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Abstract. We introduce the weak partial square principles �pλ,κ and �pλ,<κ,

which combine the ideas of a weak square sequence and a partial square se-
quence. We construct models in which weak partial square principles fail. The

main result of the paper is that �λ,κ does not imply �λ,<κ.

Let λ be a regular uncountable cardinal and let κ ≤ λ be a nonzero cardinal.
Recall the square principle �λ,κ (respectively �λ,<κ), which asserts the existence
of a sequence 〈Cα : α ≤ λ+, α limit〉 satisfying that every Cα is a nonempty family
of no more than κ many (respectively less than κ many) club subsets of α, each
with order type at most λ, such that for all c ∈ Cα and γ ∈ lim(c), c ∩ γ ∈ Cγ .

The principle �λ,1 is the same as the square principle �λ, and �λ,λ is the same
as the weak square principle �∗λ; both of these principles are due to Jensen [3]. The
other principles were introduced by Schimmerling [7]. Jensen [2] proved that for
nonzero cardinals µ < κ ≤ λ, �λ,κ does not imply �λ,µ.

Now consider an uncountable cardinal λ and a regular cardinal µ ≤ λ. A set
S ⊆ λ+∩cof(µ) is said to carry a partial square if there exists a sequence 〈cα : α ∈ S〉
such that each cα is a club subset of α with order type µ, and if γ is a common limit
point of cα and cβ , then cα ∩γ = cβ ∩γ. Shelah [8] proved that if λ is regular, then
there are densely many stationary subsets of λ+ ∩ cof(<λ) which carry a partial
square. As a consequence, consistency results on partial squares usually focus on
stationary subsets of λ+ ∩ cof(λ).

In this paper we introduce principles which combine the weak square principles
of Jensen and Schimmerling with the idea of a partial square sequence. Let λ be an
uncountable cardinal, let µ ≤ λ be regular, and let κ ≤ λ be a nonzero cardinal. A
set S ⊆ λ+ ∩ cof(µ) is said to carry a κ-weak partial square (respectively <κ-weak
partial square) if there exists a sequence 〈cα : α ∈ S〉 satisfying:

(1) for all α ∈ S, cα is a club subset of α with order type µ;
(2) for all β < λ+, the set {cα ∩ β : α ∈ S, β ∈ lim(cα)} has size less than or

equal to κ (respectively less than κ).

For a regular uncountable cardinal λ, let �pλ,κ (respectively �pλ,<κ) be the state-

ment that there exists a stationary subset of λ+ ∩ cof(λ) which carries a κ-weak
partial square (respectively <κ-weak partial square).

The goal of the paper is to construct models in which weak partial square prin-
ciples fail, and to separate the different weak partial square principles. For this
purpose we prove in Sections 1 and 3 two propositions which show that certain
kinds of forcing posets cannot add threads to sequences of families of clubs. In
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Section 2 we show that if µ > λ is a Mahlo cardinal, then the Lévy collapse
Coll(λ,<µ) forces ¬�λ,<λ. We also construct a model in which the weak partial
square principle �pλ,<λ fails. In Section 4 we prove that �pλ,κ does not imply �pλ,<κ.

1. Threads and Closed Forcings

In this section we prove a proposition about threads and closed forcing which
will be used in all the consistency results of the paper.

Let δ be a limit ordinal, and let ~C = 〈Cα : α < δ, α limit〉 be a seqence such

that each Cα is a family of club subsets of α. A set c ⊆ δ is a thread of ~C if for all
β ∈ lim(c), c ∩ β ∈ Cβ .

Proposition 1.1. Let λ be a regular uncountable cardinal. Assume ~C = 〈Cα : α <
λ+, α limit〉 is a sequence such that each Cα is a family of fewer than λ many club

subsets of α. Let P be a λ-closed forcing poset. Then P forces that any thread of ~C
is in the ground model.

Proof. Consider the function from λ+ ∩ cof(ω) into λ which maps α to |Cα|. Fix
a stationary set S ⊆ λ+ ∩ cof(ω) and a cardinal µ < λ such that for all α ∈ S,
|Cα| = µ.

Suppose for a contradiction that p is a condition in the λ-closed forcing poset P
which forces that ḋ is a thread of ~C which is not in the ground model. Then

∀q ≤ p ∃r, s ≤ q ∃γ (r 
 γ /∈ ḋ ∧ s 
 γ ∈ ḋ).

For if not, then there is q ≤ p such that for any γ < λ+, any two conditions below
q which decide the statement “γ ∈ ḋ” decide it in the same way. This implies that
q decides the statement “γ ∈ ḋ” for all γ < λ+. But then q decides the entire set
ḋ, and therefore forces that ḋ is in the ground model, which is a contradiction.

Consider the tree ≤µ2 of all binary sequences of length less than or equal to
µ, ordered by letting σ E π if σ is an initial segment of π. We will define a map
σ 7→ qσ from ≤µ2 into P, by induction on the length of σ, as well as a set of ordinals
〈γσ : σ ∈ <µ2〉, satisfying:

(1) σ E π ⇒ qπ ≤ qσ;

(2) qσ̂0 
 γσ /∈ ḋ and qσ̂1 
 γσ ∈ ḋ, for all σ ∈ <µ2.

Let q〈 〉 = p. Now let ξ < µ and suppose that qπ is defined for all π ∈ ≤ξ2.

Consider σ in ξ2. Since qσ ≤ p, we can choose an ordinal γσ < λ+ and conditions
qσ̂0, qσ̂1 ≤ qσ such that qσ̂0 
 γσ /∈ ḋ and qσ̂1 
 γσ ∈ ḋ.

Now let δ ≤ µ be a limit ordinal, and suppose qπ is defined for all π ∈ <δ2.
Consider σ in δ2. Then 〈qσ�i : i < δ〉 is a descending sequence of conditions in P.
Since δ < λ and P is λ-closed, we can fix a lower bound qσ of this sequence. This
completes the construction.

Now the set of conditions {qσ : σ ∈ µ2} has size 2µ, and 2µ ≥ µ+. Fix a subset
{qi : i < µ+} of this set of conditions of size µ+. Consider i < j < µ+. Let
qi = qσ and qj = qτ , where σ 6= τ . Let α be least such that σ(α) 6= τ(α), and let

π = σ � α = τ � α. Then qπ̂0 
 γπ /∈ ḋ and qπ̂1 
 γπ ∈ ḋ. Each of the conditions
qi, qj is below one of qπ̂0, qπ̂1. So if we let γi,j = γπ, then qi and qj disagree

about the statement “γ̇i,j ∈ ḋ”.
Recall that S is a stationary subset of λ+ ∩ cof(ω), and for all α in S, |Cα| = µ.

Fix a regular cardinal θ large enough so that λ+, P, and ḋ are in H(θ). Since S is
stationary and µ+ ≤ λ, we can fix a set N satisfying:
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(1) N ≺ (H(θ),∈, ~C,P, ḋ);
(2) |N | = λ;
(3) N ∩ λ+ ∈ S;
(4) {qi : i < µ+} ∪ {γi,j : i < j < µ+} ⊆ N .

Let δ = N ∩λ+. Then δ ∈ S, so cf(δ) = ω. Fix an increasing sequence 〈δn : n < ω〉
which is cofinal in δ.

For each i < µ+ we define a descending sequence 〈qin : n < ω〉. Let qi0 = qi,
which is in N . Given qin in N , apply the elementarity of N to fix qin+1 ≤ qin in N

satisfying that there exists an ordinal ζ > δn in N such that qin+1 
 ζ ∈ ḋ. Since

P is λ-closed, we can fix ri which is a lower bound of 〈qin : n < ω〉. Note that by

construction, ri forces that δ is a limit point of ḋ.
This defines a family of conditions {ri : i < µ+}. Each ri forces that δ is a limit

point of ḋ. But ḋ is forced to be a thread of ~C, so ri forces that ḋ ∩ δ ∈ Cδ. In
particular, ri forces that ḋ∩δ is in the ground model. Extend ri to si which decides
ḋ ∩ δ as ei. Then si 
 ei ∈ Cδ, so in fact, ei ∈ Cδ.

Consider distinct i < j < µ+. Recall that qi, qj disagree about the statement

“γi,j ∈ ḋ”. But γi,j < δ, and si, sj are below qi, qj and decide ḋ ∩ δ as ei, ej .
So γi,j is in the symmetric difference of ei, ej , hence ei, ej are distinct. Therefore
{ei : i < µ+} is a family of µ+ many elements of the set Cδ. But this contradicts
the fact that |Cδ| = µ. �

2. The Failure of Weak Partial Square Principles

Consider a regular uncountable cardinal λ and a Mahlo cardinal µ > λ. Solovay
proved that the Lévy collapse Coll(λ,< µ) forces that µ = λ+ and ¬�λ. In
fact, it is known that the Lévy collapse Coll(λ,<µ) forces ¬�λ,κ for all cardinals
κ < λ ([2]). In the first theorem of this section we prove that the Lévy collapse
Coll(λ,< µ) forces the failure of �λ,<λ. In the second theorem we show how to
construct a model in which the weak partial square principle �pλ,<λ fails.

Theorem 2.1. Let λ be a regular uncountable cardinal and let µ > λ be a Mahlo
cardinal. Then Coll(λ,<µ) forces that µ = λ+ and ¬�λ,<λ.

Proof. Suppose for a contradiction that p is a condition in Coll(λ,< µ) which

forces that ~C is a �λ,<λ-sequence. For each limit ordinal α < µ choose a sequence
〈ċαi : i < λ〉 of nice names for subsets of α such that

p 
 ~C(α) = {ċαi : i < λ}

(we assume that the listing is with repetitions, as ~C(α) is forced to have size less
than λ).

Since the Lévy collapse is µ-c.c., for each α we can choose an ordinal µα < µ
such that for all i < λ, ċαi is a Coll(λ,< µα)-name. By the Mahloness of µ, we
can fix a strongly inaccessible cardinal ν < µ greater than λ which is closed under
the function α 7→ µα. Then for all α < ν and i < λ, ċαi is a Coll(λ,<ν)-name.

Let G be a generic filter on Coll(λ,<µ) which contains p. Factor Coll(λ,<µ)
as Coll(λ,< ν) × Coll(λ, [ν, µ)). Let Gν = G ∩ Coll(λ,< ν) and Gν = G ∩
Coll(λ, [ν, µ)). Then in V [Gν ], ν = λ+.

For each limit ordinal α < ν and i < λ, let cαi = (ċαi )Gν = (ċαi )G. Let Cα = {cαi :
i < λ}. Then the sequence 〈Cα : α < ν, α limit〉 is in V [Gν ]. Moreover, for each
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limit ordinal α < ν, Cα is a family of fewer than λ many club subsets of α in V [G],
and hence also in V [Gν ].

We apply Proposition 1.1 in the model V [Gν ] to conclude that the λ-closed
forcing poset Coll(λ, [ν, µ)) cannot add a new thread of the sequence 〈Cα : α <

ν, α limit〉. Let ~C = ~CG. Note that for all α < ν, ~C(α) = Cα. Fix any c in ~C(ν).

Then since ~C is a �λ,<λ-sequence, for all γ ∈ lim(c), c ∩ γ ∈ Cγ . So c is a thread
of the sequence 〈Cα : α < ν〉, and hence is in V [Gν ]. But c is a club subset of ν of
order type at most λ, which contradicts that ν = λ+ in V [Gν ]. �

Our motivation for this theorem was to determine the consistency strength of the
failure of �λ,<λ when λ is strongly inaccessible. It turns out that the consistency
strength is exactly a Mahlo cardinal. For if λ is strongly inaccessible and µ > λ is
a Mahlo cardinal, then in a generic extension by the Lévy collapse Coll(λ,<µ),
λ is still strongly inaccessible, µ = λ+, and ¬�λ,<λ.

We now construct a model in which the weak partial square principle �pλ,<λ fails.

The forcing construction is similar to the one we developed in [4] to create a model
in which there is no stationary subset of κ+ ∩ cof(κ) which carries a partial square.

We will use the following theorem of Magidor [5].

Theorem 2.2. Let λ be a regular uncountable cardinal and let µ > λ be strongly
inaccessible. Let ν < µ be a strongly inaccessible cardinal greater than λ. Let Q̇
be a Coll(λ,< ν)-name for a λ-closed forcing poset of size less than µ. Then

Coll(λ,< µ) factors as Coll(λ,< ν) ∗ Q̇ ∗ Ṡ, for some Ṡ which is forced to be
λ-closed.

Theorem 2.3. Let λ be a regular uncountable cardinal, and let µ > λ be a measur-
able cardinal. Assume 2µ = µ+. Then there exists a λ-closed forcing poset which
collapses µ to become λ+ and forces ¬�pλ,<λ.

Proof. The forcing poset we define will be of the form Coll(λ,<µ) ∗ P, where P
is a ≤ λ-support forcing iteration of length µ+ which kills the stationarity of all
subsets of µ ∩ cof(λ) which carry a <λ-weak partial square.

Let G be a generic filter on Coll(λ,<µ) over V . Then in V [G], cardinals and
cofinalities less than or equal to λ are preserved, µ = λ+, 2λ = µ, and 2µ = µ+.

Define by induction in V [G] a ≤λ-support forcing iteration

〈Pi, Q̇j : i ≤ λ++, j < λ++〉.
We will assume that each Pi is λ+-distributive; this assumption will be justified
after the definition is complete. Each factor forcing Q̇i will be forced to be λ-
closed. Since the iteration is with ≤λ-support, it follows that each Pi is λ-closed.

Since the iteration is with ≤λ-support, it suffices to describe the factor forcings
Q̇α for α < λ++. So fix α < λ++, and assume that Pα is defined. Since Pα is
λ+-distributive, Pα forces that µ = λ+. We fix a particular nice Pα-name Ṡα for a
subset of λ+ ∩ cof(λ) which carries a <λ-weak partial square. Let Q̇α be a name
for the forcing poset which adds a club subset of λ+ using closed bounded subsets
of λ+ which are disjoint from Ṡα, ordered by end-extension. Let Pα+1 = Pα ∗ Q̇α.

This completes the construction, assuming that each Pα is λ+-distributive. By
a standard argument, the assumption that each Pα is λ+-distributive and λ-closed
implies that for each α, there are densely many conditions p in Pα satisfying that
for all β ∈ dom(p), p(β) is the canonical Pβ-name of a particular set in the ground
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model. The density of this set together with 2λ = λ+ implies that each Pα is
λ++-c.c.

Since Pλ++ is λ++-c.c., any nice Pλ++-name for a subset of λ+ ∩ cof(λ) which
carries a <λ-weak partial square is actually a nice Pα-name for a subset of λ+ ∩
cof(λ) which carries a <λ-weak partial square, for some α < λ++. Since 2(λ

+) =

λ++, we can use a suitable bookkeeping function to select the names Ṡα in such a
way that any nice Pλ++-name for a set carrying a <λ-weak partial square is equal
to Ṡα for some α < λ++. But Q̇α adds a club set which is disjoint from Ṡα, forcing
that Ṡα is nonstationary. It follows that Pλ++ forces that there is no stationary
subset of λ+ ∩ cof(λ) which carries a <λ-weak partial square sequence.

It remains to prove that each iterate is λ+-distributive. Note that if Pα is λ+-
distributive for all α < λ++, then Pλ++ is λ+-distributive. For by the λ++-c.c. of
Pλ++ , any nice name for a function ḟ : λ+ → On is actually a Pα-name for some
α < λ++, and therefore is forced to be in the ground model. So let α < λ++ be
given, and assume that for all β < α, Pβ is λ+-distributive. Let D be a family of
less than λ+ many dense open subsets of Pα, and let p be a condition in Pα. We
will prove that there exists q ≤ p in

⋂
D.

Fix an elementary embedding j : V → M in V such that the critical point of j
is µ and Mµ ⊆ M . The closure of M implies that there is a name Ṗα for Pα in
M . By Theorem 2.2, in M the Lévy collapse j(Coll(λ,<µ)) = Coll(λ,< j(µ))

factors as Coll(λ,<µ) ∗ Ṗα ∗ Ṡ, where Ṡ is forced to be λ-closed.

Let Hα ∗ I be a generic filter for Pα ∗ Ṡ over V [G] such that p ∈ Hα. Since
j[G] = G ⊆ G∗Hα ∗I, in V [G∗Hα ∗I] we can extend j to j : V [G]→M [G∗Hα ∗I]
so that j(G) = G ∗Hα ∗ I. Note that j(D) = j[D] since D has size less than µ. So
by the elementarity of j, we will be done if we can prove that there exists q ≤ j(p)
in

⋂
j[D]. Since p ∈ Hα and Hα meets each dense open set in D, it suffices to find

q in j(Pα) such that q ≤ j(u) for all u ∈ Hα.
We construct the condition q in M [G ∗Hα ∗ I] using the set of conditions j[Hα].

Recall that j(u̇G) = j(u̇)G∗Hα∗I , so that j � Pα is in M [G ∗ Hα ∗ I]. Also in this
model, j(µ) = λ+ and j(µ) > (λ++)M [G]. The domain of q will be j[α]; since
α < (λ++)M [G], j[α] is a subset of j(α) of cardinality at most λ, so the domain of
q is of the appropriate form. Note that for all u in Hα, dom(j(u)) = j(dom(u)) =
j[dom(u)], which is a subset of j[α]. For all β < α, let q(j(β)) be a j(Pβ)-name
such that

j(Pβ) 
 q(j(β)) =
⋃
{j(u)(j(β)) : u ∈ Hα} ∪ {µ}.

We prove that q is a condition below j[Hα].
For β ≤ α, let Hβ = {u � β : u ∈ Hα}. Then Hβ is a generic filter on Pβ over

V [G]. Using the fact that the critical point of j is µ and each u(β) is a name for
a bounded subset of µ, it is not hard to show that if q � j(β) is a condition, then
q � j(β) forces j(u)(j(β)) = u(β) for all u ∈ Hα. Therefore q � j(β) forces that
q(j(β)) =

⋃
{u(β) : u ∈ Hα} ∪ {µ}.

Suppose for a contradiction that q is not a condition in Pα. Then there is a least
ordinal β < α such that q � j(β) is a condition in j(Pβ), but q � j(β) does not force

that q(j(β)) is in j(Q̇β). Fix a condition t ≤ q � j(β) which forces that q(j(β))

is not in j(Q̇β). By definition of q, q � j(β) ≤ j(v) for all v ∈ Hβ . Let hβ be a
generic filter on j(Pβ) over V [G ∗Hα ∗ I] such that t ∈ hβ . Then j[Hβ ] ⊆ hβ , so in
V [G ∗Hα ∗ I ∗ hβ ] we can extend j to j : V [G ∗Hβ ]→M [G ∗Hα ∗ I ∗ hβ ].
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For each u in Hα, u(β) is a closed bounded subset of λ+ disjoint from Sβ . So
j(u)(j(β)) = j(u(β)) = u(β). Also the set {u(β) : u ∈ Hα} is a generic filter on Qβ
over V [G ∗Hβ ]. Therefore q(j(β)) ∩ µ is a club subset of µ which is disjoint from
Sβ = j(Sβ) ∩ µ. Since q(j(β)) is not a condition in j(Qβ), it follows that µ is in
j(Sβ).

Fix a <λ-weak partial square sequence 〈cξ : ξ ∈ Sβ〉 in V [G ∗Hβ ]. Define ~C by

letting ~C(γ) = {cγ} if γ ∈ Sβ , and ~C(γ) = {cξ ∩ γ : ξ ∈ Sβ , γ ∈ lim(cξ)} otherwise.

Then ~C satisfies the assumptions of Proposition 1.1 and is in the model M [G ∗Hβ ].
Since µ is in j(Sβ), let cµ be the club subset of µ which is indexed at µ on

the sequence j(〈cξ : ξ ∈ Sβ〉). Since j(~C) � µ = ~C, the club cµ is a thread of the

sequence ~C in M [G ∗ Hα ∗ I ∗ hβ ]. But M [G ∗ Hα ∗ I ∗ hβ ] is a generic extension

of M [G ∗Hβ ] by the λ-closed forcing (Pα/Pβ) ∗ Ṡ ∗ j(Pβ). By Proposition 1.1, cµ
is in M [G ∗Hβ ]. By the induction hypothesis, Pβ is λ+-distributive, and therefore
µ = λ+ in M [G ∗ Hβ ]. But cµ has order type λ and is cofinal in µ, which is a
contradiction. �

Note that in the model just produced, λ<λ = λ, which implies weak square �λ,λ.
Thus we see that �λ,λ does not imply �pλ,<λ.

Using the methods of [4], it is possible to reduce the large cardinal assumption
of measurability to greatly Mahlo in the last theorem.

3. Threads and Adding a Weak Square Sequence

We now turn towards the goal of separating the square principles�λ,κ and�pλ,<κ,
where λ is a regular uncountable cardinal and κ < λ is a nonzero cardinal. We need
a version of Proposition 1.1 which applies to the forcing poset for adding a weak
square sequence and then threading it; this version is Proposition 3.2 below. One
complication is that we would like to force with some additional forcing poset prior
to threading the weak square sequence. The proof of Proposition 3.2 is a variation
of arguments given in Section 7 of [1], which in turn rely on ideas of Jensen [2]
which were used to separate weak square principles.

Let λ be a regular uncountable cardinal and let κ ≤ λ be a nonzero cardinal.
We review the forcing posets which add a �λ,κ-sequence and then thread it.

Let P be the forcing poset whose conditions are sequences 〈Cα : α ≤ β, α limit〉,
where β < λ+ is a limit ordinal, satisfying that for all limit ordinals α ≤ β:

(1) Cα is a nonempty family of club subsets of α;
(2) for all c ∈ Cα, ot(c) ≤ λ;
(3) |Cα| ≤ κ;
(4) for all c ∈ Cα and γ ∈ lim(c), c ∩ γ ∈ Cγ .

For conditions p and q, let q ≤ p if dom(p) ≤ dom(q) and q � dom(p) = p. The
forcing poset P is (λ+ 1)-strategically closed. If 2λ = λ+, then P has size λ+.

Let G be a generic filter on P over V . In V [G] let ~C =
⋃
G, which is a �λ,κ-

sequence. Rather than forcing with the threading forcing for ~C over V [G], we force
over a larger generic extension. So let Q be a λ-closed forcing poset in V [G], and
let H be a generic filter on Q over V [G]. Note that in V [G ∗H] the ordinal (λ+)V

may or may not still be a cardinal, but since Q is λ-closed its cofinality is at least
λ.
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We define in V [G∗H] a forcing poset R which adds a thread of ~C. The conditions
of R are the closed bounded subsets c of (λ+)V with order type less than λ such
that for all γ ∈ lim(c), c ∩ γ ∈ Cγ . For conditions c and d, let d ≤ c if d is an
end-extension of c. (Note that since Q is λ-closed, R is actually in V [G], so the
iteration Q ∗ R is forcing equivalent to the product Q× R.)

This completes the description of P ∗ Q̇ ∗ Ṙ. Next we define a λ-closed dense
subset of P ∗ Q̇ ∗ Ṙ. Since P is (λ+ 1)-strategically closed and Q is λ-closed, every

condition in R is in V . A condition p∗ q ∗ r in P∗ Q̇∗ Ṙ is said to be flat if p decides
r as some set c such that max(dom(p)) = max(c).

The set of flat conditions is dense. Indeed, given a condition p∗q ∗r, extend p∗q
to s ∗ t which decides r as c. Further extending s if necessary, we may assume that
max(dom(s)) > max(c). Now let u be the canonical name for c ∪ {max(dom(s))}.
Then s ∗ t ∗ u ≤ p ∗ q ∗ r and s ∗ t ∗ u is flat.

If p ∗ q ∗ r is a flat condition, we will often abuse notation and identify r with
the set from V which it denotes.

Let us see that the dense set of flat conditions is λ-closed. So let δ < λ be a limit
ordinal and let 〈pi ∗ qi ∗ ri : i < δ〉 be a descending sequence of flat conditions. Let

ξi = max(dom(pi)) = max(ri) for all i < δ. Let ξ = supi ξi. Since Q̇ is forced to be
λ-closed, let q be a P-name for a lower bound of 〈qi : i < δ〉. Let r = (

⋃
i ri) ∪ {ξ}.

Let p = (
⋃
i pi)∪{〈ξ, {r}〉}. Then p∗q∗r is a flat condition which is below pi∗qi∗ri

for all i < δ.
The next lemma, which is used in the proof of Proposition 3.2, describes a more

general context in which we will construct lower bounds. The proof is straightfor-
ward.

Lemma 3.1. Let δ < λ be a limit ordinal. Suppose that 〈pi ∗ qi : i < δ〉 is a

descending sequence of conditions in P ∗ Q̇, 〈rπ : π ∈ <δ2〉 is a sequence of names
for conditions in R, and 〈ξi : i < δ〉 is a sequence of ordinals satisfying:

(1) for all π in <δ2, pdom(π) ∗ qdom(π) ∗ rπ is flat;

(2) for all π in <δ2, max(dom(pdom(π))) = max(rπ) = ξdom(π);

(3) for π E τ in <δ2, pdom(τ) ∗ qdom(τ) ∗ rτ ≤ pdom(π) ∗ qdom(π) ∗ rπ.

Let ξ = supi ξi. Let A be a nonempty subset of δ2 of size less than or equal to κ.
For each π in A, let

rπ =
⋃
{rπ�i : i < δ} ∪ {ξ}.

Define

pδ =
⋃
{pi : i < δ} ∪ {〈ξ, {rπ : π ∈ A}〉}.

Let qδ be any P-name for a lower bound of 〈qi : i < δ〉. Then for all π ∈ A, pδ∗qδ∗rπ
is a flat condition and is a lower bound of the sequence 〈pi ∗ qi ∗ rπ�i : i < δ〉.

Proposition 3.2. Let λ be a regular uncountable cardinal and let κ < λ be a
nonzero cardinal. Suppose P ∗ Q̇ ∗ Ṙ satisfies:

(1) P is the forcing poset for adding a �λ,κ-sequence;

(2) P forces that Q̇ is λ-closed;

(3) P ∗ Q̇ forces that Ṙ is the forcing poset for adding a thread of the �λ,κ-
sequence which was added by P.
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In V P∗Q̇ assume that ~D = 〈Dα : α < (λ+)V , α limit 〉 is a sequence such that for

all α, Dα is a family of club subsets of α of size less than κ. Then any thread of ~D
in V P∗Q̇∗Ṙ lies in V P∗Q̇.

Proof. Suppose for a contradiction that p ∗ q ∗ r is a condition in P ∗ Q̇ ∗ Ṙ which

forces that ḋ is a thread of ~D which does not lie in V P∗Q̇. Note that since ḋ threads
~D, every proper initial segment of ḋ is in V P∗Q̇. It follows that for all β < λ+,

p ∗ q ∗ r forces that ḋ \ β is not in V P∗Q̇.
We make the following claim: for all p′ ∗ q′ ∗ r′ ≤ p ∗ q ∗ r and ξ < λ+, there

are flat conditions t ∗ u ∗ v0 and t ∗ u ∗ v1 below p′ ∗ q′ ∗ r′ and γ > ξ such that
t∗u∗v0 
 γ /∈ ḋ and t∗u∗v1 
 γ ∈ ḋ. Suppose not. Then there is p′∗q′∗r′ ≤ p∗q∗r
and ξ < λ+ such that for any γ > ξ, any two flat conditions of the form t ∗ u ∗ v0
and t ∗ u ∗ v1 below p′ ∗ q′ ∗ r′ which decide the statement “γ ∈ ḋ” decide it in the
same way. We will prove p′ ∗ q′ forces that r′ decides the set ḋ \ (ξ + 1). It follows

that p′ ∗ q′ ∗ r′ forces that ḋ \ (ξ + 1) is in V P∗Q̇, which is a contradiction.

Let G ∗H be a generic filter on P ∗ Q̇ which contains p′ ∗ q′. If r′ does not decide
ḋ\(ξ+1), then there are v0, v1 ≤ r′ and γ > ξ such that v0 
 γ /∈ ḋ and v1 
 γ ∈ ḋ.
Now find t∗u ≤ p′∗q′ in G∗H which forces this fact about v0 and v1, decides v0, v1,
and γ, and satisfies that dom(t) > max(v0),max(v1). Let w0 = v0∪{max(dom(t))}
and w1 = v1∪{max(dom(t))}. Then t∗u∗w0 and t∗u∗w1 are flat conditions below

p′ ∗ q′ ∗ r′ and decide “γ ∈ ḋ” in different ways, which contradicts our assumptions.
This completes the proof of the claim.

Now P is (λ + 1)-strategically closed and forces that Q̇ is λ-closed, so P ∗ Q̇ is
λ-strategically closed, and therefore does not add any new sets of ordinals of size

less than λ. In particular, in V P∗Q̇ the ordinal (λ+)V has cofinality at least λ. Fix a

winning strategy σ for Player II which witnesses that P∗ Q̇ is λ-strategically closed.
Let ν be the least infinite cardinal such that 2ν ≥ κ. Note that if κ is finite,

then ν = ω. If κ is infinite, then ν is the least cardinal such that 2ν ≥ κ. In either
case, ν < λ and for all ξ < ν, 2ξ < λ.

Consider the tree ≤ν2 of all binary sequences of length less than or equal to ν,
ordered by letting π E τ if π is an initial segment of τ . We define by induction
sequences 〈pi ∗ qi : i ≤ ν〉, 〈rπ : π ∈ ≤ν2〉, 〈ξi : i ≤ ν〉, 〈γπ : π ∈ <ν2〉, and
〈ζi : i < ν〉 satisfying:

(1) 〈pi ∗ qi : i ≤ ν〉 is a descending sequence of conditions in P ∗ Q̇;
(2) for all π in ≤ν2, pdom(π) ∗ qdom(π) ∗ rπ is flat and max(dom(pdom(π))) =

max(rπ) = ξdom(π).

(3) if π E τ in ≤ν2, then pdom(τ) ∗ qdom(τ) ∗ rτ ≤ pdom(π) ∗ qdom(π) ∗ rπ;

(4) 〈ζi : i < ν〉 is an increasing sequence of ordinals in λ+;
(5) for all π in <ν2, ζdom(π) < γπ < ζdom(π)+1;

(6) for all π in <ν2, pdom(π)+1 ∗ qdom(π)+1 ∗ rπ̂0 
 γπ /∈ ḋ and pdom(π)+1 ∗
qdom(π)+1 ∗ rπ̂1 
 γπ ∈ ḋ.

Let p0∗q0∗r〈 〉 be an extension of p∗q∗r which is flat. Let ξ0 = max(dom(p0)) =
max(r〈 〉). Let ζ0 = 0.

Now let β < ν be given, and assume that we have defined all the objects as
required for i ≤ β and π in ≤β2. Enumerate β2 as 〈πi : i < 2β〉. Recall that 2β < λ.
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Using the winning strategy σ, we define by induction a descending sequence

of conditions 〈pβi ∗ q
β
i : i ≤ 2β〉. We also define sequences 〈γπ : π ∈ β2〉 and

〈r′π : π ∈ β+12〉. Let pβ0 ∗ q
β
0 = pβ ∗ qβ .

Assume that ξ < 2β and pβi ∗ q
β
i is defined for all i < ξ. Let s ∗ t = σ(〈pβi ∗ q

β
i :

i < ξ〉). Fix pβξ ∗ q
β
ξ , r′πξ ̂0, r′πξ ̂1, and γπξ > ζβ such that pβξ ∗ q

β
ξ ∗ r′πξ ̂0 and

pβξ ∗ q
β
ξ ∗ r′πξ ̂1 are flat conditions below s ∗ t ∗ rπξ , p

β
ξ ∗ q

β
ξ ∗ r′πξ ̂0 
 γπξ /∈ ḋ, and

pβξ ∗ q
β
ξ ∗ r′πξ ̂1 
 γπξ ∈ ḋ.

This completes the definition of the sequence 〈pβi ∗ q
β
i : i < 2β〉. Now let y ∗ z =

σ(〈pβi ∗ q
β
i : i < 2β〉). Let ξβ+1 be some ordinal larger than max(dom(y)); then

ξβ+1 is larger than max(r′πi ̂k) for all i < 2β and k = 0, 1. Extend y to pβ+1

such that max(dom(pβ+1)) = ξβ+1. Let qβ+1 = z. For i < 2β and k = 0, 1, let
rπi ̂k = r′πi ̂k ∪ {ξβ+1}. Let ζβ+1 be some ordinal in λ+ larger than γπi for all

i < 2β . This handles the successor stage.
If ν = ω, then there are no limit stages less than ν to take care of. So assume

ν > ω. Then κ > ω and ν is the least cardinal such that 2ν ≥ κ.
Let δ < ν be a limit ordinal, and assume that the objects are defined as required

for all i < δ and all π ∈ <δ2. Then in particular, 〈pi ∗ qi : i < δ〉, 〈rπ : π ∈ <δ2〉,
and 〈ξi : i < δ〉 satisfy the assumptions of Lemma 3.1.

Let ξδ = supi<δ ξi. We apply Lemma 3.1 letting A = δ2, which has size less than
κ. For π in δ2, let

rπ =
⋃
{rπ�i : i < δ} ∪ {ξδ}.

Define

pδ =
⋃
{pi : i < δ} ∪ {〈ξδ, {rπ : π ∈ δ2}〉}.

Let qδ be any P-name for a lower bound of 〈qi : i < δ〉. Then by Lemma 3.1, for all
π ∈ δ2, pδ ∗ qδ ∗ rπ is flat and is a lower bound of the sequence 〈pi ∗ qi ∗ rπ�i : i < δ〉.
Also ξδ = max(dom(pδ)) = max(rπ) for all π ∈ δ2. Let ζδ = supi<δ ζi. This
completes the limit stage of the construction.

Finally, assume all the objects are defined as required for all i < ν and π ∈ <ν2.
Since 2ν ≥ κ, we may fix a set A ⊆ ν2 of size κ. Moreover, assume that every π
in A satisfies that the set {i < ν : π(i) = 1} is cofinal in ν; this is possible since
there are 2ν many such functions in ν2. Apply Lemma 3.1 again to define pν ∗ qν ,
ξν , and rπ for all π ∈ A. Let ζ = supi<ν ζi.

Let G ∗ H be a generic filter on P ∗ Q̇ which contains the condition pν ∗ qν .
Working in V [G ∗H], for each π ∈ A extend rπ to sπ which decides ḋ ∩ ζ as a set
cπ. For each π in A, by (5), (6), and the fact that there are cofinally many i < ν

with π(i) = 1, sπ forces that ζ is a limit point of ḋ and hence that ḋ ∩ ζ ∈ Dζ . It
follows that cπ is in Dζ for all π in A. But for distinct π and τ in A, cπ 6= cτ by

(6). Hence Dζ has size at least κ, which contradicts our assumptions about ~D. �

4. Separating Weak Partial Square Principles

In Section 2 we separated the principles �λ,λ and �pλ,<λ. In this section we show

how to separate the principles �λ,κ and �pλ,<κ, where κ < λ.

Theorem 4.1. Let λ be a regular uncountable cardinal, κ < λ a nonzero cardinal,
and µ > λ a measurable cardinal. Assume 2µ = µ+. Then there exists a forcing
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poset which collapses µ to become λ+, preserves cardinals and cofinalities less than
or equal to λ, and forces �λ,κ and ¬�pλ,<κ.

Proof. The forcing poset we define will be of the form Coll(λ,<µ)∗P∗Pµ+ , where
P is the forcing poset described in the previous section for adding a �λ,κ-sequence,
and Pµ+ is a ≤λ-support forcing iteration of length µ+ which kills the stationarity
of all subsets of µ ∩ cof(λ) which carry a <κ-weak partial square sequence.

Let G be a generic filter on Coll(λ,<µ) over V . Then in V [G], cardinals and
cofinalities less than or equal to λ are preserved, µ = λ+, 2λ = µ, and 2µ = µ+. In
V [G], the forcing poset P for adding a �λ,κ-sequence is (λ+ 1)-strategically closed
and has size λ+. Let H be a generic filter on P over V [G]. Then in V [G ∗ H],
µ = λ+, 2λ = λ+, and 2µ = µ+.

We would like to iterate forcing in V [G ∗ H] to kill the stationarity of subsets
of λ+ ∩ cof(λ) which carry a <κ-weak partial square. Define by induction a ≤λ-
support forcing iteration

〈Pi, Q̇j : i ≤ λ++, j < λ++〉.

We will assume that each Pi is λ+-distributive; this assumption will be justified
after the definition is complete. Each factor forcing Q̇j is forced to be λ-closed,
which implies that each iteration Pi is λ-closed.

Assume that Pα is defined as required. Since Pα is λ+-distributive, it forces that
µ = λ+. We consider a particular nice name Ṡα for a subset of λ+ ∩ cof(λ) which

carries a <κ-weak partial square. Let Q̇α be a Pα-name for the forcing poset which
adds a club subset of λ+ using closed bounded subsets of λ+ which are disjoint
from Ṡα, ordered by end-extension. Let Pα+1 = Pα ∗ Q̇α.

This completes the construction, assuming that each Pα is λ+-distributive. As
in the proof of Theorem 2.3, each Pα is λ++-c.c. By using a suitable bookkeeping
function, we can arrange that every Pλ++ -name for a subset of λ+ ∩ cof(λ) which

carries a <κ-weak partial square is equal to Ṡα for some α < λ++. It follows that
Pλ++ forces �λ,κ and ¬�pλ,<κ.

It remains to prove that each iteration is λ+-distributive. As in the proof of
Theorem 2.3, it suffices to show that Pα is λ+-distributive for all α < λ++. So let
α < λ++ be given, and assume that for all β < α, Pβ is λ+-distributive. We prove
that Pα is λ+-distributive. Let D be a family of less than λ+ many dense open
subsets of Pα, and let p be a condition in Pα. We will prove that there exists q ≤ p
in

⋂
D.

In V [G] let Ṙ be a P ∗ Ṗα-name for the forcing poset which threads the �λ,κ-

sequence which was introduced by P. By the material in Section 3, P ∗ Ṗα ∗ Ṙ has
a λ-closed dense subset.

Fix an elementary embedding j : V →M in V such that the critical point of j is µ
andMµ ⊆M . The closure ofM implies that there is a name Ṗ∗Ṗα∗Ṙ for P∗Ṗα∗Ṙ in
M . So by Theorem 2.2, in M the Lévy collapse j(Coll(λ,<µ)) = Coll(λ,<j(µ))

factors as Coll(λ,<µ) ∗ Ṗ ∗ Ṗα ∗ Ṙ ∗ Ṡ, where Ṡ is forced to be λ-closed.

Let Iα ∗ J ∗K be a generic filter on Pα ∗ Ṙ ∗ Ṡ over V [G ∗H] such that p ∈ Iα.
Since j[G] = G ⊆ G ∗H ∗ Iα ∗ J ∗K, in V [G ∗H ∗ Iα ∗ J ∗K] we can extend j to
j : V [G]→M [G ∗H ∗ Iα ∗ J ∗K].

We would like to extend j to have domain V [G ∗H]. Let ~C =
⋃
H, which is a

�λ,κ-sequence in M [G ∗H]. Let c =
⋃
J , which is a club subset of µ of order type
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λ which threads the sequence ~C. Then the sequence

t = ~C ∪ {〈µ, {c}〉}
is a condition in j(P). Moreover, for all s ∈ H, t ≤ s = j(s). Fix a generic filter h
on j(P) over V [G∗H ∗Iα∗J ∗K] which contains the condition t. Then j[H] ⊆ h. So
in V [G∗H ∗Iα∗J ∗K ∗h] we can extend j to j : V [G∗H]→M [G∗H ∗Iα∗J ∗K ∗h].

Note that j(D) = j[D] since D has size less than µ. By the elementarity of j,
we will be done if we can prove there exists q ≤ j(p) in

⋂
j[D]. Since p ∈ Iα and

Iα meets each dense open set in D, it suffices to find q in j(Pα) such that q ≤ j(u)
for all u ∈ Iα.

We construct the condition q in M [G ∗ H ∗ Iα ∗ J ∗K ∗ h]. As in the proof of
Theorem 2.3, we let the domain of q equal j[α], and for all β < α, let q(j(β)) be a
j(Pβ)-name such that

j(Pβ) 
 q(j(β)) =
⋃
{j(u)(j(β)) : u ∈ Iα} ∪ {µ}.

We prove that q is a condition below j[Iα].
Suppose for a contradiction that q is not a condition in j(Pα). Then there is a

least ordinal β < α such that q � j(β) is a condition in j(Pβ), but q � j(β) does not

force that q(j(β)) is in j(Q̇β). Fix a condition t ≤ q � j(β) which forces that q(j(β))

is not in j(Q̇β). Let Iβ = {u � β : u ∈ Iα}. Then Iβ is a generic filter on Pβ over
V [G∗H]. Also q � j(β) ≤ j(v) for all v ∈ Iβ . Let iβ be a generic filter on j(Pβ) over
V [G∗H∗Iα∗J∗K∗h] such that t ∈ iβ . Then j[Iβ ] ⊆ iβ , so in V [G∗H∗Iα∗J∗K∗h∗iβ ]
we can extend j to j : V [G ∗H ∗ Iβ ]→M [G ∗H ∗ Iα ∗ J ∗K ∗ h ∗ iβ ].

As in the proof of Theorem 2.3, q(j(β))∩µ is a club subset of µ which is disjoint
from Sβ = j(Sβ)∩µ. Since q(j(β)) is not a condition in j(Qβ), it follows that µ is in
j(Sβ). Fix a <κ-weak partial square sequence 〈dξ : ξ ∈ Sβ〉 in V [G∗H ∗Iβ ]. Define
~D by letting ~D(γ) = {dγ} if γ ∈ Sβ , and ~D(γ) = {cξ ∩ γ : ξ ∈ Sβ , γ ∈ lim(cξ)}
otherwise. Then ~D satisfies the assumptions of Proposition 3.2 and is in the model
M [G ∗H ∗ Iβ ].

Since µ is in j(Sβ), let dµ be the club indexed at µ on the sequence j(〈dξ : ξ ∈
Sβ〉). Since j( ~D) � µ = ~D, clearly dµ is a thread of the sequence ~D in M [G ∗H ∗
Iα ∗ J ∗K ∗ h ∗ iβ ]. Also dµ has order type λ.

Since j(P) is (λ + 1)-strategically closed and j(Pβ) is j(λ+)-distributive by the
induction hypothesis, dµ is in M [G ∗H ∗ Iα ∗J ∗K]. But M [G ∗H ∗ Iα ∗J ∗K] is a
generic extension of M [G ∗H ∗ Iα ∗ J ] by the λ-closed forcing S. So by Proposition

1.1, dµ is in M [G ∗H ∗ Iα ∗ J ]. Now we apply Proposition 3.2 to P ∗Pα ∗R, ~D, and
dµ to conclude that dµ is in M [G ∗H ∗ Iα].

Now Pα = Pβ ∗ (Pα/Pβ), where Pα/Pβ is λ-closed. Factor Iα = Iβ ∗ (Iα/Iβ), so

that M [G ∗H ∗ Iα] = M [G ∗H ∗ Iβ ∗ (Iα/Iβ)]. Since ~D is in M [G ∗H ∗ Iβ ], another
application of Proposition 1.1 gives that dµ is in M [G ∗H ∗ Iβ ]. But dµ is a club
subset of µ of order type λ, so µ is not a cardinal in M [G ∗ H ∗ Iβ ]. But by the
induction hypothesis, Pβ is λ+-distributive, and therefore µ = λ+ in M [G∗H ∗ Iβ ].
This contradiction shows that q is in j(Pα), and q is below j[Iα]. �

Again by the methods of [4], the assumption of measurability can be reduced to
greatly Mahlo.

Comment: In [6] Mitchell defined a variation of Shelah’s approachability ideal
I[ℵ2], and constructed a model in which this ideal is just the nonstationary ideal
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when restricted to ordinals of cofinality ℵ1. Although phrased in a slightly different
language, this property of the ideal is equivalent to the failure of the weak partial
square principle �pℵ1,ℵ1 .
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