dom(F)), let
F;(€) = <a(j)§ (1 < 'yé) We will thin out this sequence of conditions in five steps.

First, apply the A-System Lemma to the sequence of countable sets (dom(F}) :
Jj < wa) to obtain an unbounded set Z; C wy and a countable set B such that for
all j < k in Zy, dom(F;) Ndom(Fy) = B.

Secondly, an easy counting argument using CH shows there are at most w; many
possibilities for a sequence of the form ('72 : £ € B), for j in Zy. So we can fix an
unbounded set Z; C Zp and a sequence (¢ : £ € B) such that for all j € Z; and
£€ B, v ="

Thirdly, another straightforward counting argument shows there are at most wy
many possibilities for a sequence of the form <a(j)z§ 1€ € Bi < ), for j e Zy.
Fix an unbounded set Zy C Z; and a sequence <a§ 1€ € B,i < 7y¢) such that for all

j € Zs, € €B,and i < 7, a(j)$ = db.

Fourthly, apply the A-system lemma to the sequence of countable sets (|JX; :
Jj € Zs) to obtain an unbounded set Zs C Z5 and a countable set E such that for
all j <kin Zs, (UX;)N(UJXk) = E.

Fifthly, a routine counting argument shows there are at most w; possibilities
for a set of the form P(E) N X, for j € Z3. So we can choose an unbounded set
Zy C Zg so that for all j < kin Z4, P(E)NX; = P(E) N X.

Claim 3.11. Let j and k be distinct ordinals in Zy, and suppose b is in X; \ Xy.
Then b is not a subset of |J Xk.

Proof. Suppose for a contradiction b is in X, \ X and b C |JX}. Since b is in
X;,bCUX;. SobC (UX;)N(UXg) = E. Therefore b is in P(E) N X;. But
P(E)NX; = P(E) N Xy. Sobisin Xy, which is a contradiction. O

Let j < k be in Z4, and we prove (X, F;) and (X, F},) are compatible. Define
(Y,K) as follows. Let Y = X; U X). Let dom(K) = dom(F;) U dom(F}). If £
is in dom(Fj) \ dom(Fy), let K(§) = F;(€), and if £ is in dom(F}) \ dom(F}), let
K(§) = Fp(¢). If £ is dom(F;) Ndom(Fy) = B, then F}(§) and Fi(§) are both
equal to (af )

i < e), and we define K (&) to be this sequence. This completes the
definition of (Y, K).
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We prove that (Y, K) is a condition. Properties (1), (2), (3), and (4) of Definition
3.1 are immediate. For (5) and (6), suppose ¢ is in dom(K). Let K (&) = (af 11 <
Y¢). Consider ¢ < 7. Since af appears on either the sequence Fj(§) or F(§), at

K3

is either a subset of (JX; or |JXj. These sets are in turn subsets of (JY. So
ot C|JY. This verifies (6).

It remains to show that a$

; is not in Y U A. Since af appears on either Fj(§)
or Fy(¢), it is not in A. Now we show af is not in Y. First assume ¢ is in
dom(Fj) \ dom(Fy). Then K(§) = Fj;(&). So a$ appears on the sequence F;(¢).
Since (X}, Fj) is a condition, af is not in X; and af C UX;. If for a contradiction
af is in Y, then af is in X3 \ X;. By Claim 3.11, a§ is not a subset of | J X, which
is a contradiction. The case when ¢ is in dom(Fy) \ dom(F}) is the same, with the

roles of j and k reversed. Now assume £ is in dom(F;) Ndom(Fy) = B. Then a§

appears on the sequence F;(§) = Fj(&). Since (X, F;) and (X}, Fy) are conditions,

3
@
the proof that (Y, K) is in P(«, A, 3).

For proving that (Y,K) < (X;,F}), (X, Fi), properties (a), (c), and (d) of

Definition 3.1 are immediate, and (b) follows from Claim 3.11. O

is neither in X; nor Xj. Therefore atisnotin Y = X; U Xj. This completes

i

4. THE SET S(a, A, 5)

Fix for the remainder of the section «, 3, and A as described in the assumptions
of Definition 3.1. Specifically, & < 8 < wq, # has uncountable cofinality, A is a
subset of P, («), and if cf(«) = w1, then P, («) \ A is stationary in P, (o). Also
assume 2 = w;y.

Notation 4.1. Let S(a,A, B) be a P(a, A, B)-name such that
Ik $(e, A, B) = | {X :3IF (X, F) € H},

where H is the canonical name for the generic filter.
Notation 4.2. In the case « = 0 and A =0, let Sz denote S(0,0, 3).

Consider a generic filter H on P(«, A, 3) over V. Since P(a, A, 3) is w-distributive
and wy-c.c., all cardinals and cofinalities are preserved in V[H]|. Also by distribu-
tivity, P, (8) is computed the same in V and V[H]. The set S(a, A4, 3) is a subset
of P, (B) in V[H]. Let £ be in [, 8) Ncof (wy). By Lemma 3.6, if we take the union
of all sequences of the form F(§), where (X, F') € H for some X, and £ € dom(F),

then we obtain an increasing and continuous sequence (af

Fu, (§)-

Lemma 4.3. In V[H], for all £ in [a, B) Ncof(wy), the set {af 21 <wi}ois a club
subset of P, (§) which is disjoint from S(a, A, 3). So S(«, A, 3) does not reflect to
any ordinal in [a, B) with cofinality w;.

14 < wy) cofinal in

Proof. It b is in S(a, A, ), fix (X, F) in H such that b € X. Suppose for a con-
tradiction b is equal to af for some ¢ in [or, 3) N cof (wy) and 4 < wy. Then there is
(Y, K) < (X, F) such that b appears on the sequence F(£). But then b is in Y and
on the sequence F'(§), which contradicts property (5) of Definition 3.1. O
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Note that the statement that S(a, A, 3) does not reflect to any ordinal in [a, 3) N
cof(wy) is upwards absolute between V[H] and any outer model W of V[H] with
the same wj.

Proposition 4.4. The forcing poset P(«a, A, 3) forces that S"(oz7 A, B) is a stationary
subset of P, ().

Proof. Let (X, F) be a condition in P(«, A, 3) and suppose (X, F') forces Cisa
club subset of P, (3). We will find (Y, K) < (X, F) and a set z such that (Y, K) I+
z € S(a, A, B)NC.

Fix a regular cardinal  much larger than P(«, A, §) and C. Let N be a countable
elementary substructure of H(6) which contains as members the objects P(«, A, 3),
(X, F), and C, and moreover, if cf(a) = wy, then N Na is in P, (a)\ A. Let
((Xn, F) : n < w) be an N-generic sequence with (Xo, Fp) = (X, F).

Let X' = J{X, : n <w}. Define Y = X' U{N N G}. Let K be the infinum of
the sequence (F), : n < w). By Proposition 3.8, (Y, K) is a condition in P(«, 4, 3),
and (Y, K) < (X, F,) for all n < w. In particular, (Y, K) < (X, F) and (Y, K) is
an N-generic condition. Since NN eY, (Y,K)IF NNge S(a, A, pB).

Since C'is in N, P(a, A, 8) forces that N[H] N € C, where H is the canonical
P(cv, A, 3)-name for the generic filter. As (Y, K) is N-generic, (Y, K) I+ N[H|N§ =
NNB. So (Y,K)IFNNBeS(ApBNnC. O

The next easy lemma will be used frequently throughout the paper.

Lemma 4.5. Let (X, F) be a condition in P(«, A, 3). Then
(X, F) - S(a, A, )N P(| X) = X.

Proof. Clearly (X,F) IF X C S(a,A,8) N P(JX). Let H be a generic filter on
P(a, A, 8) with (X, F') in H. Suppose for a contradiction there is  in S(a, A, 3) N
P(|JX) which is not in X. Fix a condition (Y, K) in H such that x is in Y. Choose
(Z,L) in H which is below (X, F) and (Y, K). Then z isin Z\ X and 2 C |J X,
which contradicts that (Z, L) < (X, F). O

Lemma 4.6. The forcing poset P(a, A, B) forces that for any countable set B C 3,
1S(e, A, 3) N P(B)| < Xo.

Proof. If B is a countable subset of § in a generic extension by P(a, A, 3), then
since P(a, A, 3) is wi-distributive, B is in the ground model. There are densely
many conditions of the form (X, F'), where B C |JX. If (X, F') is such a condition,
then by Lemma 4.5, (X, F) forces that any subset of B which is in S(a, A, B) is
in S(a,A,8) N P(UX) = X. So (X,F) I S(a, A, ) N P(B) C X. Since X is
countable, (X, F) IF|S(a, A, 3) N P(B)| < X. O

The next technical, unmotivated lemma will be crucial to several arguments in
later sections.

Lemma 4.7. Let 0 > ws be a regular cardinal.

(1) P(a, A, B) forces there are stationarily many N in P, (H(0)) such that
S(a, A, B)NP(NNB) CN.
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(2) Assume cf(a) = wy, and let T be a stationary subset of P, (a) which is
disjoint from A. Then P(a, A, B) forces there are stationarily many N in
P, (H(0)) such that S(a, A,B)NP(INNB)C N and NNaeT.

Proof. Let (X, F) be a condition in P(a, A, 3), and suppose (X, F) forces C is a
club subset of P, (H(#)). (By H(0), we mean H(f) as computed in the generic
extension.) Let x be a regular cardinal much larger than P(«, A, ), 6, and C. Let
M be a countable elementary substructure of H(x) which contains as members the
objects P(a, A, 3), (X, F), #, and C, and if cf(a) = wy, then M Na € P, (a)\ A.
In addition, in case (2), also assume M N« is in 7T

Let ((Xn,Fy) : n < w) be an M-generic sequence with (Xo, Fy) = (X, F). Let
Y = {X, : n < w} and let K be the infinum of the sequence (F, : n < w). By
Proposition 3.8, (Y, K) is in P(«o, A4, 0), and (Y, K) < (X, F,) for all n < w. In
particular, (Y, K) < (X, F) and (Y, K) is M-generic. Since JY = M N 3, Lemma
4.5 implies (Y, K) IF S(a, A,B)NP(MNG) =Y.

Let H be a generic filter on P(a, A, 8) with (Y, K) € H. Since (Y, K) is M-
generic, M[H| NV = M. Also S(a, A,f)NP(MNpB) =Y. Le¢ N = M[H| N
H(0)VH], We show that N is as desired.

Since # is in M, H(0)V[®] is in M[H], so by standard arguments, N is an
elementary substructure of H(#)VH]. As C isin M, N is in C. And since (Y, K)
is M-generic, NNgB=M[H|NB=MnNpG and NNa=MH Na=MnNa. If
cf(o) =wy, then NNa=MNaisin T.

It suffices to show S(a, A,8)NP(NNG) C N. Let b be in S(a, 4, 3)NP(NNP).
Since NN =Mng, bisin S(o, A,5)NP(MNG) =Y. SobisinY. But
Y = {X, : n <w}. Sofix n < w such that b is in X,,. Then since X,, € M and
X, is countable, X,, C M, so bis in M. Hence b is in M[H]. Since 8 < 6, b is in
M[HINH(#) =N. O

Corollary 4.8. Assume that cf(a) = w1, and let T be a stationary subset of P,,, (c)
which is disjoint from A. Then P(a, A, B) forces that T is stationary in P,, ().

Proof. Let H be a generic filter on P(«, 4, 3) over V. In V[H] let C be a club subset
of P,, (). Fix a regular cardinal 6 in V[H] much larger than wy and C. Note that
in V, 8 > wsy is regular. By Lemma 4.7, we can find a countable elementary
substructure M of H(#) with C' in M such that M N« € T. Since C is in M,
MnaeCNnT. O

Corollary 4.9. The forcing poset P(a, A, 3) forces that P, (8) \ S(a,A,B) 18 sta-
tionary in P, (8).

Proof. Let H be a generic filter on P(a, A4, 3) over V. In V[H] consider a function
F : [8]<¥ — (. Fix a regular cardinal § much larger than 5. By Lemma 4.7, we
can choose a countable elementary substructure M of H(#) with F in M such that
S(a, A, B)NP(MNB) C M. By elementarity, M N g is closed under F. Since M N
is in P(M N f3) but not in M, M N G is not in S(a, A4, 5). Thus P, (8) \ S(a, A, )
is stationary in P,, (5). O

We end this section by proving a general lemma regarding subsets of P, (3)
which do not reflect to any ordinal of cofinality wi. We will use this result in
Section 12.
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Lemma 4.10. Let 8 < wy be an ordinal with uncountable cofinality. Suppose S is
a subset of P, (8) which satisfies the property that for all v in BN cof(w1), S does
not reflect to v. Then there is a club set C C P, (8) such that for all b in C, for
all v in bNcof(wy), bNv is not in S.

Proof. Suppose for a contradiction there is a stationary set U C P, () such that
for all b in U, there is an ordinal v in N cof(w;) such that bNv is in S. By Fodor’s
Lemma, fix a stationary set U’ C U and an ordinal v in 8N cof(wy) such that for
allbin U’,visinband bNvisin S.

We prove that SN P, (v) is stationary in P, (), which contradicts our assump-
tion on S. So consider a function F' : [v]|<“ — v. Since U’ is stationary, fix b in U’
such that b is closed under F'. Then b N v is closed under F. Since bisin U’, bNv
isin S. (I

5. FACTORIZATION

Fix for the remainder of the section ordinals v < § < ws with uncountable
cofinality. Assume 2¢ = w;. Recall that P, and S, abbreviate P(0,0,r) and
S(0,0,v). In this section we prove that Ps factors as the two-step iteration P, *
P(v,S,,3). This factorization will be important for the purpose of extending an
elementary embedding.

Notation 5.1. Let (Y, K) be a condition in Pg. For each & in dom(K), let K(§) =
(a : i < ~e). Define:

1) Vf{beY bC o),
(2) K [v,

(3) Y”—{beY b v},
4) K [ [, B).

We define a dense suborder P, 3 of P3. The definition is designed so that if
(Y,K) is in P, g, then (Y, K,) isin P, and (Y., K,) IFp, (Y, K") € P(v,5,, ).

Definition 5.2. Let P, g be the suborder of P consisting of conditions (Y, K) such
that UY, = (UY") Nv.

Lemma 5.3. The suborder P, g is dense in Pg.

Proof. Let (X, F) be a condition in Pg. Since |J X is countable and v is uncount-
able, we can choose a countable set e such that (|JX)Nv G e C v. Now choose f,
a countable subset of 3, such that fNv=e,ve f,JX C f,and f\v Z JX.

Let Y = X U{e, f}. By two applications of Lemma 3.4, (Y, F)) is a condition in
Ps which is below (X, F'). We show (Y, F) is in P, g.

The set e is in Y,, and e is the maximum element of Y,. So |JY, = e. Also
the set f is the maximum element of Y, and since f is in Y, f is the maximum
element of Y”. Tt follows that UY” = f. SoUY, =e=fnv=(UY")nv. O

Lemma 5.4. Suppose (Y, K) is in P, g. For each § in dom(K), let K(§) = (af :
i <~e). Then:
(1) Uy =yv,
2) Uy, =UY)nv,
(3) for all ¢ in dom(K), af a5, C yvyv,
(4) for all ¢ in dom(K) and i < e, if af C v, then af cCyv..
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Proof. (1) Clearly JY” C |JY. Suppose « is in b, where bisin Y. If b is in Y,
then aisin (JY”. Otherwise bisinY,, so ais in |JY,, which is equal to (lJY")Nv.
Soaisin JYY. (2) UY, = (UY") Nv by definition of P, g, which is equal to
(UY)Nv by (1). (3) By Definition 3.1, a%g CUY,and UY =UY" by (1). (4) If
afgy, then by (3),af§(UY”)ﬂl/:UYu. O

Proposition 5.5. (D) If (Y,K) is in P, g, then (Y,,K,) is in P,.
(IT) Suppose (Z,L) < (Y, K) inPg. If (Z,L) and (Y, K) are both in P, 3, then
(Zy,L,) < (Y, K,) in P,.
(1) If (Y, K) is in Py g, then (Y, K,) e, (Y*,K") € P(v,S,, B).
(IV) Suppose (Z,L) < (Y,K) in Pg. If (Z,L) and (Y, K) are both in P, g, then
(Zy,Ly) ke, (Z¥,L") < (Y",K") in P(v, Sy, B).

Proof. (I) We verify the properties of Definition 3.1 in the case of P, = P(0,0,v).
Properties (1), (2), (3), and (4) are immediate. To show (5) and (6), consider £ in
dom(K,) = dom(K) Nv. Let K,(€) = K(€) = (a% : i < 7). Let i < . Since
(Y,K) is in Pg, af isnotinY. ButY, CY, so a§ is not in Y,,. Also af is obviously
not in (. This proves (5). For (6), we know that aﬁyg C Y, and a%ﬁ C¢&Cw. So
by Lemma 5.4(2), agg CUy)nv=yYv..

(IT) Properties (a), (c), and (d) of Definition 3.1 are immediate. For (b), suppose
bisin Z,\Y,. Then bisin Z and b C v. Since bis not in Y,, bisnot in Y. So b
isin Z\Y. As (Z,L) < (Y,K),bZ JY. But UY, CUY,s0 b Z UY,.

(III) It is immediate that P, forces that (Y, K") satisfies properties (1), (2), (3),
and (4) of Definition 3.1. For (5) and (6), consider £ in dom(K") = dom(K)N|[v, §).
Let K¥(€) = K(€) = (af : i < 7e). Let i <. Since (Y, K) is in Pg, a* is not in
Y, so af is not in Y¥. We need to show (Y, K,,) IFp, af ¢ S,. If af is not a subset
of v, then this is clear. Suppose af C v. Then by Lemma 5.4(4), af C JY,. By
Lemma 4.5, (Y, K,) g, S, N P(UY,) =Y,. But af is not in Y, and hence is not
in Y, and af isin P(UY,). So (Y., K,) IF a? ¢ S,. This proves (5). By Lemma
5.4(3), agé C JYV, proving (6).

(IV) Since properties (a), (b), (c), and (d) of Definition 3.1 are absolute between
V and a generic extension by P,, it suffices to show these properties hold in V.
Properties (a), (c), and (d) are immediate. For (b), suppose b is in Z” \ Y”. Then
bis Z and b € v. But then b is not in Y, since otherwise b would be in Y. So b is
in Z\'Y. Since (Z,L) < (Y,K),b¢ Y. As Y CUY,bgZ UV O

If (Y,K) is in P, g, then (Y,, K,) is in P,. By Lemma 3.3, P, C Pg, so (¥}, K,)
is in Pg as well.

Lemma 5.6. Let (Y, K) be in P, 3. Then (Y,K) < (Y,,K,) in Pg.
Proof. Properties (a), (c), and (d) of Definition 3.1 are immediate. For (b), if b is
inY\Y,, then b v. But Y, Cv. Sob ¢ JY,. O

Lemma 5.7. Let (X, F) be a gondition i P,. Suppose that Y, K are sets such
that (X, F) IFp, (Y,K) € P(v,S,,). Let Z =X UY and let L = FUK. Then
(Z,L) is in Pg. Moreover, Z, =X, L, =F, Z" =Y, and L* = K.

Proof. Properties (1), (2), (3), and (4) of Definition 3.1 are immediate. For (5)
and (6), let € be in dom(L). Let L(€) = (a5 : i < ~¢). If € is in dom(F), then
a§YE CUX CUUZ, and if £ is in dom(K), then agé CJY CUUZ. This proves (6).
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To show (5), let i < ¢, and we show a5 is not in ZU@ = Z = X UY. First
assume ¢ is in dom(K). Since (X, F) IFp, (Y, K) € P(v,S,, ), af isnot in Y. By
Definition 3.1(5), (X, F) Irp, a5 ¢ S, which implies a$ ¢ X. So af is not in Z.
Now suppose £ is in dom(F'). Then clearly af is not in X. Since dom(F) C v, af
is a subset of v. But for allbin Y, b € v. So af isnot in Y.

So indeed (Z, L) is a condition in Pg. The last statement of the lemma is imme-
diate. 0

Lemma 5.8. There is a dense set of conditions in P, x P(v, S,,,ﬂ) of the form
(X,F) x (Y,K) such that JX = (JY) Nv. Suppose (X,F)* (Y,K) is such a
condition. Let Z=XUY and L=F UK. Then (Z,L) is in P, g, and (Z,,L,) *
(Zv, L") is equal to (X, F) x (Y, K).

Proof. Let (Xo, Fo) * (Yo, Ko) be in P, xP(v, S, 3). Since P, is w;-distributive, we
can fix (X3, F1) < (Xo, Fp) and sets Y7 and K; such that (X5, Fy) forces Yo =Y1
and KO = Kl.

Choose a countable set e such that (JX; S e Cvand (JY1)Nv Ce. Let Xy =
X1 U{e}. By Lemma 3.4, (X, Fy) is in P, and (X3, F1) < (X3, F1). Now choose a
countable set f C (8 such that f Nv=eand (JY1)U{v} G f. Let Yo = Y1 U{f}.
By Lemma 3.4, (X3, Fy) forces (Yg,f(l) is in P(v, S,,,ﬁ) and (Yg,f(’l) < (Y1, Ky).

It follows that (Xo, Fy) * (Yo, K1) < (X, Fpy) = (Yo, Kg). Note that e is the
maximum element of X5, so | J X2 = e. Also f is the maximum element of Y3, so
UYa=f SolUXs=e=fnv=(JY2)Nv, proving the first part of the lemma.

Now suppose (X, F) % (Y, K) is a condition in P, * P(v, S,,, 3) such that | J X =
(UY)Nv. Let Z=XUY and L = FUK. By Lemma 5.7, (Z,L) isin Pg, Z, = X,
L,=F, 2" =Y,and I* = K. Also UZ, = UX = (UY)nv = (JZ")Nv, so
(Z,L)isin P, g. O

Theorem 5.9. Define i : P, 3 — P, x P(v,S,, ) by letting i(Y, K) = (Y,, K,) *
(YV,K"). Then i is an isomorphism of P, s onto a dense subset of P, xP(v, S, 3).

Proof. By (I) and (III) of Proposition 5.5, if (Y, K) is in P, g, then (Y, K) is in
P, *P(v,S,,3). By (II) and (IV) of Proposition 5.5, if (Z, L) and (Y, K) are in P, 5
and (Z,L) < (Y, K) in Pg, then i(Z,L) <i(Y,K) in P, * P(v, S,.3). Tt is easy to
see that i is an injection, and the range of i is dense in P, * P(v, S, 0) by Lemma
5.8. To complete the proof, it remains to show that if (Z, L) and (Y, K) are in P, g
and i(Z,L) <i(Y,K) in P, « P(v, S,,, 3), then (Z,L) < (Y, K) in Pg.

Let (Z,L) and (Y, K) be in P, g, and assume i(Z, L) < i(Y, K) in P, *P(v, S,,, 3).
This means that (Z,,L,) < (Y,,K,) in P, and (Z,,L,) IFp, (Z¥,L") < (Y",K")
in P(v, S, ). We prove that (Z,L) < (Y, K) in Pg.

Since (Z,,L,) < (Y}, K,) in P,, we have: (1) Y, C Z,, (2) for all bin Z, \ Y,,
b ¢ UY,, (3) dom(K,) C dom(L,), and (4) for all £ in dom(K, ), K (&) is an initial
segment of L(&). Fix a generic filter H on P, with (Z,,L,) in H. Then in V[H],
(zv,L*) < (Y",K") in P(v, Sy, ), which means: (5) Y” C Z¥, (6) for all b in
Z'\Y", b Z UY", (7) dom(K") C dom(L"), and (8) for all £ in dom(K"), K(§)
is an initial segment of L(§). Note that properties (5 — 8) are absolute between V/
and V[H], so in fact they hold in V.

To show that (Z,L) < (Y, K) in Pg, we show (a) Y C Z, (b) for all bin Z\Y,
bZ UY, (¢) dom(K) C dom(L), and (d) for all ¢ in dom(K), K(£) is an initial
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segment of L(§). Since Y =Y, UYY and Z = Z, U Z¥, (a) follows from (1) and
(5). Similarly, K = K, UK” and L = L, U L", so (c) and (d) follow from (3), (4),
(7), and (8).

It remains to prove (b). Solet b be in Z\Y, and we show b ¢ (JY. First assume
that b C v. Then bisin Z, \Y,. By (2), b € UY,. Since (Y,K) is in P, 5, by
Lemma 5.4(2), (UY)nv=UY,. Soif bC |JY, then b C (UY)Nnv =Y., which
is a contradiction. Now assume that b ¢ v. Then bisin Z”\Y". By (6),b € JY".
As (Y,K) is in P, g, by Lemma 5.4(1), Y =JY". Since b Z YY", bZ JY. O

As P, 3 is a dense suborder of Pg, it follows that Pg is forcing equivalent to
P, * P(v, Su; B).

The following is a technical lemma which we will need in the next section.

Lemma 5.10. Let i : P, 5 — P, * P(v,S,,3) be the map i(Y,K) = (Y, K,) *
(Y¥,K"). Suppose (X, F) is a condition in P, (and hence (X, F) is in Pg as well).
Let (Y, K) be in P, g, and assume (Y, K) < (X, F) inPg. Theni(Y,K) < (X, F)*1
in P, «P(v,S,,[).

Proof. For (X, F) and (Y, K) as above, i(Y,K) < (X,F) * 1 means (Y,,K,) *
(Y, K¥) < (X, F) 1, which is equivalent to (Y, K,) < (X, F) in P,. So it suffices
to show that if (X, F) isin P, (Y, K) is in P, g, and (Y, K) < (X, F) in Pg, then
Y,,K)) <(X,F)inP,.

Since (Y, K) < (X,F)inPs, X CY. If bisin X, then bisin Y, and since (X, F)
isin P,, b is a subset of v. So bis in Y,. Hence X CY,. Suppose b is in Y, \ X.
Then bisin Y\ X,s0b € JUX. As (Y,K) < (X,F) in Pg, dom(F) C dom(K).
But also dom(F) C v. So dom(F') C dom(K) Nv = dom(K,). If £ is in dom(F),
then as (X, F) < (Y, K), F(§) is an initial segment of K(§) = K, (). O

6. EXTENDING AN ELEMENTARY EMBEDDING, PART 1

We now deal with the problem of extending an elementary embedding after Lévy
collapsing a large cardinal to become ws, and then forcing with P,,,. Fix for the
remainder of the section a cardinal x which is k-supercompact, and an elementary
embedding j : V — M with critical point » such that j(k) > s and M~ C M.
Assume 2% = kT,

Recall that the Lévy collapse COLL(wy, < k) is wi-closed, k-c.c., has size &,
and forces that s is equal to we. It is also easy to see that COLL(wq, < k) forces
2¢ = w; and 2¥t = w,. Since we are assuming 2° = g7 in V, CoLL(wy, < k)
forces 22 = w3. We will be interested in the two-step iteration COLL(wy, <k) * P,.
(Note that P is the same as P,,.) Since CH holds after forcing with the Lévy
collapse, this two-step iteration is k-c.c. and wi-distributive. Occasionally we will
write j(COLL(wy, < k) * ;) as COLL(w1, < j(k)) * }}."j(,{). To reduce superscripts,
we will write T to denote the successor of k in V, even when working in a generic
extension in which this ordinal is no longer a cardinal.

Theorem 6.1. Let G * H be a generic filter on j(COLL(w1, < k) * P,.) over V.

Let G = G N CoLL(wy,< k) and H = HNP,. Then G is a generic filter on

CoLL(wi, <k) over V, H is a generic filter on P over V[G], and j can be extended

in V|G* H] to j:V|[Gx H|] — M|G % H| such that j(G* H) = G x H. Moreover:
(1) MG = H*" NV|[G* H] C M[G * H],
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(2) M[G+H] is equal to M[G][H]|[H'], where H' is a generic filter on P(k, Sy, j(x))
over M[G][H],
(3) j(S,g) = Sj(ﬁ), Sj(,g) =S, U S(H, Smj(li)), S. = {b S Sj(ﬁ) : b C H}, and

S(k, Sk, j(k)) ={b € Sj(): b L K}

Proof. Since the inclusion map from COLL(w;, < k) to COLL(w1, <j(k)) is a com-
plete embedding, G = G N CoLL(wy, < k) is a generic filter on COLL(w1, < k) over
V. As j | CoLL(wy, < k) is the identity, j[G] = G C G. So j can be extended to
j : VI[G] — MIG] such that j(G) = G.

As COLL(wy, < k) is k-c.c., M[G]* NV[G] € M[G]. In particular, P, is computed
the same in V[G] and M[G]. By standard facts, M[G] = M[G][G’], where G’ =
G N CoLL(wy, [k, j(k))). Since COLL(wy, [k, j(k))) is wi-closed, P, is computed the
same in M[G] and M[G].

In MI[G] consider the map i : Py ;) — Py * P(k, Sk, j(k)) given by i(Z, K) =
(Z, K,) * (Z"“,Iv(“’). By Theorem 5.9, 7 is an isomorphism of P, ;) onto a dense
subset of P, % P(k, S,,j(k)). But being an isomorphism is absolute. It follows
that i[H NP, ;)] generates a generic filter F' on P, x P(k, Sy, j(k)) over V[G], and
MGI[H) = MG[F].

Let k : P, — P, * P(x, Sy, j(k)) be the map k(p) = p* 1. Then k is a complete
embedding. It follows that k~1(F) = {p € P, : p* 1 € F} is a generic filter on P,
over V[G]. Let H = k=1(F).

We claim that H is equal to HNP,. Solet p bein H. Then pis in P, and p#1 is in
F, the filter generated by i[ﬁﬂP,{,j(,{)]. So there is a condition (Y, K) in HOIP’,{J(K)
such that i(Y, K) = (Y., K,.) % (Y*, K*) < p* 1. This implies (Y, K,.) < p in P,.
By Lemma 3.3, (Y, Kx) < p in Pj(,y. By Lemma 5.6, (Y, K) < (Y, Ky) in Pj,,).
So (Y, K) < p in Pj(,. Since (Y, K) is in H, pisin H. This shows H C HNP,.

On the other hand, let ¢ be in H NP, and we show ¢ is in H. In other words,
we show ¢ x 1 is in F. Since P, ;(,) is dense in P,y and ¢ is in H, choose ¢’ < ¢ in
HANP, jx)- Then i(¢) € i[H NP, j()], s0 i(¢") is in F. Since ¢’ < ¢ in P,y and ¢
is in P, by Lemma 5.10, i(¢') < ¢ * 1 in P, % P(k, S, j(k)). Asi(¢')isin F, g* 1
is in F. This completes the proof that H = H NP,.

Now j | P, is the identity, as can be easily seen, so j|[H] = H = HNP, C H.
Therefore we can extend j to j : V[G]|[H] — M[G][H] such that j(H) = H. So
J(GxH) =j(G)*j(H) = G H. Since COLL(wy, <k) * P, is k-c.c., M[G = H|* N
V|G * H] C M|G * HJ.

Recall that M[G][H] = M[G][F], where F is a generic filter on P, xP(k, S, j(k))
over M[G]. By standard facts about two-step iterations, if we let H' = {3 :

Jp px s € F}, then H' is a generic filter on P(k, Sk, j(k)) over M[G][H], and
M[G][F] = M[G)[H][H'). So M[G)[H] = M[G][H][H']. -

It is immediate by the elementarity of j and the fact that j(H) = H that
J(Sk) = Sjx)- If bis in Sy, then by elementarity, j(b) = b is in j(Sk) = Sj(x). So
Sk € Sjtn)-

By definition, S(k, Sk, j(x)) is equal to J{Y : 3K (Y, K) € H'}. As a subclaim,
let us prove that S(k, Sk, j(x)) is equal to (J{Z" : 3L (Z,L) € HNP, j)}.

On the one hand, suppose b is in Z*, where for some L, (Z, L) is in H N Py itn)-
Then i(Z,L) = (Zy, L) * (Z%,L*) is in F. By the definition of H’, (Z*, L") is in
H'. So Z* C S8(k, Sy, j(k)). Hence b is in S(k, S, j(k)).
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On the other hand, suppose b is in S(k, Sk, j(k)). Then there is (Y, K) in H' such
that b is in Y. By the definition of H’, fix p * § in F such that $# = (Y, K). Since
p*éisin F, there is (Z,L) in H NP, ;) such that i(Z, L) = (Z., L) * (Z*,L") <
p*$. By Lemma 5.6, (Z,L) < (Zy, L) in Py, so (Z,L,) isin HNP, = H.
Since (Zy, L) * (Z%,L%) < p* é and (Z,,L,) € H, (Z*,L*) < s = (V,K). In
particular, Y C Z%. So bis in Z". This proves S(k, Si,j(x)) C U{Z" : 3L (Z,L) €
HN P j(x)}, finishing the proof of the subclaim.

Let us prove that Sj(.) = Sk U S(k, Sk,j(x)). We already observed S, C Sj(,).
Let b be in S(k, Sk, j(k)). By the subclaim, there is (Z, L) in H N P, j() such that
bis in Z*. Since (Z,L) isin H, Z C Sjr)- But bisin Z% C Z, so b is in Sj(,)-

Now let b be in Sj(,), and we show b is in S, U S(k, Sk, j(x)). Fix (Y,K) in H
such that b is in Y. Since Py, () is dense in Pj(,,y, fix (Z, L) < (Y, K) in FﬁP,{J(,{).
Then b is in Z. By the subclaim, Z® C S(k, S,,j(x)). So if b is in Z*, then b is in
S(k,Sx,j(k)). Otherwise b C &, so b is in Z,. By Lemma 5.6, (Z,L) < (Z, L,;) in
Pj(xy, 80 (Zy, Ly) is in HNP, = H. This implies Z, C S, and hence b is in S.

We have proven Sj.) = Sk U S(k, Sk, j(k)). Now every set in S, is a subset of
k, and every set in S(k, Sy, j(k)) is not a subset of k. Therefore it is immediate
that S, = {b € Sj(x) : b C K} and S(k, 5., j(k)) = {b € Sj) : b L K} O

7. ADDING A CLUB

We briefly describe a forcing poset due to Sakai [3] for adding a club subset of
P, (w2). Specifically, for a given set T' C P,,, (w2), we define a forcing poset Q(T')
which adds a generic function F' : wy X ws — wy for which there is no set in T closed
under F. In the next section we describe an iteration of this forcing poset.

Definition 7.1. Let T be a subset of P, (w2). Define Q(T') as the forcing poset
consisting of conditions p satisfying:
e p is a function of the form p: aP x a? — wy, where a? is a countable subset
of wa,
o forallxz inT, if x C aP, then x is not closed under p.

Let ¢ < p if ¢ extends p as a function, that is, if a? C a? and q | (a? X a?) = p.
Notation 7.2. For a countable set a C wy, we write a® for a x a.

Lemma 7.3. Let p and q be conditions in Q(T), and assume p | (a’? Na?)? =q |
(a? Na?)?. Then p and q are compatible.
In particular, if a? Na? = 0, then p and q are compatible.

Proof. We define a condition r which is below p and ¢. Let a” = aP Ua?. As a” is
countable, fix an ordinal ¢ in w; \ a”. Define 7 : (a”)? — w; as follows. Let (i, ) be
in (a™)2. If i and j are both in a?, let r(i,5) = p(i,j). If i and j are both in a?, let
r(i,7) = q(i, 7). Note this is well-defined, since if ¢ and j are both in a? N a?, then
p(i,7) = q(i,7) by assumption. The remaining possibility is that ¢ is in a? \ a? and
jisin a?\ aP, or vice versa. In this case, let r(i,7) = (.

So r is a function of the form r : (a”)? — w;, where a” is a countable subset
of wy. Note that r extends both p and ¢. To show r is a condition, suppose x is
inT and x C a". If x is a subset of aP, then z is not closed under p, since p is a
condition. So zx is not closed under r. Likewise, if x is a subset of a9, then x is not
closed under ¢, so x is not closed under r. If neither of the above holds, then there
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isiin a” \ a? and j in a” \ aP. But then 7 is in @ \ a? and j is in a? \ a?. By the
definition of r, r(i,7) = ¢. Since ¢ is not in a”, ¢ is not in x, so x is not closed
under 7. (]

Lemma 7.4. Let b be a countable subset of wa. Then there are densely many
conditions t in Q(T) such that b C a'.

Proof. Let p : (a?)®> — w; be a given condition. If b C aP, then we are done.
Otherwise b\ @ is non-empty. As b is countable, fix an ordinal ¢ in wy \ b. Define
s by letting a® = b\ aP, and for all (4,5) in (a®)?, let s(i,7) = ¢. If # is in T and
is a subset of a®, then ( is not in x, so x is not closed under s. This shows s is in
Q(T). Now a®*Na? = 0, so by Lemma 7.3, s and p are compatible. Let t < s,p.
Then b C a® UaP C al. O

Suppose I is a generic filter on Q(7) over V. Then by the last lemma, it is easy
to see that F' = (JI is a total function F : wy x w) — w!, and if b is in T, then
b is not closed under F. So if wy and wy are preserved, then Q(7T) destroys the
stationarity of T'.

Depending on the assumptions of the ground model and on the choice of T', Q(T")
may or may not preserve cardinals. In the sections which follow, we will define and
analyze an iteration of forcing posets of the form Q(7'). In our context, the forcing
posets Q(T") which we use, together with the iteration itself, are wy-distributive and
wa-C.C.

8. ITERATION OF CLUB ADDING

In this section we define an iteration of forcing posets of the form Q(7') from the
previous section. We work in a model V[H], where H is a generic filter on P, over
V. As usual, let S, = U{X : IF (X,F) € H}. So S,, is a stationary subset of
P, (w2) in V[H] which does not reflect to any ordinal in wy with cofinality w.

Our goal is to define a forcing poset Q which forces that every stationary subset
of S, reflects to an uncountable ordinal in wy with cofinality w. The forcing poset
Q will be an iteration of forcing posets of the form Q(T'), where T is a subset of
Sw, which does not reflect to any uncountable ordinal in ws of cofinality w.

The iteration we define is an adaptation of an iteration developed by Sakai, which
he used to prove the following theorem:

Theorem 8.1 (Sakai [3]). Assume GCH and O,,,. Then there exists a forcing poset
which forces that there is a stationary set S C B, (w2) such that every stationary
subset of S reflects to an uncountable ordinal in wy with cofinality w.

Let us describe in more detail the context in which we will define Q. We start
with a ground model V' which satisfies 2 = wy, 2“1 = ws, and 2“2 = w3. Let H be
a generic filter on P,,, over V. Let S,,, = J{X : IF (X, F) € H}.

We verify that in V[H], it is still the case that 2 = wq, 2¥* = w9, and 2“2 = wj.
Since P, is w;-distributive, P, does not add any new subsets of w. So 2 = w; in
V[H]. As CH holds in V, it is easy to see that P,, has cardinality wy. Since P,
is wo-c.c., it has at most wy' = 2“* = wy many antichains. So the number of nice
P,,-names in V for a subset of wy is bounded by wg® = 2“1 = wy. It follows that
21 = wq in V[H]. Similarly, the number of nice P,,-names in V' for a subset of wy
is wy? = 2¥2 = ws. So 2“2 = w3 in V[H].
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We will work in V[H] to define a forcing iteration @ which destroys the station-
arity of any subset of S,, which does not reflect to an uncountable ordinal in wg
with cofinality w. Actually, we will find it convenient to define Q in a way that is
not literally a forcing iteration, although it is forcing equivalent to one.

Before beginning the definition of Q, we fix several auxiliary objects which will
be needed in the definition. Since we will remind the reader of these objects later
in the paper, we provide them with numbers for reference.

Notation 8.2. For the purposes of bookkeeping, fix a surjective function f :ws —
w3 X wy satisfying that whenever f(a) = (i,7), then i < a.

It will be convenient to have at hand an auxiliary poset R, which will be useful
for notational purposes. However, we will not be interested in forcing with R.

Notation 8.3. Let R denote the set of all non-empty partial functions s of the
form s : (a®)? — wy, where a® is a countable subset of wy. Lett <g s if t extends s

as a function, that is, a®* C a' and t | (a®)? = s.

Note that by CH, R has cardinality ws.

Notation 8.4. For each ordinal o in wo, fix a surjective function g, : w3 — «. Let
E be the set of b in P, (wa) such that ot(b) is a limit ordinal and for all o in b, b
is closed under g,. Note that E is a club subset of P, (w2).

We are now ready to define by recursion the forcing poset Q in the model V[H].
Specifically, we define by recursion sequences (Q, : @ < ws) and <sz Dy < ws).
For each o < ws, we let T'(a) be TJZ, where f(a) = (i, 7). Finally, the forcing poset
Q is defined as Q.

We will maintain several recursion hypotheses.

Recursion Hypotheses 8.5. For all a < ws:

(1) If p is in Qq, then p is a partial function p : @« — R with a countable
domain, and for all p and q in Qq, q < p iff dom(p) C dom(q) and for all
v in dom(p), q(v) <w p(v).

(2) Let B < a. Then: (a) for all ¢ in Qq, q | 5 is in Qg, (b) Qs C Qq, (c)
if ¢ is in Qq and s < q | B in Qg, then lettingt = sU (¢ | [B,)), t is in
Qq and t < s,q in Qq, and (d) the inclusion map Qg — Qg is a complete
embedding.

(3) Qq is wy-distributive and ws-c.c.

(4) If a < ws, then the sequence (T : i < ws) is an enumeration of all nice
Qu-names T for a subset of P, (w2) satisfying the property that Q4 forces
T CS,, NE and T does not reflect to any uncountable ordinal in wy with
cofinality w.

Let o < ws be given, and assume the sequences (Q; : i < «) and (Tf A< i<
ws) are defined and satisfy the recursion hypotheses.

If & < ws and we have defined Q, which satisfies recursion hypotheses (1), (2),
and (3), then recursion hypothesis (4) is straightforward. This is clear if a = 0.
Suppose o > 0. By CH the poset R has cardinality ws. So the collection of all
partial functions p : @ — R with a countable domain has cardinality w,. Since
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Q. is a subset of this collection by recursion hypothesis (1), Q, has cardinality at
most wy. By recursion hypothesis (3), Q is wa-c.c., so the number of antichains
of Qq is at most wy! = wy. Hence the number of nice Q,-names for a subset of
P, (w2) is at most wy? = ws. Consequently, it is possible to choose an enumeration
(T : i < ws) satisfying recursion hypothesis (4).

Now we define Q.. The definition splits into three cases.

« is equal to 0

Let Qp be the trivial forcing poset consisting of just the empty function. Note
that recursion hypotheses (1), (2), and (3) are trivially true.

o is a limit ordinal

Let Q. consist of all partial functions p : @ — R with a countable domain
which satisfy the property that for all 5 < o, p [ 8 is in Qg. Let ¢ < p in Q, if
dom(p) C dom(g) and for all v in dom(p), ¢(v) <g p(v).

Note that recursion hypothesis (1) is immediate.

«_is a successor ordinal

Let @« = ag + 1. Recall our bookkeeping function f from Notation 8.2. Let
f(ao) = (4,74). Then i < ag and j < ws, so T; is defined and is equal to T'(cx).

By recursion hypothesis (4), T'(a) is a nice Q;-name for a subset of P, (ws).
Since the inclusion map Q; — Q,,, is a complete embedding by recursion hypothesis

(2), T(v) is a nice Qg -name for a subset of P,, (w2). Also by (4), Q; forces that
T(ap) is a subset of S,, N E which does not reflect to any uncountable ordinal in
wo with cofinality w. But this property of T(ao) is upwards absolute between a
generic extension by Q; and a generic extension by Q,,. Therefore Q,, forces that
T(oy) is a subset of Sw, N E which does not reflect to any uncountable ordinal in
wo with cofinality w.

Let Q. be the set of all partial functions p : & — R with a countable domain
which satisfy that p [ ap is in Qa,, and if ag is in dom(p), then p [ ag IFq,,, p(ao) €
Q(T(ag)). Let g < p if dom(p) C dom(q) and for all v in dom(p), ¢(v) <g p(v).

Note that recursion hypothesis (1) is immediate.

Lemma 8.6. Let p and g be in Qqy+1- Then g <p iff g a0 <p [ ag in Q,, and
if ag is in dom(p), then g is in dom(q) and q(ag) <g p(ag).

The proof is straightforward, using recursion hypothesis (1) applied to Qg -

Lemma 8.7. The forcing poset Qq,+1 %5 isomorphic to a dense subset of Qq, *
Q(T(ap)). So Qug+1 and Qu, * Q(T(ayp)) are forcing equivalent.

Proof. Define i : Quy11 — Qu, * Q(T()) by letting i(p) = (p | ap) * 1 if ag is
not in dom(p), and i(p) = (p [ o) * p(ap) if o is in dom(p). By the definition of
Qays1, it is immediate that i(p) is in Qu, * Q(T()).

Clearly i is an injection. Note that Q,, forces that for all a and b in Q(T(ay)),
a and b are in R, and b < a in Q(T(ag)) iff b <g a. Using this observation and
Lemma 8.6, it is routine to verify that for all p and ¢ in Quo+1, ¢ < p iff i(q) < i(p).

It remains to show that the range of i is dense. So let p*§ be in Qu, * Q(T'(ap)).
By recursion hypothesis (3), Qq, is wi-distributive, so Qq, forces §$ is in the ground



ON THE WEAK REFLECTION PRINCIPLE 23

model. Hence we can find a set s and a condition ¢ < p in Q,, such that ¢ IF § = $.
Let r = qU {(ao, $)} if s is non-empty, and r = ¢ if s is empty. Then 7 is in Quy+1
and i(r) = g¢*x 35 <pxs. O

This completes the recursive definition.

We have taken care of recursion hypotheses (1) and (4). Proving that Q, is
wy-distributive and we-c.c. will take some work, and we postpone it until the next
section. The proof of recursion hypothesis (2) is routine, but we include it for
completeness.

Lemma 8.8. Let 8 < a. Then:

(a) forallqin Qq, g 0 € Qg,

(b) Qﬂ g Qa;

(c) ifqisin Qu and s < q | B in Qg, then lettingt = sU (¢ | [B,)), t is in
Qq and t < s,q in Q,,

(d) the inclusion map Qg — Q4 is a complete embedding.

Proof. (a) Let ¢ be in Qq. If o is a limit ordinal, then ¢ [ 8 is in Qg by the
definition of Q.. Otherwise « is a successor ordinal. Let « = ag + 1. If 8 = ayg,
then ¢ | ap is in Q4, by the definition of Q.. If 8 < ag, then ¢ [ B is equal to
(¢ I ) | B, which is in Qg by recursion hypothesis (2a) applied to Qq, .

(b) First suppose « is a successor ordinal. Let @ = g + 1. Note that by
the definition of Qu, Qu, € Qn. By recursion hypothesis (2b) applied to Qa,,
Qs C Qpy- So Q3 € Q. Now assume « is a limit ordinal, and let p be in Qg. To
show p is in QQ,, we show that p is a partial function p : @ — R with a countable
domain, and for all v < «, p | 7y is in Q. The first statement follows from recursion
hypothesis (1) applied to Qg. Now let v < v and we show p [ v is in Q,. If v < S,
then p [ v is in Q, by recursion hypothesis (2a) applied to Q. If 8 < +, then
p | v =p, and by recursion hypothesis (2b) applied to Q,, p is in Q,.

(c) Let ¢ be in Q,, and suppose s < ¢ | Bin Q. Let t = sU(q | [8,)). We
will prove t is in Q,. It is then easy to verify that ¢t < s,q in Q. First assume « is
a limit ordinal. Clearly ¢ is a partial function ¢ : « — R with a countable domain.
Let v < o and we show ¢ [ v is in Q,. If v < 8, then ¢t [ v = s [ 7, which is in Q,
by recursion hypothesis (2a) applied to Qg. Suppose 8 < . Let ¢ = g [ 7. Then
by (a), gis in Q,, and s < ¢ [ 8 = | 8. By recursion hypothesis (2c) applied to
Qy, sU(@[[B,7))isin Qy. But sU(qG [ [3,7)) is equal to t [ 7.

Now assume « is a successor ordinal. Let o« = ag + 1. First consider the case
when = ag. If ap is not in dom(g), then ¢ = s, which is in Q, by (b). Suppose
ap is in dom(q). Then t = s U {(ao,q(c))}. So t | ap = s, which is in Qq,. By
the definition of Qq, ¢ | ag IF ¢(ap) € (@(T(ao)). Ass<qlagp s=t] ag and
t(ap) = q(ag), t | ag IF t(ag) € Q(T(ap)). So t is in Qq.

Now suppose 8 < ap. Then s < g [ 8= (q | ap) | 8. By recursion hypothesis
(2¢) applied to Qq,, letting ¢ = sU (¢ | [, a0)), t' is in Qq, and ¢’ < s,q | ap in
Qo But t/ =t | ag, sot [ ap is in Qq,. If ap is not in dom(q), then ¢’ =t and we
are done by (b). Otherwise since t’ < q | ay, ' forces q(ag) = t(ag) is in Q(T'(ap)).
So tis in Q.

(d) We show that the inclusion map from Qg to Q, is a complete embedding.
Let ¢ < p in Qg. Then dom(p) C dom(g), and for all v in dom(p), ¢(v) <g p(v).
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But this is also the definition of the ordering on Q,. So ¢ < p in Q,. Suppose
p1 and py are in Qg and r < p1,p2 in Qn. By (a), r [ §is in Qgp, and clearly
r | 8 < p1,p2 in Q. Finally, let ¢ be in Q,. By (c), if p < ¢ [ 5 in Qg, then
pU(q | [B,a)) is in Q4 and is below p and ¢ in Q,. Thus p and ¢ are compatible
in Q.. O

9. DISTRIBUTIVITY AND THE CHAIN CONDITION

Our next goal is to prove that Q, is wi-distributive and ws-c.c., which will
complete the verification of the recursion hypotheses. For this purpose, it will be
useful to first analyze the iteration in more detail. The proofs in this section are
independent of whether « is a successor ordinal or a limit ordinal.

Notation 9.1. Suppose that p is a partial function p : a — R with a countable
domain (for example, if p is in Q). For each & in dom(p), let a? be aP©) | that is,

ag is the non-empty countable set a such that dom(p(§)) = a?.

Occasionally we will consider a partial function p : @« — R, and write ag and
p(§), even though we do not know whether & is in dom(p). In this case, ag and p(§)
both denote the empty set if £ is not in dom(p).

The next observation is obvious, but we record it for later reference.

Lemma 9.2. Let p be in Q. Suppose 3 is in dom(p) .and T is a countable subset
of ag which is closed under p(3). Then p | B kg, ¢ T(5).

Proof. By Lemma 8.8(a), p | (8+ 1) is in Qgy1. By the definition of Qg41,
p [ B I, p(B) € Q(T'(B)). The conclusion of the lemma now follows by the
definition of Q(T'(3)) as given in Definition 7.1. d

The next lemma will be useful throughout the remainder of the paper. The proof
is straightforward, but we include it for completeness.

Lemma 9.3. Suppose p is a partial function p : « — R with a countable domain.
If p is not in Qg, then there exist 3, t, and x such that:

0 is in dom(p),
pl B is in Qg,
x is a countable subset of afy closed under p(f3),

tlrg, z € T(3).

Proof. We assume the statement holds for Q,, for all v < «, and verify that it also
holds for Q.. It is clear when a = 0.

Assume « is a successor ordinal ag + 1. Let p be a partial function p: a« — R
with a countable domain, and suppose p is not in Q,. There are two ways this
could happen. The first possibility is that p [ ap is not in Q,,. In this case, the
conclusion of the lemma follows from the induction hypothesis applied to p [ aq in
Quo-

The second possibility is that p [ ag is in Qq,, ap is in dom(p), and p | o does
not force that p(ap) is in Q(T(ap)). So there is to < p | ag such that to forces
p(ag) is not in Q(T(a)). Since p(ag) is in R, to forces there exists a countable
set z C aP(®) such that z is closed under p(ag) and x is in T(ag). By recursion
hypothesis (3) applied to Pg,, Pq, is wi-distributive. So o forces there is such a



ON THE WEAK REFLECTION PRINCIPLE 25

set x in the ground model. Hence we can choose t < ¢ty and = such that ¢ forces
x satisfies the above properties. Then z is a countable subset of ab, ~closed under
p(ag) and ¢ forces z is in T'(ay).

Now assume « is a limit ordinal. If p is not in Q,,, then by the definition of Q,,
there is v < « such that p [ v is not in Q,. The conclusion of the lemma now
follows by applying the induction hypothesis to p [ v in Q,. O

Recall that kg, T(3) C S, NE. Soif t kg, = € T(8), as in the conclusion of
Lemma 9.3, then x is in S, N E.

Lemma 9.4. Suppose p and q are conditions in Q, such that for all 8 in dom(p)N
dom(q), p(8) | (afy Na})* = q(B) | (aly Na})?. Then p and q are compatible.
Moreover, there is v < p,q such that dom(r) = dom(p) U dom(q), for all § in
dom(p) \ dom(q), r(8) = p(B), and for all 3 in dom(q) \ dom(p), 7(8) = q(B).

In particular, if p and q are conditions in Q, such that for all 8 in dom(p) N
dom(q), aj; N afy is empty, then p and q are compatible.

Proof. Choose an ordinal ¢ in wy which is not in af;Ua for any 3 in dom(p)Ndom(g).
Define r as follows. The domain of r is equal to dom(p) U dom(q). Let 5 be
in dom(r), and we define r(8). If 8 € dom(p) \ dom(q), let »(8) = p(B). If
B € dom(q) \ dom(p), let 7(3) = ¢(B). Suppose § is in dom(p) N dom(q). Define
ajy = ay Uah. Let (3,5) be in (aj)?, and we define r(3)(i,5). If (4,7) is in (afy)?,
let 7(8)(3,9) = p(8)(ir). Tt (i,7) is in (a)2, let r(8)(i,7) = a(B) (i, j). Note this
is well-defined, since if 4 and j are both in aj; N a3, then p(B)(4, j) = q(B)(7, 7). In
any other case, let r(5)(¢,5) = ¢.

It is easy to see that if r is a condition in Q,, then r < p,q. Suppose for a
contradiction r is not in Q,. By Lemma 9.3, fix 3, ¢, and x such that 3 is in
dom(r), r [ Bisin Qg, t <7 [ Bin Qg, z is a countable subset of aj; closed under
r(B), and t IFq, = € T(ﬁ) Note that r [ 8 is below p [ f and ¢ [ §in Qg. Therefore
t<plpB,qlp

We consider different cases regarding (3, and derive a contradiction in each case.
First consider the case that 3 is in dom(p) \ dom(g). Then by the definition of r,
7(B8) = p(B3). Therefore z is a countable subset of a; closed under p(8). By Lemma
92, p [ Blg, x ¢ T(ﬁ) But this contradicts that ¢ < p [ 8. A similar argument
handles the case when § is in dom(q) \ dom(p).

Now consider the case when f is in dom(p) N dom(q). If  is a subset of a}j or
x is a subset of an7 then the same argument as in the previous paragraph yields a
contradiction. Otherwise there is ¢ in x\ ag and jin 2\ aqﬁ. Then by the definition
of r, 7(8)(i,7) = ¢, which is not in z. So z is not closed under r(3), contradicting
the choice of z. O

Lemma 9.5. Let z be a countable subset of a and let b be a countable subset of ws.
Then there are densely many conditions t in Q, such that z C dom(t) and for all
Bin z, b C aj.

Proof. Let p be a condition in Q,. We will find a condition ¢ < p such that
z C dom(t) and for all § in 2z, b C aj. Fix ¢ in wy \ b. Let X be the set of § in
dom(p) N z such that b C af.

Define s in Q, as follows. The domain of s is equal to z \ X. Consider § in
dom(s). If B is in z \ dom(p), let s(B) : b — w; satisfy s(B)(i,5) = ¢ for all
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(i,7) € b2 Suppose 3 is in z N dom(p). Since 3 is not in X, b\ ag is non-empty.
Define s(3) : (b\ a)* — w1 by letting s(3)(i,7) = ¢ for all (4,7) in (b\ ajp)*.

The set s is a partial function s : « — R with a countable domain. Note that
s satisfies the property that for all 8 in dom(s), there are no subsets of aj which
are closed under s(f3). It follows easily from Lemma 9.3 that s is in Q,. Also note
that if 3 is in dom(s) N dom(p), then aj N ag is empty. By Lemma 9.4, s and p are
compatible. Fix ¢t < s,p in Q,. Then clearly t is as desired. ([

It will be useful to consider a certain kind of condition in Q, which we call a
square condition.

Notation 9.6. A condition p in Q. is square if there is a set a such that for all
B in dom(p), ag = a. In this case, we let aP denote the set a as above.

Proposition 9.7. The forcing poset Q. is wy-distributive. The set of square con-
ditions is dense in Q.

Proof. We prove both statements simultaneously. So let {D,, : n < w} be a family
of dense open subsets of Q,, and let p be a condition in Q,. We prove there exists
a square condition ¢ < p which is in ({D, : n < w}.

Fix a regular cardinal # much larger than Q,. Recall that we are working in
the model V[H], where H is a generic filter on P,,, over V. We will apply Lemma
4.7 to the forcing poset P,, = P((,0,ws). By Lemma 4.7, in V[H] there are
stationarily many N in P, (H(6)) such that S,, N P(N Nws) € N. Choose N in
P,, (H(0)) such that N < H(0), the objects Qq, p, and {D,, : n < w} are in N,
and S, N P(NNwsy) C N.

Choose an N-generic sequence (p, : n < w) for Q,, with pg = p. By Lemma 9.5
and N-genericity, it is easy to see that | J{dom(p,) : n < w} = N Na, and for each
Bin NNa, Ulaj" :n <w}=NnNuw.

Define g by letting dom(q) = (J{dom(p,,) : n < w}, and for each § in dom(q),
letting ¢(3) be the union of the set of functions {p, () : n < w}. Thus ¢ is a partial
function ¢ : @« — R with a countable domain. We will prove that ¢ is in Q. It is
then easy to see that ¢ < p, for all n < w, and hence ¢ is in ({D,, : n < w}. Also,
for all £ in dom(q), a% = N Nuwo, so q is a square condition.

Suppose for a contradiction ¢ is not in Q. By Lemma 9.3, fix 3, ¢, and x such
that 8 isin dom(q) = NNa, ¢ [ Bisin Qg, t < ¢ | Bin Qg, z is a countable subset
of afy = N Nws closed under ¢(3), and ¢ g, = € T(3). Note that ¢ | B3 <p, | 3

for all n < w. Since t IFq, = € T(B), z isin S,,. Also # € NNwsy. So z is in
Sws, N P(N Nws). By the choice of N, z is in N.

Let D be the set of conditions s in Q, such that 3 is in dom(s) and = C a3. By
Lemma 9.5, D is dense open, and by elementarity, D is in N. So fix n < w such
that p, is in D. Since z is closed under ¢(5) and ¢(5) | (ag")2 = pn(B),  is closed
under p,(3). By Lemma 9.2, p, [ 8 IFq, = ¢ T(B). Ast kg, = € T(B), pn | B and
t are incompatible. But t < ¢q [ 8 < p, [ 3, so we have a contradiction. O

Proposition 9.8. The forcing poset Qy is wa-c.c.

Proof. Recall that CH holds in V[H]. We will show that Q, is we-Knaster. Let
(pi : 1 < wa) be a sequence of conditions in Q,. Without loss of generality we may
assume each p; is a square condition.
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Using CH, apply the A-System Lemma to the sequence of countable sets (dom(p;) :
i < wsy) to get an unbounded set Zy C wo and a countable set b such that for all
i < jin Zy, dom(p;) Ndom(p;) = b. Now apply the A-System Lemma again to the
sequence of countable sets (aPi : i € Zj) to get an unbounded set Z; C Zy and a
countable set ¢ such that for all i < j in Z7, a? NaPi = c.

An easy counting argument using CH shows there are at most w; many possi-
bilities for a sequence (p;(3) | ¢? : B € b), for i in Z;. So we can fix an unbounded
set Zy C Z; such that for all i < j in Z, for all 3 in b, p;(8) | ¢ = p;(B) | 2

Consider ¢ < j in Zy. Then for all § in dom(p;) N dom(p;) = b, pi(B) | (a¥* N
a?i)? =p;(B) I 2 =p;(B) | ¢ =p;(B) | (a?" NaPi)?. By Lemma 9.4, p; and p; are
compatible. O

This completes the verification of the recursion hypotheses.

We conclude this section with several technical lemmas which will be needed
later in the paper. Recall that Q is Q,,.

Lemma 9.9. Let p and q be conditions in Q, and assume dom(p) C dom(q), and
for all B8 in dom(p), ag - aqﬁ. If p and q are compatible, then q < p.

Proof. To show g < p, it suffices to show that whenever § is in dom(p), ¢(83) |
(aj)? =p(B). Fix r < p,q. Then ¢(B) | (a§)* =r(8) | (af)* = p(B). O

Lemma 9.10. Suppose I is a generic filter on Q over V[H]|. Let {p, :n < w} be
a countable subset of I. Then there is a condition r in I such that r < p, for all
n<w.

Proof. Since Q is wq-distributive, the set {p,, : n < w} is in the ground model V[H].
Let z = J{dom(p,) : n <w} and let b = U{ay" : n <w, 3 € dom(p,)}. By Lemma
9.5, there are densely many conditions ¢ in Q such that z C dom(t), and for all g
inz bC atﬁ. Fix such a condition ¢ in I. Let n < w, and we show ¢t < p,,. By the
choice of ¢, dom(p,) C 2 C dom(t), and for all § in dom(p,), a" C b C aj. Also
pn, and t are both in I, so they are compatible. By Lemma 9.9, ¢t < p,,. ([

The next easy lemma is technical and unmotivated, but we will need it in a
construction later in the paper.

Lemma 9.11. Suppose p is a square condition in Q. Let v be an ordinal in ws \ a?
and let ¢ be an ordinal in wy which is different from v. Let b be a subset of dom(p).
Then there is a condition t < p in Q such that dom(t) = dom(p), for all B in b,

t(8) = p(B), and for all B in dom(t) \ b, v € afy and t(B)(v,v) = (.

Proof. Define s with domain equal to dom(p)\b so that for all 8 in dom(s), aj = {v}
and s(8)(v,v) = (. Since for each § in dom(s), there do not exist any subsets of aj
which are closed under s(f3), it follows easily from Lemma 9.3 that s is a condition
in Q. Now for all 8 in dom(p)Ndom(s), ag Naj is empty. So by Lemma 9.4, we can
choose t < s,p such that dom(¢) = dom(s) U dom(p) (which is equal to dom(p)),
and for all 8 in dom(p) \ dom(s), t(3) = p(B).

Let us verify that ¢ is as desired. We already noted that dom(t) = dom(p). If 8
is in b, then by the choice of s, § is in dom(p) \ dom(s), so ¢(8) = p(B). If B is in
dom(t) \ b, then 8 is in dom(p) \ b = dom(s). By the choice of s, v is in aj. Since
t <s, visin af, and t(B)(v,v) = s(B)(v,v) = C. O
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10. PRESERVING THE STATIONARITY OF S,

In this section we will prove that QQ preserves the stationarity of S,,,, and forces
that every stationary subset of S, reflects to an uncountable ordinal in we Ncof(w).

Proposition 10.1. The forcing poset Q forces that S, is stationary in P, (w2).

Proof. Recall that Q is defined in the model V[H], where H is a generic filter on
P, over V. So it suffices to show that in V, the forcing poset P,,, * Q forces S,
is stationary.

Let (X, F)*p be a condition in P, +Q, and suppose (X, F)xp forces h: [wo] <Y —
wo is a function. We will find (Y, K)x¢ < (X, F) *p and a set z such that (Y, K)x¢
forces z is in S’u,z and z is closed under i. Note that (X, F) x p forces there are club
many ordinals v < ws which are closed under h. Choose (X', F)sp <(X,F)xp
and an uncountable ordinal v in wy Ncof (w) such that (X', F') *p’ forces v is closed
under h.

For each a < ws, P, *Q, forces that T'(a) is a subset of P, (wy) which does not
reflect to any uncountable ordinal in wy with cofinality w. In particular, P, * Q.
forces that T'(cr) does not reflect to v. So choose a P, * Qu-name f, for a function
fa : [V]<¥ — v such that P,, * Q, forces there is no set in 7'(c) N P, () which is
closed under fa.

Fix a regular cardinal § much larger than P,,, * Q, h7 and <fa o < ws). Let
N be a countable elementary substructure of H () which contains as elements the
objects P, * Q, (X', F') x ¢/, h, v, and (fo : @ < w3). We attempt to define a
condition (Y, K) * ¢ below (X', F’) x p’ which is N-generic for P, * Q.

Choose an N-generic sequence ((X,,F,) * P, : n < w) such that (Xo, Fp) *
po = (X', F') =« p/. Let K be the infinum of the sequence (F,, : n < w). Let
Y = U{X, : n < w}U{NNv}. By Proposition 3.8, (Y, K) is a condition in P,,
and (Y, K) < (X, F,) for all n < w. In particular, (Y, K) is N-generic.

Since NNvisinY, (Y,K) - NNv € S,,. Using Lemma 3.7, it is easy to see
that |JY = N Nwy. So by Lemma 4.5, (Y, K) IF S, N P(N Nwy) =Y.

Let H be a generic filter on P, over V which contains the condition (Y] K).
Since (Y, K) is N-generic, N[H|N'V = N. For each n < w, let p, = pZZ. Then
(pn : n < w) is an N[H]-generic sequence for Q. By Lemma 9.5 and N[H|-genericity,
U{dom(p,) : n < w} = N[H|Nws = NNuws, and for each § in J{dom(p,) : n < w},
U{ah" :n <w} = N[H]Nwz = N Nwa.

We define a lower bound ¢ of the sequence (p, : n < w). Let the domain of ¢ be
equal to J{dom(p,) : n < w}, and for each 3 in dom(q), let ¢(3) be the union of the
set of functions {p,(8) : n < w}. Clearly g is a partial function ¢ : w3 — R with a
countable domain. Also, dom(q) = N Nws, and for each 8 in dom(q), a% = NNuws.

We show that ¢ is a condition in Q. It is then clear that g < p, for all n < w.
Suppose for a contradiction ¢ is not a condition. By Lemma 9.3, fix 8, ¢, and =
such that 8 is in dom(g), ¢ [ Bisin Qg, t < ¢ [ B in Qg, x is a countable subset of
a% which is closed under ¢(3), and ¢ Ikq, x € T(ﬁ) Note that 3 is in N N w3 and
zisin S,, NP(NNwy) =Y. Clearly q [ 8 < p, [ 8 for all n < w, so in particular,
g | B is N[H]-generic for Qg.

Now Y = {X, :n <w}U{NNv} and |J{X, : n <w} C N. So either z is in
N, or x = NNv. First suppose xz isin N. Let D be the dense set of conditions s in Q
such that # € dom(s) and = C aj. By elementarity, D is in N. Fix n < w such that



ON THE WEAK REFLECTION PRINCIPLE 29

pn € D. Then z C afy". Since z is closed under ¢(3) and ¢(8) I (a")* = pu(B), =
is closed under p,(3). By Lemma 9.2, p,, | B lFq, = ¢ T(B). Since t Ik, = € T(8),
pn | B and t are incompatible. But t < ¢ [ 8 < p, [ 3, and we have a contradiction.

Now assume # = N Nv. Recall that P, * Qg forces that fs : [1]<¥ — v is a
function such that there is no set in 7(3) N P,, () which is closed under fs. Since
B is in N, fg isin N. Let Ig be a generic filter on Qg over V[H]| such that ¢ is
in Ig. Since t < g | B and ¢ | B is N[H]-generic, N[H]|[Is] N V[H] = N[H]. In
particular, N[H][Ig]Nv = N[H]Nv=NnNv. Let f3 = fé{ . Since fg isin N,
fs is in N[H]|[Ig]. By the elementarity of N[H]|[Ig], N[H]|[Ig]Nv = NNv is closed
under fz. On the other hand, as t isin Iy, x = NNvisin T(6) = T(B)". So z
is a member of T'(5) N P,,, (v) which is closed under fg, contradicting the choice of
fs. This completes the proof that ¢ is in Q.

Let ¢ be a P,,,-name such that (Y, K) forces ¢ is in Q and ¢ < p, for all n < w.
Then (Y, K) % ¢ is N-generic for P, * Q, and (Y, K) % ¢ < (X, F) % p. We claim
(Y, K) * ¢ forces that N Nv is in S, and is closed under /, which completes the
proof. Since (Y, K) x ¢ < (X', F') = p/, (Y, K) * ¢ forces v is closed under h. As h is
in NV, (Y K) x ¢ forces N[H * I] Nws is closed under h, where H I is the canonical

P,,, * Q-name for the generic filter. So (Y, K) * g forces N[H * I]Nv is closed under
h. As (Y,K) % ¢ is N-generic, (Y, K)* ¢l N[H+I]Nnv=NnNv. But NNvis in
Y, so (Y, K) ¢ forces N N v is in S, and is closed under h. O

Theorem 10.2. The forcing poset Q forces that S, is a stationary subset of
P, (w2) which does not reflect to any ordinal in wo with cofinality wy, and for every
stationary set T C S,,,, there is an uncountable ordinal v in wa with cofinality w
such that T reflects to v.

Proof. Let p be a condition in Q and suppose p forces U is a subset of S, which
does not reflect to any uncountable ordinal in wy with cofinality w. We will prove
that p forces U is non-stationary. Since Q is ws-distributive, it is easy to see that
the set E from Notation 8.4 is still club in any generic extension by Q. So it suffices
to show p forces UNEis non-stationary.

Fix a nice Q-name 7' for a subset of P, (ws) such that plko T =UNE, and Q
forces if p is not in the generic filter, then T is the empty set. For some sequence
of antichains (A, : = € P, (ws)) of Q, T is equal to |J{A, x {Z} : 2 € P, (w2)}.
As Q is we-c.c., each A, has cardinality at most wy. Since P, (w2) has cardinality
we and Q = [ J{Qq : o < w3}, we can fix § < wsz such that for all x in P,, (w2),
Az CQg. Then T is a nice Qp-name.

For each v in wy with cofinality w, IFq T does not reflect to v. So we can choose
a nice Q-name C,, for a club subset of P, (v) which is disjoint from 7. As above,
choose £ < ws larger than § such that for all such v, C,is a Q¢-name. Now it is
easy to see that Q¢ forces that C, NT is empty, for all uncountable v in wy with
cofinality w.

In summary, 7' is a nice Q¢-name for a subset of P, (wy) such that Qg forces
that 7' C Sw, N E, and for all uncountable v in wy with cofinality w, T does not
reflect to v. By recursion hypothesis (4), there is i < ws such that 7" = Tf

Let v < w3 be an ordinal such that f(vy) = (&,i). Then T'(y) = Tf =1T. By
Lemma 8.7, Q.41 adds a club subset of P, (ws) which is disjoint from 7T". Since the
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inclusion map Q.41 — Q is a complete embedding, Q adds a club which is disjoint
from T. As plF T =UnNE, p forces U N E is non-stationary. ([l

11. EXTENDING AN ELEMENTARY EMBEDDING, PART 2

Fix for the remainder of the section a cardinal x which is kT-supercompact, and
assume 2% = k7. Let j : V — M be an elementary embedding with critical point
r such that j(k) > kT and M*" C M. In Section 6 we showed how to extend the
elementary embedding j after forcing with COLL (w1, < /{)*]I.",{. Specifically, let GxH
be a generic filter on j(COLL(wy, < k) *P,) over V. Let G = GNCoLL(wy, <k) and
H = HNP,. Then G * H is a generic filter on COLL(w1, <k) * P, over V, and in
V|G % H] we can extend j to j : V[G* H] — M[G x H| such that j(G* H) = G * H.

In this section we will prove that in M|[G * H], there is a projection mapping
7 :j(Q) — Q. As a consequence, if I is a generic filter for j(Q) over V[G * H],
then in V[G * H * I] we can extend j to j : V[G * H x I] — M[G * H * I| such that
j(Gx Hx1I)=G % H I, where I is the filter on Q generated by [I].

As in Section 6, we write kT to indicate the ordinal which is the successor of &
in V| even when working in a model in which this ordinal is no longer a cardinal.
In the models M[G x H] and V[G x H], s is equal to wy and T is equal to ws.
However, in the model M[Gx*H|, j(k) is equal to wo, and x and kT are both ordinals
of cofinality wy strictly between wy and ws.

By Theorem 6.1(1), M[G * H* N V[G « H| C M[G  H]. It easily follows
from this fact and from Recursion Hypotheses 8.5 (1) and (4) that the sequences
(Qq : o < k™) and (T(a) : a < k1) are in M[G * H].

Recall that in V[G * H], R is the poset consisting of all non-empty functions
s : (a®)? — wy, where a® is a countable subset of wo, ordered by extension of
functions.

In the next lemma and in what follows, R means (R)VI¢*H],

Lemma 11.1. In M[G x H|, R = {s € j(R) : a®* C k}. Hence ift is in j(R), then
t | k2 isin R.

Proof. Let s be in R. Since s is a countable subset of k? x w1, j(s) = s. So by the
elementarity of j, s is in j(R), and obviously a® C k. On the other hand, suppose
sisin j(R) and a® C k. Since s is a countable subset of k2 x w; and M[G * H] is a
generic extension of M by an wi-distributive forcing poset, s isin M. So s isin V,
and thus s is in V[G * H]. As above, j(s) = s. Since j(s) isin j(R), sisin R. O

We will define for each @ < k™ a map 7, : j(Qn) — Qn in M[G * H]. So
fix @« < kT, and consider a condition ¢ in j(Q,). Then ¢ is a partial function
q: j(a) — j(R) with a countable domain. So dom(q) N j[a] is a countable subset
of j[a], and the set j~!(dom(q) N j[a]) is a countable subset of a. Since M |G * H]
is a generic extension of M by an w;-distributive forcing poset, j~!(dom(q) N j[a])
is in M, and hence is in V[G * H].

For each ordinal v in j~!(dom(q) Nj[a]), ¢(j(7)) is in j(R). So q(j(7)) | 2 is in
R by Lemma 11.1. Define 7, (q) as the function with domain equal to j~!(dom(q)N
j[a]) such that for all y in this domain, 74 (q)(v) = q¢(j(v)) | 2. Clearly m4(q) is a
partial function 7, (q) : @« — R with a countable domain, and again by distributivity,
To(q) is in V[G x H|. Tt will take some work to prove that m,(q) is in Q.

We record our definition of 7, for easy reference.

2
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Definition 11.2. Let o < xt. In M[G x H| define a map 7, with domain j(Qq) as
follows. Given q in j(Qy), let the domain of 74 (q) be equal to j~(dom(q) N j[a]),
and for each v in this domain, let 7,(q)(7) = q(5(7)) | k2.

The next lemma is immediate from the definition.

Lemma 11.3. Let o < x%. For all q in j(Qa) jldom(ms(q))] = dom(q) N jla,

7o (q)

and for all 7y in the domain of 7, (q), ay = qa? iy B

Lemma 11.4. Let a; < as < k1 and let q be in §(Qa,). Then mq,(q | j(ar)) =
Ty (Q) ral-

Proof. The domain of 74, (¢ | j(1)) is equal to 57 (dom(q | j(a1))Njlai]), whereas
the domain of m,,(q) | a1 is j~(dom(q) N jlaz]) N a1, and it is easy to see these
sets are equal. Let v be in the domain of 74, (g | j(c1)). Then 7y, (¢ | j(a1))(7) is
equal to (¢ [ j(e1))(i(7)) [ 62 = q(i(7)) | £ = Ta,(0)(7) = (Tay(q) [ a1)(v). O

Lemma 11.5. Let o < xT and let q be in 5(Qq). Suppose t is in Q,, dom(ms(q)) C
dom(¢), and for all v in dom(ma(q)), t(v) <r 7a(q)(y). Then j(t) and q are
compatible in j(Qu). In particular, if 7o (q) is in Qu and t < 74(q) in Qqu, then
j(t) and q are compatible in j(Q,).

Proof. To show that j(t) and ¢ are compatible in j(Q,), by Lemma 9.4 it suffices
to show that for all § in dom(j(t)) N dom(q),

i) 1 (@h"” nag)* = () 1 (ay” nag)®.
First we claim that
dom(j(t)) N dom(g) = dom(g) N fla].

The domain of ¢ is a countable subset of «, so dom(j(t)) = j(dom(t)) = j[dom(¢)],
which is a subset of j[a]. So dom(j(¢)) Ndom(q) C dom(gq) N j[a]. Suppose on the
other hand 3 is in dom(q) N j[a]. Recall that dom(m,(q)) = j~*(dom(q) N j[o ])
So letting v = j71(8), v is in the domain of 7,/(q). But dom(7,(q)) € dom(t) b
assumption, so v is in the domain of ¢. Hence j(y) = 8 is in dom(j(¢)) N dom(q)

Next we claim that for all 3 in the domain of j(t), letting v = j~1(3),

) — gt
g vy
and
i®)(B) =t(v).

So let 3 = j(y) be in the domain of j(t). Then t(y) : (a})* — wi, where af,

is a countable subset of k. So a] ) = ](a ) = fy, proving the first claim. Now

for any pair (i, k) in (a}")?, j(t )(5)(27/{) =J® )G, 5(k) = j@t(y) (k) =
t(7) (i, k). So j(t)(B) = t().
Now we prove that for all 3 in dom(j(¢)) N dom(q), letting v = j71(3),

ﬂ(t) N aﬁ = a”“(Q)

This makes sense since if 3 is in dom(j(¢)) N dom(q), then ﬂ is in dom(q) N j[a], s

7 is in j~(dom(q) N j[a]) = dom(m4(q)). Since aé(t) ~» which is a subset of K,

ajb(t) Naf CafNr= aw"(q) On the other hand, t() <g ﬁa(q)(v) by assumption.
In particular, a,y“(q) C a ]( ). Also al mala) _ aﬂﬁn C aqﬁ. So a}* (@) C aé(t) ﬁal%.
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We finish the proof. Let £ be in dom(j(¢)) Ndom(q). Then S is in dom(q) N j[a].
Let v = j~'(6). Then o} na% = aJ* and j(t)(8) = t(7). Since t(7) <r

Ta(@)(7), J(OB) [ (" Na§)* =1(3) | (@5 )2 = malg)() = a(B) | (aT"")? =
a(8) I (5" nah)?. 0

Lemma 11.6. Let o < k™ and let t be in Q,. Suppose u < j(t) in j(Qu). Then
dom(t) C dom(my(u)), and for all v in dom(t), m (u)(y) <g t(y). In particular, if
To(u) is in Qq, then mo(u) <t in Q.

Proof. Since dom(t) is a countable subset of «, dom(j(t)) = j(dom(t)) = j[dom(¢)].
Asu <j(t) in j(Qu), j[dom(t)] C dom(u). So if v is in dom(¢), j(7y) is in dom(u) N
jla], soyisin i~ (dom(u)Nj[a]) = dom(7a (u)). This shows dom(t) C dom(my (u)).

Now let v be in dom(t), and we show 7, (u)(y) <gr t(7). Note that j(¢)(j(v)) =
Jj(t(v)) = t(v), because t(v) is a countable subset of k? x w;. Since u < j(t) in
J(@a)s 6(G() <y JOG()) = tr). In other words, u(j(7)) extends (7) as a
function. But af, is a subset of &, so u(j(y)) | k* = ma(u)(y) extends t(v) as a
function. So 74 (u)(y) <gr t(7). O

Now we are ready to show 7, : 7(Qn) — Q, is a projection mapping.

Proposition 11.7. For all o < kT, 7, is a projection mapping 74 @ 5(Qa) — Qq.
Moreover, if t < m4(q) in Qq, then j(t) and q are compatible in j(Qq).

Proof. The proof is by induction on o < k*. So let o < kT be given, and assume
for all B < a, mg satisfies the statement of the proposition.

First we prove that if ¢ is in j(Q4), then 7, (¢) is in Q,. We observed above
that 7,(q) is in V[G * H], and 7,(q) is a partial function 7,(q) : @« — R with a
countable domain. So if 7,(q) is not in Q,, then by Lemma 9.3, we can fix 3, u,
and z such that 8 is in dom(74(q)), Ta(¢) I Bisin Qg, u < 7o (q) [ Bin Qg, x is a
countable subset of ag“m which is closed under 74 (q)(8), and u g, = € T(B).

The set x is a countable subset of &, so j(z) = z. By Lemma 11.4, mg(q | j(8)) =
Ta(q) [ 8. Sou <mg(q | j(B)) in Q. Applying Lemma 11.5 to w and ¢ [ j(5), we
get that j(u) and ¢ | j(B) are compatible in j(Qg). Fix s < j(u),q I j(B) in j(Qp).

Recall that u lg, = € T(B). Since j(z) = x and s < j(u), by the elementarity
of j, s IFjy) = € F(T(B)). The set z is a subset of ag“(q)
closed under 7,(q)(8) = q(5(8)) | K%. Therefore z is a countable subset of aj.(ﬁ)

which is closed under ¢(j(5)). By Lemma 9.2, q | j(8) IFjq,) = ¢ j(T(B)) But

s <q[j(B),and slrjq, = € j(T(B)). This is a contradiction. So indeed 7, (q) is
in Q..

Now we prove that 7, : j(Q4) — Q4 is a projection mapping. Clearly 7, sends
the empty condition in j(Q,) to the empty condition in Q.. Suppose r < ¢ in
J(Qq), and we show 74 (1) < 7 (q) in Q. Since dom(g) C dom(r), dom(ma(q)) =
j~Y(dom(q) N j[a]) € 71 (dom(r) N j[a]) = dom(7a(r)). Let v be in dom(ma(q)).
Then j(v) is in dom(q), and since r < ¢, 7(j(7)) extends ¢(j(7y)) as a function. It
follows that r(j(v)) | k% extends q(j(v)) | k? as a function, that is, 74 (r)(y) <g
7o (q) (7). Finally, let g be in j(Qy), and suppose v < 7, (¢) in Q,. We show there
is u < ¢q in j(Qq) such that m,(u) < v in Q,. By Lemma 11.5, j(v) and q are
compatible in j(Q,). So fix u < j(v),q. Then by Lemma 11.6, 7, (u) < v in Q.

= ag.(ﬁ) Nk, and z is
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We have established that 7, : j(Qa) — Q4 is a projection mapping. If t < 7,(q)
in Q,, then j(¢) and ¢ are compatible in j(Q,) by Lemma 11.5. O

Let 7 : 7(Q) — Q be the map m,.+.

We now turn to showing that we can extend the elementary embedding j after
forcing with Q. First we need several easy technical lemmas.

Lemma 11.8. Let a < k™. If q is in j(Qq) and mo(q) < p in Qq, then q < j(p)
in j(Qq).
Proof. The domain of j(p) is equal to j(dom(p)) = j[dom(p)], and for all j(v) in
dom(j(p)), i(»)(G (7)) = j(p(7)) = p(7), since p(7) is a countable subset of k2 x w;.
First we show dom(j(p)) C dom(q). So let 8 be in dom(j(p)). Then 8 = j(v)
for some v in dom(p). Since 7,(q) < p, 7y is in dom(m,(q)) = 571 (dom(q) N j[a]).
So j(v) = B is in dom(q).
Now let 3 = j(7) be in dom(j(p)). Then ¢(B) [ £* = ma(q)(7) <z p(y) =
J(p)(B), that is, ¢(B) | k2 extends j(p)(3) as a function. Therefore ¢(3) extends
J(p)(B) as a function, that is, ¢(3) <;mw) j(p)(B)- O

Lemma 11.9. Let a < k7. If p is in Qq, then mo(j(p)) = p.

Proof. The domain of 7, (j(p)) is equal to 571 (dom(j(p)) Nj[a]). But dom(j(p)) =
j(dom(p)) = j[dom(p)], which is a subset of j[a]. So the domain of 7, (j(p)) is
equal to j71(j[dom(p)]) = dom(p). For each 7 in the domain of p, 7, (j(p))(y) =
i) (G() T k2 = j(p(y)) | 2. But p(vy) is a countable subset of k? x wy, so
J(p(7)) = p(7). Since the domain of p(y) is a subset of x?, 74 (j(p))(v) = j(p(7)) |
K? =p(y) | 62 =p(7). So ma(j(p)) = p- O

Since 7 : j(Q) — Q is a projection mapping, if I is a generic filter on j(Q) over
VG * H], then 7[I] generates a generic filter I on Q over V[G * H].

Lemma 11.10. #[I] = 1.

Proof. Tt suffices to show 7[I] is upwards closed. So let ¢ be in I and suppose
7(¢) < pin Q. By Lemma 11.8, ¢ < j(p) in j(Q). Therefore j(p) is in I. By
Lemma 11.9, 7(j(p)) = p, so p is in 7[I]. O

The next theorem is an extension of Theorem 6.1.

Theorem 11.11. Let I be a generic filter on j(Q) over V|G x H|. Let I = =[I].
Then j can be lifted to j : V[GxHxI] — M[GxHxI] such that j(GxH*I) = GxHxI.

Proof. Tt suffices to show j[I] C I. So let p be in I, and we show j(p) is in I. Since
pisin I = 7[I], fix ¢ in I such that m(¢) = p. In particular, 7(¢) < p. By Lemma
11.8, ¢ < j(p) in j(Q). As g isin I, j(p) is in I. O

12. PRESERVING STATIONARY SETS

As usual, fix a cardinal x which is kT-supercompact, and assume 2% = k7. Let
j:V — M be an elementary embedding with critical point s such that j(x) > k™
and M*" C M. Let G * H =T be a generic filter on j(COLL(wy, < k) * B, * Q)
over V. Let G = GNCoLL(wy,< k), H = HNP,, and I = n[I]. Extend j to
j:V[G*Hx*I] — M[G x H +I].
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Our goal in this section is to prove the following theorem. After we complete the
proof of this result, we will have all the tools necessary to prove the main theorem
of the paper.

Theorem 12.1. In V[G x H x I], let T be a stationary subset of P,, (k) which is
disjoint from S.. Then T is a stationary subset of P,,, (k) in the model M |G H *1|.

By Theorem 6.1, M[G * H] is equal to M[G]|[H][H'], where H' is a generic
filter on P(k,S,,j(k)) over M[G][H]. Let G' = G N COLL(wy, [K,5(k))). Then
MIG] = M[G][G"]. So MG  H| = M[G][G"][H][H].

Lemma 12.2. M[G* H = I] = M[G = H * I|[G'][H'][I].
Proof. We already know
MG « H + 1] = M[G][G'][H][H'][T].

Since 7 : j(Q) — Q is a projection mapping and I = «[I], we have
M[GG'][H[H'][T) = M[G|G'|[H][H'][1][1].
So
MI[G  H «I| = M[G]|G'][H]|[H'][T][1].
Now we repeatedly apply the Product Lemma. Since P, is in M[G],
M[G[G'|[H] = M[G][H][G"].
So

Since Q is in M[G][H],
MG H][G[H'|[I] = M[G][H][T][G")[H"].

Therefore
M[G « H 1| = M|G * H = I][G'|[H'|[I].

Now we begin the (long) proof of Theorem 12.1.

Proof. Let T be a stationary subset of P,, (k) in V|G % H % I which is disjoint from
S,.. Since COLL(wy, < k)*P,xQ s k-c.c., M[GxHxI]" NV[GxHxI] C M[G*HxI].
So T is in M[G * H « I].

By the preceding lemma, M[G * H * I is equal to M |G * H = I][G'][H’][I]. Since
CoLL(wy, [k, j(k))) is wi-closed, and hence proper, T remains a stationary subset
of P, (k) in the model M[G x H * I|[G'].

By Corollary 4.8, letting a = k, A = Sy, and 8 = j(k), we get that P(k, Sy, j(k))
forces over M[G x H * I|[G’] that T is stationary in P, (k). Thus T is stationary
in the model M[G * H * I|[G'][H’]. So to show that T is stationary in M[G % H

I][G'][H"][I], it suffices to show that in the model M[G * H * I][G'][H], the forcing
poset j(Q)/Q = {q € j(Q) : w(q) € I} forces that T is stationary in P, (k)

Goal: To prove that in the model M[G x H * I][G'][H'] = M |G * H|[I], the forcing
poset j(Q)/Q forces that T is a stationary subset of P, (k).

Before beginning the proof, let us recall some of the notation used in the defini-
tion of Q, and fix some additional parameters.
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The forcing poset Q is defined in the model V[G * H], and in this model, k = wo
and kT = ws. (As before, we will always write k¥ to denote the ordinal which is
the successor of & in the ground model V.) In M[G * H|, both x and k™ are ordinals
with cofinality w; strictly between wy and j(k) = ws.

Recall Notation 8.4, where we fixed, in V[G*H], a surjective function g, : w3 — «
for each a in wy = k. We let E be the set of b in P, (k) such that ot(b) is a limit
ordinal and for all « in b, b is closed under g,. Note that the sequence (g, : @ € k)
is in M[G * H].

The definition of @ involved the sequence of nice names (T'(a) : @ < k7). Recall
that for all @ < &t, Q, forces that T'(c) is a subset of S, N E which does not
reflect to any ordinal in xk with cofinality w. By elementarity, j(Q) is defined in
M|[G % H] by the sequence of nice names j((T'(a) : @ < 7)), which we denote by
(TI(8) : < j(5)). o

By upwards absoluteness, in the model M[G x H][I], S, is a subset of P, (k)
which does not reflect to any ordinal in k with cofinality w;. Applying Lemma 4.10,
fix a club set D C P, (k) as follows.

Notation 12.3. Let D be a club subset of P, (k) in M[G % H|[I] such that for all
b in D, for any v in bNcof(wy), bNv is not in Sy.

For the remainder of the proof, we work in the model M[GxH]|[I], unless specified
otherwise. We will prove that in this model, the forcing poset j(Q)/Q forces that
T is a stationary subset of P, (k). To prove this, it suffices to show that whenever
p is a condition in j(Q)/Q and p I- C C P,, (k) is club, then there is ¢ < p in
7(Q)/Q and a set z in T such that g I- z € C. So let p and C be given, and assume
pl-C C P, (x) is club.

Fix a regular cardinal # much larger than j(Q)/Q and C. We use Lemma
4.7 to choose an appropriate elementary substructure of H(#). The model we
are working in, namely, M[G  H][I], is equal to M[G * H = I][G'][H'], which is
a generic extension of M[G % H * I|[G'] by the forcing poset P(k, Sk,j(x)). In
MG « H * I][G'], 6 is a regular cardinal larger than ws = j(x), £ has cofinality
w1, and T is a stationary subset of P, (k) which is disjoint from S,. By Lemma
4.7, in MG * H * I[G'|[H’] there are stationarily many N in P,, (H(6)) such that
S(k, Sk, j(K))NP(NNjk) CNand NNk eT.

Notation 12.4. Let N be a countable subset of H(0) in M[G = H|[I] satisfying:
N < H(0),

NNkeTnND,

S(k, Sk, j(K)) N P(N Nj(k)) S N,

N contains as members the objects j(Q), (T9(8) : B < j(k1)), I, j(Q)/Q,
p, C,j I &%, and (g : a € K).

Since N N« is in T, it suffices to find ¢ < p in j(Q)/Q such that ¢IF NNk e C.
If ¢ < p is N-generic, then since C' is in N, ¢ IF N[K]Nk = NNk € C, where
K is the canonical j(Q)/Q-name for the generic filter. So it suffices to define an
N-generic sequence (p, : n < w) for j(Q)/Q, with py = p, and find a lower bound
q of this sequence.

We will choose the N-generic sequence carefully. Enumerate all dense open
subsets of 7(Q)/Q in N as (D,, : n < w). By the w;-distributivity of the forcing
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posets, the set NNk isin M[G * H]. So by Lemma 4.6, Sy, N P(N Nk) is countable

in M[G % HJ, and hence is countable in M[G * H|[I]. Let (z, : n < w) be an
enumeration of S, N P(N N k) in which each set appears infinitely often.

Now we define the N-generic sequence (p,, : n < w). Let pg = p. Suppose n < w
and p, is defined. Choose a condition p} < p, which is in D, N N. Since the
set of square conditions in j(Q) is dense in j(Q), the set of square conditions in
j(Q)/Q is dense in j(Q)/Q by Lemma 1.1. Choose a square condition p,, < p¥ in
(7(Q)/Q) N N. We split the definition of p,; into three cases.

’
Case 1: z,, C aPr.

In this case, let p,+1 = p),.

Case 2: Case 1 fails and N Nw; C z,,.

In this case, again let p,11 = p/,.

Case 3: Case 1 and Case 2 fail.

By the failure of Case 1, z,, is not a subset of aP». Fix an ordinal v, which is in
ZTn \ aPn. By the failure of Case 2, N Nwy is not a subset of x,,. Fix an ordinal ¢,
in (NNwy)\ z,. Since v, is in z,, and ¢, is not in z,, v, is not equal to (,.

To define p,41, we apply Lemma 9.11. The condition p/, is a square condition
in j(Q). The ordinal v, is in j(k) \ a?» and ¢, is an ordinal in w; different from
Vp. Let b = dom(p),) N j[xT]. By Lemma 9.11, there is a condition p,4; < p), in
J(Q) such that dom(p,+1) = dom(p.,), for all 3 in b, p,+1(8) = pl,(B), and for all
B in dom(pp11) \ b, vy, is in ag"“ and pp41(8) (Wn, vn) = (n. Since j(Q), pl,, b, vn,
and ¢, are all in N, by elementarity we can choose p,11 in N.

We claim that p,4q is in j(Q)/Q, that is, 7(pp+1) € I. Now dom(p,41) =
dom(p,,) and p,,+1(8) = p.,(B) for all 8 in dom(p),)Nj[xT]. It follows that 7(pp1)
7(0)). For dom(m(pni1)) = 5~ (dom(pnsr) N ilst]) = 5= (dom(pl,) N j[57]) =
dom(7(py,)), and for all v in dom(m(pn+1)), T(Prt1)(7) = Prt1(G(7) [ KT
P (5() | k2 =7 (pl,) (7). Since 7(pl,) isin I, m(pps1) is in I. Therefore p,41 is in
J(@Q)/Q.

This completes the definition of the N-generic sequence (p,, : n < w).

We define ¢, a lower bound of the sequence (p, : n < w), as follows. Let the
domain of ¢ be equal to | J{dom(p,) : n < w}. If 3 is in the domain of ¢, define ¢(5)
as the union of the set of functions {p,(8) : n < w}. Clearly ¢ is a partial function
q : j(kT) — j(R) with a countable domain. Furthermore, by the N-genericity
of the sequence (p, : n < w), dom(q) = N N j(xk"), and for each § in dom(q),
af = NN j(k).

We will prove that ¢ is in j(Q)/Q. It then follows easily that ¢ < p, for all
n < w, which completes the proof. The proof that ¢ is in j(Q)/Q splits into two
parts: (1) proving that ¢ is in j(Q), and (2) proving that 7 (q) is in I. The second
part can be handled quickly, so we take care of it first.

Claim 12.5. Suppose q is in j(Q). Then w(q) € I, so q is in j(Q)/Q.
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Proof. Assume ¢ is in j (Q) Then 7(q) is in Q. As a subclaim, we prove

dom(7 U{dom m(pn)) :n < w},
and for all v in dom(ﬂ(q)),

U{'/T pn : }

m(q)(y
We have that dom(w(q)) = j~ (dom( ) ﬂ][n*]) ] H(U{dom(py,) : n < w}) N
jlE*]) = ‘Qﬂ®mmﬁﬂ[ 1in <w}) = Ui~ (dom(pn) Nj[rT]) s n < w} =
U{dom( pr)) i n < w}. Now let ~ be in dom( ( )). Then 7(q)(y) = q¢(G(7)) |
ff}— Ulpn(G(M) 1 n < w}) T2 =Upn(G(0)) T K% i n <w} =U{a(pa)(7) 1 n <

For each n < w, py, is in j(Q)/Q, and so 7(py,) is in I. Hence (w(p,) : n < w) is
a descending sequence of conditions in I. By Lemma 9.10, there is r in I such that
r < m(py,) for all n < w. It follows from the subclaim that dom(w(q)) C dom(r),
and for all v in dom(7(q)), r(v) | a§(‘“ = 7(q)(). Thus r < m(q) in Q. Since r is
in I and I is a filter, 7(q) is in I. O

It remains to show that ¢ is in j(Q). We defined the condition ¢ in the model
M(G * H|[I], whereas the forcing poset j(Q) is defined in M|[G x H|. But Q is
wi-distributive in M[G * H|. This is true since j(Q) is wi-distributive in M[G * H],
and 7 : j(Q) — Q is a projection mapping. It follows that ¢ is in M[G x H]. We
will prove in the model M[G x H| that ¢ is in j(Q).

Suppose for a contradiction ¢ is not in j(Q). Applying Lemma 9.3 in the model
M|G = H|, we can fix 3, t, and x such that:

0 is in dom(q),

q | Bisin j(Q)s,

t<qlpBinjQps,

7 is a countable subset of aqﬁ closed under ¢(3),
t IFj(Q)g x e T (ﬂ)

Recall that I-j(q), T7(8) C j(Sk) N j(E). Therefore, since t I-jq), = € T7(B),
x is in j(S.) Nj(E). By Theorem 6.1, j(Sx) = Sju) = Sk U S(k, Sk, j(x)). So
there are two possibilities concerning z: either z C x and © € Sy, or # € £ and
x € S(k, Sk, j(K)).

Note that 3 is in N, since dom(q) = NNj(k™1). Since ¢ [ 8 is in j(Q)g, it is easy
to see that ¢ [ B < p, | B for all n < w. In particular, q [ 8 is N-generic for j(Q)g.

Claim 12.6. For alln < w, if § € dom(p,,), then x is not a subset of ag".

Proof. Suppose z is a subset of ag". Since q(B) extends p,(0) as a function, x is
closed under p,(3). By Lemma 9.2, p, [ B IFjq), = ¢ Ti(B). But t < q | B <pnl
By sotlhjq), ¢ T7(3), contradicting the choice of t. a

Claim 12.7. The set x is not in N.

Proof. Let D be the dense open set of conditions s in j(Q)/Q such that § is in
dom(s) and x C aj. If z is in N, then by elementarity, D is in N. By N-genericity,
fix n < w such that p, is in D. Then x C ag", contradicting the last claim. (Il

Claim 12.8. The set x is in S.
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Proof. If z is not in Sy, then x is in S(k, Sk, j(k)). Since ¢(8) = U{pn(B) : n < w},
af = U{ay" : n < w}, which by N-genericity is equal to N N j(k). Since z C af,
x is a subset of N N j(k). Therefore x is in S(k, Sk,j(x)) N P(N N j(k)). By the
choice of N, as described in Notation 12.4, S(k, Sk, j(k))NP(NNj(k)) € N. Thus
x is in N. But this contradicts Claim 12.7. ]

So x is a subset of k. Also x is a subset of af, which is equal to N N j(x). So x
is a subset of N N k. ' _

Let j({ga : @ < k) = (g} : 0 < j(k)). For all & < &, gJ, = g;(a) = j(ga), which
is equal to g,, since g, is a subset of wy X a. Since z is in j(E), it follows that for
all « in x, x is closed under g,.

Claim 12.9. The ordinal 3 is not in j[r*].

Proof. Suppose for a contradiction 3 is in j[x*]. Let v = j71(3), so j(v) = 8.
Then 7 is in j~!(dom(q) N j[xT]) = dom(7(q)).
By Claim 12.8,  C k. Since ¢(3) | k% = 7(q)(7), = is a countable subset of
m(q)
Ay

which is closed under 7(g)(y). Since M|[G % H] is a generic extension of M
by an w;-distributive forcing poset, = is in M, and hence is in V|G x H|. Applying
Lemma 9.2 in V[G x H], n(q) [ v IFq, = ¢ T(v).

By Lemma 11.4, m,(q¢ | 8) = 7(q) [ 7. So 71"7(q 1 68) kg, © ¢ T(v). Nowt <q |
B, s0 1y (t) < my(q [ B). Hence 7, (t) IFq, = ¢ T'(7). Since j(z) =z, j(Q,) = j(Q)s,
and §(T'(v)) = T9(83), by the elementarity of j we have j(, (t)) IFi@), ¢ & T9(6).
On the other hand, t IF;q), = € T3(B). But by Proposition 11.7, j(r,(t)) and t
are compatible in j(Q)g, which is a contradiction. O

We split the remainder of the proof into two cases. The first case is that x is an
initial segment of N N k, and the second case is that x is not an initial segment of
N N k. We will derive a contradiction in both cases. This shows that ¢ is indeed a
condition in j(Q), which completes the proof.

Case a: z is an initial segment of N N k.

Note that « cannot be equal to N N« itself. For by the choice of IV, as described
in Notation 12.4, NNk € T. But z is in S, and T is disjoint from S.

Let v be the least ordinal in N N x which is not in z. Then z = N Nv. Recall
that since ¢ I-jq), = € T9(B), x is in j(Sk) N j(E). By the definition of F, this
implies ot(z) is a limit ordinal. It follows that v is a limit ordinal.

Recall by Notation 12.3, D is a club subset of P, () in M[G x H|[I] such that
for all b in D, if «y is in b N cof(wy), then b N+ is not in S,. By the choice of N, as
described in Notation 12.4, N Nk is in D. Since N Nv = z is in S, v is not in
(N Nk)Ncof(wr). So cf(v) =w.

In the model MG x H], the forcing poset j(Q)g forces that 77(3) does not reflect
to any ordinal in j(x) with cofinality w. As v has cofinality w, we can fix a j(Q)s-
name F), for a function F, : [1]<¥ — v such that any b in 77(3) which is a subset
of v is not closed under F),. Since 7(Q), 5, 17 (B), and v are in N, by elementarity
we can choose such a name F), in N.

As F, is in N, j(Q)s forces that N[K] N v is closed under F),, where K is the
canonical j(Q)g-name for a generic filter. Recall that ¢ [ § < p, [ § for all n < w,
and so g [ §is N-generic for j(Q)g. Since t < ¢ [ 3, t is also N-generic. So ¢t forces



ON THE WEAK REFLECTION PRINCIPLE 39

N[K]Nv =NnNv =z is closed under F,. But ¢ i, T € T7(3), contradicting
the choice of F,.

Case b: z is not an initial segment of N N «.

Fix ordinals v < a < & such that v is in N \ 2 and « is in z. Recall that g,
is a surjection of wy onto . Since « is in N, g, is in N. As v is in N N «, by
elementarity fix £ in N Nw; such that g,(§) = 7. Since « is in x, = is closed under
Jdo- Therefore £ is not in z, since otherwise g,(§) = v would be in x.

Recall that (z, : n < w) is an enumeration of S, N P(N N k) in which each set
appears infinitely often. But z is in S;NP(NNk). Since 3 is in J{dom(p,) : n < w},
choose n large enough so that § is in dom(p,,) and x,, = x.

Now recall the three cases in the definition of p,41. The first case is that z,, C

ag/". This is false by Claim 12.6. The second case is that N Nw; C x,. This
is false, since & is in N Nw; but not in z. So we are in the third case in the
definition of p,+i. In that case we fixed an ordinal v,, which is in xz, \ ap;,7 and
an ordinal ¢, which is in (N Nwy) \ #,. Then we chose p,+1 so that for all § in
dom(pn11) \ j[&T], vy is in @™ and pp41(6)(Vn, vn) = Cn. By Claim 12.9, (8 is in
dom(ppi1) \ j[xT]. Therefore v, is in ag”“ and pp11(8)(Wn, Vn) = . It follows
that ¢(8)(vpn,vn) = (,. Since v, is in x, and (, is not in x,, , is not closed
under ¢(8). But z = x,, and x was assumed to be closed under ¢(3). Thus we have
reached our final contradiction. ([

13. THE MAIN THEOREM

We now have all the tools necessary to complete the proof of the main theorem
of the paper.

Theorem 13.1. Suppose k is a k™ -supercompact cardinal and 2% = x*. Then
there is a forcing poset P, namely,

CoLL(wy, <kK) * P, * Q,

such that
IFp WRP(&)Q) A\ ﬁRP(wg).

Proof. Let P denote COLL(wq, < k) * ]PH * Q Then P is w;-distributive and ws-
c.c. Let j: V — M be an elementary embedding with critical point x such that
j(k) >kt and M*" C M.

Let ¢ be the statement WRP(wy) A “RP(w2). To show IFp ¢, it suffices to
show whenever G * H x I is a generic filter on j(IP) over V, then letting G =
GNCoLL(wy,< k), H=HNP,, and I = «w[I], V]G * H * I] = ¢. For if IFp ¢
is false, then there is a condition p * ¢ * 7 in P such that p * ¢ * 7 IFp =p. Choose
G * H * I which contains the condition j(p * ¢ * 7). By Theorems 6.1 and 11.11,
extend j to j : V[G* H * I] — M[G » H x I] such that j(G* H*I) = G+ H x I.
Since j(p) = pisin G = j(G), pisin G. As j(q) = ¢ is in H = j(H), q is in H.
By Lemma 11.9, 7n(j(r)) = risin n[I] = I. So p* ¢ 7 is in G * H x I, and thus
VG * H *I] E —.

So let G x H = I be a generic filter on j(IP) over V, and let G, H, and I be as
above. We prove V|G x H x I| = ¢. By Theorems 6.1 and 11.11, we can extend j
toj: V[G* H 1] — M|G  H % I] such that j(G* H*I) = G« H* I. By Theorem
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10.2, S, is a stationary subset of P, (ws) in V|G % H * I| which does not reflect to
any ordinal in wy with cofinality wy. Therefore V|G * H % I] | ~RP(ws).

It remains to show that V[G x H x I] = WRP(wz). So let U be a stationary
subset of P, (w9) in V[G x H % I]. First assume U N S, is stationary. Then by
Theorem 10.2, there is an uncountable ordinal v in wy with cofinality w such that
(UNS,)N P, (v) is stationary in P,, (v). So U reflects to v.

Now assume U N S is non-stationary. Let T'= U \ S,. Then T is a stationary
subset of P, (w2) in V[G x H % I] which is disjoint from S,. By Theorem 12.1, T is
a stationary subset of P, (k) in M[G x H * I]. For any bin T, j(b) = b is in j(T)
by the elementarity of 5. So T C j(T) N P,, (k) in M[G = H * 1] (in fact, these sets
are equal). It follows that j(T') N P, (x) is stationary in P, (k) in M[G * H x I].
So M[G * H  I] models the statement that j(T) reflects to an ordinal in wy with
cofinality wy. By the elementarity of j, V|G x H * I| models the statement that
T reflects to an ordinal in wy with cofinality w;. Since T C U, U reflects to an
uncountable ordinal in ws. O
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