SEPARATING WEAK PARTIAL SQUARE PRINCIPLES

JOHN KRUEGER AND ERNEST SCHIMMERLING

ABSTRACT. We introduce the weak partial square principles DZ; ., and Df\ <w?

which combine the ideas of a weak square sequence and a partial square se-
quence. We construct models in which weak partial square principles fail. The
main result of the paper is that Oy , does not imply Oy <.

Let A be a regular uncountable cardinal and let kK < A be a nonzero cardinal.
Recall the square principle Oy , (respectively 0y <), which asserts the existence
of a sequence (C, : @ < AT, « limit) satisfying that every C, is a nonempty family
of no more than k many (respectively less than x many) club subsets of a, each
with order type at most A, such that for all ¢ € C, and v € lim(c), cN~y € C,.

The principle Oy ; is the same as the square principle Oy, and O » is the same
as the weak square principle [J5; both of these principles are due to Jensen [3]. The
other principles were introduced by Schimmerling [7]. Jensen [2] proved that for
nonzero cardinals p < £ < A, Oy x does not imply [y ,,.

Now consider an uncountable cardinal A and a regular cardinal u < X. A set
S C AtNcof (u) is said to carry a partial square if there exists a sequence (¢, : @ € S)
such that each ¢, is a club subset of « with order type p, and if 7y is a common limit
point of ¢, and cg, then ¢, Ny = ¢gN~y. Shelah [8] proved that if A is regular, then
there are densely many stationary subsets of AT N cof(< A\) which carry a partial
square. As a consequence, consistency results on partial squares usually focus on
stationary subsets of AT N cof(\).

In this paper we introduce principles which combine the weak square principles
of Jensen and Schimmerling with the idea of a partial square sequence. Let A be an
uncountable cardinal, let p < A be regular, and let k < A be a nonzero cardinal. A
set S C AT Ncof(p) is said to carry a k-weak partial square (respectively < x-weak
partial square) if there exists a sequence (¢, : o € S) satisfying:

(1) for all @ € S, ¢, is a club subset of @ with order type p;
(2) for all B < AT, the set {c, NB:a €S, B €lim(c,)} has size less than or
equal to k (respectively less than k).

For a regular uncountable cardinal A, let (I}, (respectively [0} _ ) be the state-
ment that there exists a stationary subset of A™ N cof(\) which carries a r-weak

partial square (respectively < k-weak partial square).

The goal of the paper is to construct models in which weak partial square prin-
ciples fail, and to separate the different weak partial square principles. For this
purpose we prove in Sections 1 and 3 two propositions which show that certain
kinds of forcing posets cannot add threads to sequences of families of clubs. In
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Section 2 we show that if ¢ > X is a Mahlo cardinal, then the Lévy collapse
COLL(A, <) forces =0y <x. We also construct a model in which the weak partial

square principle D’;\’ < fails. In Section 4 we prove that Dp does not imply [} N <

1. THREADS AND CLOSED FORCINGS

In this section we prove a proposition about threads and closed forcing which
will be used in all the consistency results of the paper.

Let § be a limit ordinal, and let C = (Cq : a < 4, « limit) be a seqence such
that each C, is a family of club subsets of . A set ¢ C § is a thread of C if for all
B € lim(c), cN B € Cp.

Proposition 1.1. Let A be a reqular uncountable cardinal. Assume C= (Co:a<
AT« limit) is a sequence such that each Cq, is a family of fewer than X\ many club
subsets of a. Let P be a A-closed forcing poset. Then P forces that any thread of(?
is in the ground model.

Proof. Consider the function from A™ N cof(w) into A which maps a to |C,|. Fix
a stationary set S C AT N cof(w) and a cardinal g < A such that for all a € S,
Cal = p.

Suppose for a contradiction that tp is a condition in the A-closed forcing poset P
which forces that d is a thread of C which is not in the ground model. Then

Vg<pIrs<qIy(riFy¢d A slFvyed).

For if not, then there is ¢ < p such that for any v < A", any two conditions below
q which decide the statement “y € d” decide it in the same way. This implies that
q decides the statement “vy € d” for all v < AT. But then ¢ decides the entire set
d, and therefore forces that d is in the ground model, which is a contradiction.

Consider the tree <2 of all binary sequences of length less than or equal to
u, ordered by letting ¢ < 7 if ¢ is an initial segment of 7. We will define a map
0+ ¢, from =2 into P, by induction on the length of o, as well as a set of ordinals
(Vo : 0 € <F2), satisfying:

(1) 097 = gx < qo;
(2) go~ Oll-'yo.gédandq,, LIk s €d, for all o € <r2.

Let q¢y = p. Now let £ < p and suppose that ¢, is defined for all m € <2,
Consider ¢ in £2. Since g, < p, we can choose an ordinal Vo < AT and conditions
4o~0:90"1 <Q<7 such that do™0 ”_'-Ya ¢da‘nd do™1 “_’70 Ed

Now let § < p be a limit ordinal, and suppose ¢ is defined for all 7 € <92,
Consider o in %2. Then (g, 1i 14 < 0) is a descending sequence of conditions in P.
Since § < A and P is A-closed, we can fix a lower bound ¢, of this sequence. This
completes the construction.

Now the set of conditions {g, : o € #2} has size 2#, and 2* > uT. Fix a subset
{q; : i < p*} of this set of conditions of size pT. Consider i < j < u™. Let
¢i = ¢o and g; = ¢, where o # 7. Let a be least such that o(a) # 7(a), and let
m=0ca=7]a Then ¢~k v, ¢ d and qr~1 IFvr € d. Each of the conditions
¢i,q; is below one of ¢.~o, ¢g=~1. So if we let ; ; = v, then ¢; and ¢; disagree
about the statement “3; ; € d”.

Recall that S is a stationary subset of A™ N cof(w), and for all a in S, |Co| = p
Fix a regular cardinal 6 large enough so that A\*, P, and d are in H(6). Since S is
stationary and u™ < A, we can fix a set IV satisfying:
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(1) N < (H(9),€,C,P,d);

(2) IN| = A

(3) NNt e S;

@) {g:i<ptiU{v,:i<j<pt}CN.
Let § = NNAT. Then § € S, so ¢f(d) = w. Fix an increasing sequence (d,, : n < w)
which is cofinal in 4.

For each i < pu* we define a descending sequence (¢!, : n < w). Let ¢ = g,
which is in N. Given ¢, in N, apply the elementarity of N to fix ¢/, ; < ¢, in N
satisfying that there exists an ordinal ¢ > 4,, in N such that qflﬂ - ¢ € d. Since
P is A-closed, we can fix 7; which is a lower bound of (¢!, : n < w). Note that by
construction, r; forces that § is a limit point of d.

This defines a family of conditions {r; : i < u*}. Each r; forces that ¢ is a limit
point of d. But d is forced to be a thread of d so r; forces that dNd € Cs. In
particular, r; forces that dN4d is in the ground model. Extend r; to s; which decides
dNéd as e;. Then s; IFe; € Cs, so in fact, e; € Cs.

Consider distinct ¢ < j < p™. Recall that ¢;,g; disagree about the statement
“vij € d’. But vi; < 0, and s;,s; are below ¢;,q; and decide dné as €i,€j.
So 7;,; is in the symmetric difference of e;, e;, hence e;, e; are distinct. Therefore
{e; : i < pT} is a family of 4™ many elements of the set Cs5. But this contradicts
the fact that |Cs| = p. O

2. THE FAILURE OF WEAK PARTIAL SQUARE PRINCIPLES

Consider a regular uncountable cardinal A and a Mahlo cardinal p > \. Solovay
proved that the Lévy collapse COLL(A, < u) forces that g = AT and —,. In
fact, it is known that the Lévy collapse COLL(A, < pt) forces =0, , for all cardinals
Kk < A ([2]). In the first theorem of this section we prove that the Lévy collapse
CoLL(\, < ) forces the failure of [0y <x. In the second theorem we show how to
construct a model in which the weak partial square principle [} < fails.

Theorem 2.1. Let A\ be a regular uncountable cardinal and let ;n > X\ be a Mahlo
cardinal. Then COLL(\, <) forces that = A" and =y <.

Proof. Suppose for a contradiction that p is a condition in COLL(A, < ) which
forces that C is a Oy <x-sequence. For each limit ordinal o < p1 choose a sequence
(¢ i < A) of nice names for subsets of a such that

plFCla) ={c& i< A}

(we assume that the listing is with repetitions, as C(a) is forced to have size less
than A).

Since the Lévy collapse is p-c.c., for each o we can choose an ordinal p, < p
such that for all i < A, ¢¥ is a COLL(\, < piq)-name. By the Mahloness of p, we
can fix a strongly inaccessible cardinal v < p greater than A which is closed under
the function o +— po. Then for all @ < v and i < A, ¢ is a COLL(A, <v)-name.

Let G be a generic filter on COLL(A, <) which contains p. Factor COLL(\, < i)
as COLL(\, < v) x COLL(\, [v,p)). Let G, = GN CoLL(A,<v) and G¥ = G N
CoLL(A, [v, 1)). Then in V[G,], v = AT.

For each limit ordinal o < v and ¢ < A, let ¢

= (65)5 = (é2)C. Tet Co = {cf
i < A}. Then the sequence (Co, : @ < v, « lim1t> is

in V[G,]. Moreover, for each
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limit ordinal o < v, C, is a family of fewer than A\ many club subsets of « in V[G],
and hence also in V[G,].

We apply Proposition 1.1 in the model V[G,] to conclude that the A-closed
forcing poset COLL(A, [v, ) cannot add a new thread of the sequence (Cy : @ <
v, o limit). Let C = CY. Note that for all @ < v, C(a) = Cq. Fix any ¢ in C(v).
Then since C is a O, <a-sequence, for all v € lim(c), cN+y € C,. So ¢ is a thread
of the sequence (C, : @ < v), and hence is in V[G,]. But ¢ is a club subset of v of
order type at most A, which contradicts that v = A" in V[G,]. O

Our motivation for this theorem was to determine the consistency strength of the
failure of [y <) when X is strongly inaccessible. It turns out that the consistency
strength is exactly a Mahlo cardinal. For if X is strongly inaccessible and p > A is
a Mahlo cardinal, then in a generic extension by the Lévy collapse COLL(A, < ),
A is still strongly inaccessible, u = AT, and -y <.

We now construct a model in which the weak partial square principle D’f\’ < fails.
The forcing construction is similar to the one we developed in [4] to create a model
in which there is no stationary subset of k™ N cof(x) which carries a partial square.

We will use the following theorem of Magidor [5].

Theorem 2.2. Let A be a reqular uncountable cardinal and let p > A be strongly
inaccessible. Let v < u be a strongly inaccessible cardinal greater than A. Let Q
be a COLL(A, < v)-name for a A-closed forcing poset of size less than u. Then
COLL(\, < ) factors as COLL(\, < v) x Q S, for some S which is forced to be
A-closed.

Theorem 2.3. Let A be a regular uncountable cardinal, and let u > X be a measur-
able cardinal. Assume 2* = u*. Then there exists a A\-closed forcing poset which
collapses pu to become A\t and forces -0 _,.

Proof. The forcing poset we define will be of the form COLL(A, < ) * P, where P
is a < A-support forcing iteration of length p™ which kills the stationarity of all
subsets of p N cof(A) which carry a < A-weak partial square.

Let G be a generic filter on COLL(A, < ) over V. Then in V[G], cardinals and
cofinalities less than or equal to A are preserved, = A", 2* =y, and 2# = u ™.

Define by induction in V[G] a < A-support forcing iteration

(P, Q; i < AT, j <At

We will assume that each P; is AT-distributive; this assumption will be justified
after the definition is complete. Each factor forcing Q; will be forced to be \-
closed. Since the iteration is with <A-support, it follows that each P; is A-closed.

Since the iteration is with <A-support, it suffices to describe the factor forcings
Qq for o < AT, So fix @ < AT, and assume that P, is defined. Since P, is
At-distributive, P, forces that ;4 = A*. We fix a particular nice P,-name S, for a
subset of AT N cof(\) which carries a < A-weak partial square. Let Q, be a name
for the forcing poset which adds a club subset of AT using closed bounded subsets
of AT which are disjoint from Sa, ordered by end-extension. Let Py 11 = Py * Qa.

This completes the construction, assuming that each P, is A*-distributive. By
a standard argument, the assumption that each P, is AT-distributive and A-closed
implies that for each «, there are densely many conditions p in P, satisfying that
for all 8 € dom(p), p(B) is the canonical Pg-name of a particular set in the ground
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model. The density of this set together with 2* = AT implies that each P, is
AtTT-c.c.

Since Py++ is ATT-c.c., any nice Py++-name for a subset of AT N cof(A) which
carries a < A\-weak partial square is actually a nice P,-name for a subset of AT N
cof(\) which carries a < A-weak partial square, for some o < A*+. Since 207) =
AT, we can use a suitable bookkeeping function to select the names S, in such a
way that any nice Py++-name for a set carrying a < A-weak partial square is equal
to S, for some a < AT+, But Q, adds a club set which is disjoint from S,, forcing
that S, is nonstationary. It follows that Py++ forces that there is no stationary
subset of AT N cof () which carries a < A-weak partial square sequence.

It remains to prove that each iterate is AT-distributive. Note that if P, is AT-
distributive for all o < AT+, then Py++ is At-distributive. For by the A**-c.c. of
Py++, any nice name for a function f : AT — On is actually a P,-name for some
a < ATT, and therefore is forced to be in the ground model. So let o < AT be
given, and assume that for all 8 < «, Pg is AT-distributive. Let D be a family of
less than A™ many dense open subsets of P, and let p be a condition in P,. We
will prove that there exists ¢ < p in [ D.

Fix an elementary embedding j : V' — M in V such that the critical point of j
is w and M* C M. The closure of M implies that there is a name fF’a for P, in
M. By Theorem 2.2, in M the Lévy collapse j(COLL(A, < u)) = COLL(A, < j(u))
factors as COLL(\, < 1) % Py * S, where S is forced to be A-closed.

Let H, % I be a generic filter for P, % S over V[G] such that p € H,. Since
JIG] =G C GxHy*I,in V[G* Hy+I] we can extend j to j : V[G] — M[G*H, 1]
so that j(G) = G« H, x I. Note that j(D) = j[D] since D has size less than u. So
by the elementarity of j, we will be done if we can prove that there exists ¢ < j(p)
in () 7[D]. Since p € H, and H, meets each dense open set in D, it suffices to find
q in j(P,) such that ¢ < j(u) for all u € H,.

We construct the condition q in M|[G * H,, = I] using the set of conditions j[H,].
Recall that j(u%) = j(u)“*He* 5o that j | P, is in M[G * H, * I]. Also in this
model, j(p) = At and j(u) > (ATH)MIGL The domain of ¢ will be jla]; since
a < (WHFHMIGL jla] is a subset of j(a) of cardinality at most \, so the domain of
q is of the appropriate form. Note that for all v in H,, dom(j(u)) = j(dom(u)) =
jldom(w)], which is a subset of jla]. For all 5 < a, let ¢(j(8)) be a j(Pg)-name
such that

i(Ps) - q(i(B)) = | J{i(w) Yiu € HyyU{u}.

We prove that ¢ is a condition below j[H,].

For 8 < a,let Hg = {u | B:u € Hy}. Then Hg is a generic filter on Pg over
V|G]. Using the fact that the critical point of j is u and each u(f) is a name for
a bounded subset of p, it is not hard to show that if ¢ [ j(8) is a condition, then
q 1 7(B) forces j(u)(j(B)) = u(B) for all w € H,. Therefore g | j(5) forces that
q(7(B)) = Ufu(B) : uw € Ha} U{p}.

Suppose for a contradiction that ¢ is not a condition in P,. Then there is a least
ordinal 8 < « such that ¢ [ j(5) is a condition in j(Pg), but ¢ | j(8) does not force
that ¢(j(8)) is in j(Qg). Fix a condition ¢t < ¢ | j(5) which forces that ¢(j(8))
is not in j(Qg). By definition of ¢, ¢ | 5(8) < j(v) for all v € Hg. Let hg be a
generic filter on j(IPg) over V[G x H, * I] such that ¢ € hg. Then j[Hg] C hg, so in
VIG % Ho * I * hg] we can extend j to j: V|G * Hg] = M|[G * Hq * I x hg|.
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For each u in H,, u(f) is a closed bounded subset of A* disjoint from Sgz. So
Jw)(F(8)) = j(u(B)) = u(B). Also the set {u(B) : u € H,} is a generic filter on Qg
over V[G x Hg|. Therefore ¢(j(8)) N is a club subset of p which is disjoint from
Sz = j(Sg) Np. Since ¢(j(B)) is not a condition in j(Qg), it follows that u is in
7(Sp)-

Fix a < A-weak partial square sequence (c¢ : £ € Sg) in V[G * Hg]. Define C by
letting C(7y) = {cy} if v € Sp, and C(7) = {ce Ny : € € Sp,v € lim(ce)} otherwise.
Then C satisfies the assumptions of Proposition 1.1 and is in the model MG+ Hg|.

Since g is in j(Sg), let ¢, be the club subset of p which is indexed at p on
the sequence j({c¢ : & € Sg)). Since §(€) I u = C, the club ¢, is a thread of the
sequence C in M[G % Hy I * hg]. But M[G * H, * I % hg] is a generic extension
of M[G * Hg] by the A-closed forcing (P,/Ps) * S * j(Ps). By Proposition 1.1, ¢,
is in M |G * Hg]. By the induction hypothesis, Ps is A*-distributive, and therefore
p = At in M[G * Hg]. But ¢, has order type A and is cofinal in g, which is a
contradiction. g

Note that in the model just produced, A<* = X, which implies weak square O
Thus we see that Uy  does not imply D§,<>\-

Using the methods of [4], it is possible to reduce the large cardinal assumption
of measurability to greatly Mahlo in the last theorem.

3. THREADS AND ADDING A WEAK SQUARE SEQUENCE

We now turn towards the goal of separating the square principles O ,; and Df’\’ <t

where ) is a regular uncountable cardinal and k < A is a nonzero cardinal. We need
a version of Proposition 1.1 which applies to the forcing poset for adding a weak
square sequence and then threading it; this version is Proposition 3.2 below. One
complication is that we would like to force with some additional forcing poset prior
to threading the weak square sequence. The proof of Proposition 3.2 is a variation
of arguments given in Section 7 of [1], which in turn rely on ideas of Jensen [2]
which were used to separate weak square principles.

Let A be a regular uncountable cardinal and let x < A\ be a nonzero cardinal.
We review the forcing posets which add a O, ,-sequence and then thread it.

Let P be the forcing poset whose conditions are sequences (C,, : a < 3, « limit),
where 3 < AT is a limit ordinal, satisfying that for all limit ordinals o < 3:

(1) Cq is a nonempty family of club subsets of «;
(2) for all ¢ € Cy, ot(c) < A;
(3) [Cal < &;
(4) for all c € C, and v € lim(c), cNy € C5.
For conditions p and ¢, let ¢ < p if dom(p) < dom(q) and ¢ | dom(p) = p. The
forcing poset P is (A + 1)-strategically closed. If 2* = A, then P has size \T.

Let G be a generic filter on P over V. In V[G] let C = |JG, which is a Oy -
sequence. Rather than forcing with the threading forcing for C over V|G, we force
over a larger generic extension. So let Q be a A-closed forcing poset in V[G], and
let H be a generic filter on Q over V[G]. Note that in V[G % H| the ordinal (AT)Y
may or may not still be a cardinal, but since Q is A-closed its cofinality is at least
A
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We define in V[G* H] a forcing poset R which adds a thread of C. The conditions
of R are the closed bounded subsets ¢ of (A\*)Y with order type less than A such
that for all v € lim(c), cN~v € C,. For conditions ¢ and d, let d < ¢ if d is an
end-extension of ¢. (Note that since Q is A-closed, R is actually in V]G], so the
iteration Q * R is forcing equivalent to the product Q x R.)

This completes the description of P Q * R. Next we define a A-closed dense
subset of P Q % R. Since P is (A + 1)-strategically closed and Q is A-closed, every
condition in R is in V. A condition pxgs*r in P+ Q=R is said to be flat if p decides
r as some set ¢ such that max(dom(p)) = max(c).

The set of flat conditions is dense. Indeed, given a condition p*qg*r, extend p*q
to s*t which decides r as c¢. Further extending s if necessary, we may assume that
max(dom(s)) > max(c). Now let u be the canonical name for ¢ U {max(dom(s))}.
Then sxt*u <px*xqg=7 and s * ¢ * u is flat.

If px g =r is a flat condition, we will often abuse notation and identify r with
the set from V' which it denotes.

Let us see that the dense set of flat conditions is A-closed. So let § < A be a limit
ordinal and let (p; * ¢; x7; : i < &) be a descending sequence of flat conditions. Let
& = max(dom(p;)) = max(r;) for all i < 8. Let £ = sup, &. Since Q is forced to be
A-closed, let ¢ be a P-name for a lower bound of (g; : i < §). Let r = (|J, ) U {{}.
Let p = (U; pi) U{(&, {r})}. Then pxgxr is a flat condition which is below p; *g; *r;
for all ¢ < 4.

The next lemma, which is used in the proof of Proposition 3.2, describes a more
general context in which we will construct lower bounds. The proof is straightfor-
ward.

Lemma 3.1. Let § < X be a limit ordinal. Suppose that (p; x ¢; : i < §) is a
descending sequence of conditions in P x Q, (ry : 7 € <°2) is a sequence of names
for conditions in R, and (& : i < 0) is a sequence of ordinals satisfying:

(1) fO?” all  in <62; Pdom(x) * ddom(x) * T'n is ﬂat;

(2) for all w in <°2, max(dom(pgom(r))) = max(rx) = Eqom(r);

(3) fO?” 77T in <62; Pdom(r) * dom(r) * T+ < Pdom(x) * ddom(x) * T'r-
Let € = sup, &;. Let A be a nonempty subset of °2 of size less than or equal to .
For each m in A, let

Tr = U{Tﬂ'[i 11 < 5} U {g}
Define
ps = Jpi i <Gy U (& {rn i m e AP

Let g5 be any P-name for a lower bound of (¢; : i < &). Then for allm € A, ps*xqs*ry
is a flat condition and is a lower bound of the sequence (p; * q; * rr1; 1 1 < d).

Proposition 3.2. Let A\ be a regular uncountable cardinal and let kK < X be a
nonzero cardinal. Suppose P Q * R satisfies:
(1) P is the forcing poset for adding a O ,-sequence;
(2) P forces that Q is A-closed;
(3) Px Q forces that R is the forcing poset for adding a thread of the Uy -
sequence which was added by P.
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In VPQ assume that D = (Dot < (AT)Y, « limit ) is a sequence such that for
all a, Dy is a family of club subsets of o of size less than r. Then any thread of D
in VE¥QR Jies jp VEQ,

Proof. Suppose for a contradiction that p * ¢ * r is a condition in P Q = R which
forces that d is a thread of D which does not lie in VF*C. Note that since d threads
D every proper initial segment of d is in VP*Q. Tt follows that for all B < AT,
p* q = r forces that d \ B is not in VP,

We make the following claim: for all p’ * ¢/ * 7’ < praxr and € < AT, there
are flat conditions ¢ * u * vg and t * u * v below p’ * ¢ * ' and fy > € such that
txuxvg Iy ¢ d and txuxvq IF v E d. Suppose not. Then there is p’xq'xr’ < p*xgxr
and £ < AT such that for any v > £, any two flat conditions of the form ¢ * u * vg
and t * u * v1 below p’ * ¢’ * ' which decide the statement “y € d” decide it in the
same way. We will prove p’ * ¢’ forces that v’ decides the set d\ (€4 1). Tt follows
that p’ % ¢/ % 1/ forces that d \ (€ + 1) is in VF*Q, which is a contradiction.

Let G % H be a generic filter on P*Q which contains p’ ¢’ If 7' does not decide
d\ (€+1), then there are vo,v; < 7’ and > £ such that vg I+ v ¢ d and v IF v € d.
Now find t*u < p’*¢’ in G* H which forces this fact about vy and vq, decides vy, v1,
and vy, and satisfies that dom(¢) > max(vg), max(v1). Let wy = voU{max(dom(t))}
and w; = v; U{max(dom(¢))}. Then ¢t*u*wy and ¢*u*w; are flat conditions below
p' *q *r’" and decide “y € d” in different ways, which contradicts our assumptions.
This completes the proof of the claim.

Now P is (X 4 1)-strategically closed and forces that Q is A-closed, so P % Q is
A-strategically closed, and therefore does not add any new sets of ordinals of size
less than A. In particular, in VF*@ the ordinal (A*)" has cofinality at least . Fix a
winning strategy o for Player IT which witnesses that P« Q is A-strategically closed.

Let v be the least infinite cardinal such that 2¥ > k. Note that if x is finite,
then v = w. If k is infinite, then v is the least cardinal such that 2 > k. In either
case, v < A and for all £ < v, 28 < .

Consider the tree =2 of all binary sequences of length less than or equal to v,
ordered by letting 7 < 7 if 7w is an initial segment of 7. We define by induction
sequences (p; x q; 1 i < V), (rp :m € SV2), (& 10 < V), {(yx : 7 € <¥2), and
(G + 1 < v) satisfying:

(1) (pi*xqi:i< 1/> is a descending sequence of conditions in P * Q;

(2) for all 7 in <2, Pdom(r) * Qdom(r) * T 15 flat and max(dom(paom(r))) =
max(rr) = {dom(r)-

(3) if md7in SV?? then Pdom(r) * qdom(r) * T'r < Pdom(n) * Qdom(w) * T3

(4) (¢ : i < v) is an increasing sequence of ordinals in AT

(5) for all 7 in <¥2, Caom(r) < Vr < Cdom(r)+1}

(6) for all 7w in <¥2, Pdom(m)+1 * Qdom(m)+1 * Tx~0 I vr & d and paom(r)+1 *
ddom(m)+1 * Tn ™1 I LS d.

Let po*qo*7( y be an extension of p*g*r which is flat. Let o = max(dom(po)) =
max(r y). Let (o = 0.

Now let 8 < v be given, and assume that we have defined all the objects as
required for i < 8 and 7 in <#2. Enumerate #2 as (r; : i < 27). Recall that 28 < \.
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Using the winning strategy o, we define by induction a descending sequence
of conditions (p? * ¢° : i < 28). We also define sequences (v, : 7 € #2) and
(r' :m e PH12). Let ph % qf) = ps * qa.

Assume that ¢ < 27 and pf * qf is defined for all 4 < £. Let sxt = 0(<pf * qf :
1 < &)). Fix pf * qg, 7“;5“07 T;EAI, and 7, > (g such that pg * qg *T;QAO and
p? * qg * r;éAl are flat conditions below s %t * rr,, p? * q? * r;go - vre & d, and
p? * q? *r;sAl =z, € d.

B

i *qiﬁ 1< 2°). Now let y x z =
o((p? + ¢° i < 28)). Let 311 be some ordinal larger than max(dom(y)); then

p+1 is larger than max(r ~,) for all i < 2% and k = 0,1. Extend y to pgi1

This completes the definition of the sequence (p

such that max(dom(pss1)) = €g41. Let qsr1 = 2. For i < 2% and k = 0,1, let
Tw,~k = T;riAk U{&s+1}. Let (g1 be some ordinal in A" larger than ., for all
i < 2. This handles the successor stage.

If v = w, then there are no limit stages less than v to take care of. So assume
v > w. Then k > w and v is the least cardinal such that 2¥ > k.

Let § < v be a limit ordinal, and assume that the objects are defined as required
for all i < 6 and all 7 € <92. Then in particular, (p; * q; : i < 8), (ry : 7 € <92),
and (&; : i < J) satisfy the assumptions of Lemma 3.1.

Let &5 = sup; 5 &. We apply Lemma 3.1 letting A = 92, which has size less than
k. For 7 in 92, let

e = U{’I“ﬂ-[,* 1 < 5} U {55}
Define
ps = J{pi i < S} U{(&. {rr:m 2]}

Let g5 be any P-name for a lower bound of (g; : ¢ < 4). Then by Lemma 3.1, for all
7 € 92, ps * qs * 7 is flat and is a lower bound of the sequence (p; * g; * Tapi 00 < 0).
Also & = max(dom(ps)) = max(r,) for all m € °2. Let (; = sup;.5¢;. This
completes the limit stage of the construction.

Finally, assume all the objects are defined as required for all i < v and m € <¥2.
Since 2¥ > k, we may fix a set A C Y2 of size k. Moreover, assume that every
in A satisfies that the set {i < v : (i) = 1} is cofinal in v; this is possible since
there are 2 many such functions in ¥2. Apply Lemma 3.1 again to define p, * q,,
&, and 7 for all m € A. Let ¢ = sup,.,, (-

Let G x H be a generic filter on P * Q which contains the condition p, * g, .
Working in V[G  H], for each 7 € A extend 7, to s, which decides d N ¢ as a set
¢x. For each 7 in A, by (5), (6), and the fact that there are cofinally many i < v
with 7(i) = 1, s, forces that ¢ is a limit point of d and hence that d N ¢ € De. Tt
follows that ¢, is in D¢ for all 7 in A. But for distinct 7 and 7 in A, ¢z # ¢, by
(6). Hence D, has size at least x, which contradicts our assumptions about D. O

4. SEPARATING WEAK PARTIAL SQUARE PRINCIPLES

In Section 2 we separated the principles [y » and Di <x- In this section we show

how to separate the principles [y ., and (0§ <r» Where K < A

Theorem 4.1. Let )\ be a regular uncountable cardinal, kK < X\ a nonzero cardinal,
and p > X a measurable cardinal. Assume 2 = p*. Then there exists a forcing
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poset which collapses p to become AT, preserves cardinals and cofinalities less than

or equal to \, and forces Oy and —0f _, .

Proof. The forcing poset we define will be of the form COLL(A, <) *P*P,+, where
IP is the forcing poset described in the previous section for adding a U ,-sequence,
and P+ is a <A-support forcing iteration of length T which kills the stationarity
of all subsets of p N cof(\) which carry a < k-weak partial square sequence.

Let G be a generic filter on COLL(\, <) over V. Then in V[G], cardinals and
cofinalities less than or equal to A are preserved, u = A1, 2* =y, and 2# = put. In
V[G], the forcing poset P for adding a O, x-sequence is (A + 1)-strategically closed
and has size AT. Let H be a generic filter on P over V[G]. Then in V|G * H|,
p=At, 2" =\t and 2# = u*.

We would like to iterate forcing in V[G * H| to kill the stationarity of subsets
of AT N cof(A\) which carry a < k-weak partial square. Define by induction a < \-
support forcing iteration

(P, Qj 1 i < AT, j < At

We will assume that each P; is AT-distributive; this assumption will be justified
after the definition is complete. Each factor forcing Qj is forced to be A-closed,
which implies that each iteration P; is A-closed.

Assume that P, is defined as required. Since P, is AT-distributive, it forces that
p = At. We consider a particular nice name S, for a subset of At N cof(\) which
carries a < r-weak partial square. Let Q, be a P,-name for the forcing poset which
adds a club subset of A* using closed bounded subsets of AT which are disjoint
from S’a, ordered by end-extension. Let P, = P, * Qa.

This completes the construction, assuming that each P, is AT-distributive. As
in the proof of Theorem 2.3, each P, is ATT-c.c. By using a suitable bookkeeping
function, we can arrange that every Py++-name for a subset of A™ N cof(\) which
carries a < k-weak partial square is equal to S, for some a < AT, Tt follows that
Py++ forces Oy ., and _‘Di,<n~

It remains to prove that each iteration is AT-distributive. As in the proof of
Theorem 2.3, it suffices to show that P, is AT-distributive for all < A**. So let
a < AT be given, and assume that for all 8 < «, Pg is AT-distributive. We prove
that P, is AT-distributive. Let D be a family of less than A* many dense open
subsets of P, and let p be a condition in P,. We will prove that there exists ¢ < p
in ND.

In V[G] let R be a P P,-name for the forcing poset which threads the [y .-
sequence which was introduced by P. By the material in Section 3, P x P, R has
a A-closed dense subset.

Fix an elementary embedding j : V' — M in V such that the critical point of j is p
and M* C M. The closure of M implies that there is a name ]P’*IP’Q +R for IP’*IP’Q*R in
M. So by Theorem 2.2, in M the Lévy collapse j(COLL(A, <)) = COLL(A, <j(u))
factors as COLL(\, <) ¥ P« Py % R % S, where S is forced to be A-closed.

Let I, * J x K be a generic filter on P, * R xS over V|G * H] such that p € I,.
Since j[G]| =G CG*xH Iy« Jx K, in V|G« H % I, x J * K| we can extend j to
J:VI[G] = M[G* H x I, x J * K].

We would like to extend j to have domain V[G % H]. Let C = |JH, which is a
O k-sequence in M[G % H|. Let ¢ = |JJ, which is a club subset of i of order type
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A which threads the sequence C. Then the sequence

t=CuU{{p{ch}

is a condition in j(P). Moreover, for all s € H, t < s = j(s). Fix a generic filter h
on j(P) over V|G« H I, *J* K| which contains the condition ¢. Then j[H] C h. So
in VI[GxHx*I,*JxKxh] we can extend j to j : V[GxH| — M |G H I, *J K xh].

Note that j(D) = j[D] since D has size less than p. By the elementarity of j,
we will be done if we can prove there exists ¢ < j(p) in () 4[D]. Since p € I, and
I, meets each dense open set in D, it suffices to find ¢ in j(P,) such that ¢ < j(u)
for all u € 1.

We construct the condition g in M[G * H * I, x J x K % h]. As in the proof of
Theorem 2.3, we let the domain of ¢ equal j[a], and for all § < «, let g(5(8)) be a
j(Pg)-name such that

i(Ps) I a(i(8) = [ JUi()(G(8)) : w € Lo} U {u}.

We prove that ¢ is a condition below j[I,].

Suppose for a contradiction that ¢ is not a condition in j(P,). Then there is a
least ordinal 5 < « such that ¢ [ j(8) is a condition in j(Pg), but ¢ | j(8) does not
force that ¢(j(8)) is in j(Qg). Fix a condition t < ¢ | j(5) which forces that ¢(j(8))
is not in j(@g) Let Ig = {u | B:u € I,}. Then Ig is a generic filter on Pg over
VI[GxH]. Also q [ j(8) < j(v) for all v € Iz. Let ig be a generic filter on j(Pg) over
V[GxHxI,+J*Kxh] such that t € ig. Then j[Ig] C ig, soin V[GxHx*I,+J*Kxhxig]
we can extend j to j: V[G* H *Ig] - M[G« H x I, % Jx K x hxig].

As in the proof of Theorem 2.3, ¢(j(8)) N is a club subset of p which is disjoint
from Sg = j(Sg)Nu. Since ¢(j(5)) is not a condition in j(Qg), it follows that yx is in
j(Sg). Fix a < k-weak partial square sequence (d¢ : £ € Sg) in V[G * H xIg]. Define
D by letting D(v) = {dy} if v € S, and D(y) = {cenNy: &€ Sz,v € lim(ee)}
otherwise. Then D satisfies the assumptions of Proposition 3.2 and is in the model

Since g is in j(Sg), let d,, be the club indexed at p on the sequence j({d¢ : £ €
S3)). Since §(D) | p =D, clearly d, is a thread of the sequence D in M[G x H x
I, % Jx K xhxig]. Also d, has order type A.

Since j(P) is (A + 1)-strategically closed and j(Pg) is j(AT)-distributive by the
induction hypothesis, d,, is in M[G* H I, % J« K]. But M[G* H « I, J« K] is a
generic extension of M|[G x H * I, x J] by the A-closed forcing S. So by Proposition
1.1,d, isin M[G x H % I, * J]. Now we apply Proposition 3.2 to P+ P, * R, D, and
d,, to conclude that d, is in M[G « H x 1,].

Now P, = Pg * (Po/Pg), where P, /Pg is A-closed. Factor I, = Ig * (I/Ig), so
that M[G*«H x1,] = M[G*H *Igx(I,/Ig)]. Since D is in M|G * H * Ig], another
application of Proposition 1.1 gives that d, is in M[G * H = Ig]. But d,, is a club
subset of u of order type A, so p is not a cardinal in M[G = H  Ig]. But by the
induction hypothesis, Pz is AT-distributive, and therefore = A* in M[G x H = I3].
This contradiction shows that ¢ is in j(P,), and ¢ is below j[I,]. |

Again by the methods of [4], the assumption of measurability can be reduced to
greatly Mahlo.

Comment: In [6] Mitchell defined a variation of Shelah’s approachability ideal
I[X5], and constructed a model in which this ideal is just the nonstationary ideal
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when restricted to ordinals of cofinality ¥;. Although phrased in a slightly different
language, this property of the ideal is equivalent to the failure of the weak partial
square principle CIf .
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