DESTROYING STATIONARY SETS

JOHN KRUEGER

ABSTRACT. We present a forcing poset for destroying the stationarity of cer-
tain subsets of Pyx1. Using this poset along with Prikry forcing techniques we
establish some consistency results concerning saturated ideals and S(k,kt).

In this paper we present a forcing poset for destroying stationary subsets of
Pkt where & is strongly inaccessible. We use this forcing poset, along with Prikry
forcing techniques, to prove a variety of consistency results concerning saturated
ideals and the set S(k, k") = {a € P;rT: 0.t.(a) = (aNk)T}.

Previously Gitik [6] introduced a forcing poset for destroying stationary subsets
of P.kT. He used this poset to construct a model with a non-splitting stationary
subset of P.xT, that is, a stationary set S such that NS | S is xT-saturated.
However, since Gitik’s poset is designed only to destroy stationary sets contained
in a fixed inner model of the universe, its applications are limited. Our forcing poset
is a modification of Gitik’s poset which can destroy stationary sets not necessarily
contained in the inner model.

The two main consistency results of the paper can be summarized as follows.
Assume the existence of a supercompact cardinal. Then the following two state-
ments are consistent:

(1) The set S(k, k™) is stationary and for almost all @ in S(k, k™), cf(aNk) = w.

(2) The ideal NS | S(k, k") is kt-saturated.

We also prove that (2) is optimal in the sense that whenever NS | S is xT-saturated
for some set S C P.x™, then S C S(k, ") modulo clubs.

The contents of the paper are as follows. Section 1 outlines notation and prelim-
inaries. Section 2 describes some of the forcing posets we use in the paper. Section
3 introduces the set S(k, k™). Section 4 presents the forcing poset for destroying
stationary sets. Section 5 describes how to iterate such posets over different car-
dinals using Easton support Prikry iterations. Section 6 constructs a model using
a Prikry iteration in which almost all @ in S(k, k™) have cf(a N k) = w. Section 7
constructs a model in which NS | S(k, x1) is kT -saturated.

I would like to thank my thesis advisor James Cummings for many helpful dis-
cussions regarding this material. I would also like to thank Moti Gitik for explaining
to me certain details from his paper [6].

1. PRELIMINARIES

We assume that the reader is familiar with iterated forcing, supercompact car-
dinals, and Prikry forcing; see [2] and [8].

This paper forms a part of my Ph.D. dissertation written under the supervision of Professor
Cummings at Carnegie Mellon University.
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If k is regular and k C X, we define P,X = {a C X: |a| < k, aNk € kK}. A
subset of P, X is club if it is closed under unions of increasing sequences of length
less than x and is cofinal in P, X. A set is stationary if it intersects every club.

If C is a club subset of P,X then there is a function f: X<% — X such that
whenever ¢ is in P, X and is closed under f then a is in C'. If A is a directed subset
of C' with size less than « then JA is in C.

When we say that a statement is true for almost all ¢ in P, X, we mean there
is a club set whose elements each satisfy the statement. We write A = B modulo
clubs if there is a club set C' such that ANC = BN C. A function f: P, X — X is
regressive if f(a) is in a for all a.

The ideal of non-stationary subsets of P.A for A > & is denoted by NS, » or
NS. If S is stationary then NS, » | S denotes the ideal generated by the elements
of NS, » along with the complement of S. An ideal on P, is fine if it contains
the set {a € P,\: £ ¢ a} for every £ < A. An ideal T is normal if for every set
S C P\ not in I and for every regressive function f: S — A, there is an ¢ < A such
that the set {a € S: f(a) =i} is not in 1.

By an ultrafilter on P;\, we always mean a non-principal, fine ultrafilter.

If I is an ideal on P\ the set I* = {P, A\ A: A € I} is the dual filter of I. The
collection of I-positive sets IT = {A C P,\: A ¢ I} is a forcing poset ordered by
A<Bif A\ Bisin I.

An ideal [ is p-saturated if IT is p-c.c. If I = NS | S for some S then I is
p-saturated iff there is no family {S;: ¢ < u} of stationary subsets of S such that
S; N'S; is non-stationary for ¢ < j. If x is weakly inaccessible, a set S C Py is
non-splitting if NS | S is kT-saturated. A set S C P.x™ is non-splitting iff there
does not exist a partition of S into xT-many disjoint stationary subsets.

If I is an ideal on P, the poset I adds a set U which is an ultrafilter on
the Boolean algebra P(P.\)V. If M is the ultrapower of V by U in the generic
extension by IT, M is called the generic ultrapower and the ultrapower map
j: V. — M is the generic embedding. If I is AT-saturated then the generic
ultrapower M is well-founded and AMC M.

A cardinal x is A-supercompact if there is a normal ultrafilter on P,\, or
equivalently, there is an elementary embedding j: V — M, where M is a transitive
inner model, such that crit j = &, j(x) > A, and *M C M. If Uy and U; are normal
fine ultrafilters on P, A we write Uy < Uy if Up is in the ultrapower of V by Uj.
This ordering is called the Mitchell ordering, and is well-founded. A cardinal k
is A-strongly compact if there is a fine ultrafilter on PiA.

The Magidor ordering on P\ is defined by letting a C bifa C band |a| < bNk.

We say that [, holds if there is a sequence (c,: a < k™, a limit) such that for
all limit ordinals o < k:

(1) ¢ club in «,

(2) if cf(a) < & then o.t.(cq) < K,

(3) for all §in lim(c,), ca NG = cp.
Similarly, we say that [, <4 holds if there is a sequence (Co: o < kT, o limit) such
that for all limit ordinals a < k7,

(1) Cy is a non-empty collection of less than § many club subsets of «,

(2) if cf(ar) < & then every c in C, has order type less than &,

(3) if ¢ is in C,, then for all 8 in lim(c), ¢N G is in Cg.
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If a is a set of ordinals then o.t.(a) is the order type of a, and if 0.t.(a) is a limit
ordinal then cf(a) is cf(o0.t.(a)). Note that cf(a) = cf(supa).

The expression 6 > k means that 6 is larger than 92!, Suppose that N is in
P.H(#) and N is an elementary substructure of (H(6), €) for some regular 6 >> .
If x is a set in IV with size less than x, then x C N.

We denote the class of singular limit ordinals by Sing and the class of regular
cardinals by Reg.

If F: A<¥ — X is a partial function and A C \, we say that F is Jonsson for
A if A is closed under F', and whenever B C A is closed under F, it follows that
|B| < |A].

A standard presentation of the theory of forcing uses partially ordered sets,
that is, orderings which are reflexive, antisymmetric, and transitive. It is well known
however that this theory does not actually require antisymmetry. For example,
forcing iterations as presented in [2] are not antisymmetric (i.e. it is possible that
g <pandp < g, but p# q).

Due to the author’s treatment of iterated forcing, we use this more general theory
of forcing. So we define a forcing poset to be an ordering (P, <) which is reflexive
and transitive.

A forcing poset (P, <) is separative if whenever ¢ £ p, there is r < ¢ such that
r and p are incompatible; equivalently, ¢ I- p € G iff ¢ < p.

We say that forcing posets P and QQ are equivalent if they have the same generic
extensions. This is only an intuitive definition, not a formal one, since generic filters
do not exist in the universe. We prove that two forcing posets are equivalent in this
informal sense by showing how to construct a generic filter for one, given a generic
filter for the other. For example, if D is a dense subset of P, then D and P are
equivalent.

For any forcing poset P there exists a separative poset P* which is equivalent
to P. Define P* as follows. The underlying set of P* consists of equivalent classes
of P under the following equivalence relation: p is equivalent to ¢ if for all r, r is
compatible with p iff r is compatible with ¢q. Define [¢] < [p] if for all r < g, r is
compatible with p. Then P* is a separative forcing poset. Moreover, the surjective
mapping i: P — P* defined by i(p) = [p] satisfies:

(1) g < p implies i(q) < i(p),

(2) If p and ¢ are incompatible in P, then i(p) and i(q) are incompatible in Q.
The equivalence of P and P* will follow from the next lemma.

Lemma 1.1. Suppose that P and Q are forcing posets, D C P and E C Q are
dense sets, and i: D — E is a surjective mapping satisfying:

(1) q < p implies i(q) < i(p),

(2) If p and q are incompatible in P, then i(p) and i(q) are incompatible in Q.
Then P and Q are equivalent.

If P is a separative forcing poset, then there exists a unique complete Boolean
algebra r.0.(IP) and a mapping j: P — r.o.(P) satisfying:

(1) ¢ <piff j(q) <i(p),

(2) j“P is a dense subset of r.0.(PP).
The algebra r.o.(P) is defined by taking regular cuts of P ordered by inclusion.

If P is a forcing poset, define r.o.(P) to be r.o.(P*), where P* is the separative
poset equivalent to P as defined above. Define B(IP) to be the forcing poset con-
sisting of the Boolean algebra r.o.(IP) minus the 0 element. Composing the maps
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P — P* and P* — r.o.(P*) described above, there exists a mapping k: P — B(P)
satisfying:

(1) g < p implies k(q) < k(p),

(2) If p and g are incompatible in P, then k(p) and k(q) are incompatible in B(PP),

(3) k“P is a dense subset of B(P).

So by Lemma 1.1, P and B(PP) are equivalent forcing posets.

When we discuss B(P), we consider it as a forcing poset in the general sense,
and avoid using Boolean valued models.

The following genericity criterion for subsets of B(P) is straightforward: G is a
generic filter for B(PP) over V iff G is an ultrafilter on r.o.(P) which contains 1, such
that whenever AC G isin V, A Aisin G.

Now we discuss projection mappings. A mapping m: Q — P is a projection
mapping if it satisfies:

(1) g < p implies 7(q) < 7(p),

(2) 7(1) = 1.

(3) if p < 7w(q), then there is r < ¢ such that 7(r) < p.

Conditions (2) and (3) imply that 7“Q is dense in P. If 7: Q — P is a projection
mapping and G is a generic filter for Q then 7“G generates a generic filter for P.

Suppose that m: Q — P is a projection mapping and G is generic for P. In
V|G] define a forcing poset Q/P as follows. The underlying set of this poset is
{g€Q: 7(q) € G}. Welet ¢ <pin Q/Piff ¢ <pin Q. Now in V let Q/P be a
P-name for the forcing poset just described.

Define k: Q — P x (Q/P) by letting k(q) = w(q) * g. Note that k(q) really is in
P (Q/P), since 7(q) forces that m(¢) is in . Then the mapping k satisfies:

(1) ¢ < p implies k(q) < k(p),

(2) If p and ¢ are incompatible in @Q, then k(p) and k(g) are incompatible in
P (Q/P),

(3) k“Q is dense in P x (Q/P).
So Q and P x (Q/P) are equivalent.

Let P and Q be forcing posets, and suppose that there is a Q-name Gp satisfying:

(1) Q forces that Gp is a generic filter for P over V,

(2) for any p in P, there is ¢ in Q such that ¢ forces that p is in Gp.
Then since P and B(P) are equivalent, there exists a Q-name @ such that Q forces
that G is generic over V for B(P), and for any a in B(P) there is ¢ in Q which forces
that a is in G.

Define 7: Q — r.0.(P) by

7(q) = /\{a € B(P): qlFa € G}.

The set {a € B(P): ¢ IF a € G} is in the ground model, and ¢ forces that it
is contained in G. By the criterion for genericity of filters on B(P), ¢ forces that
7(¢) is in G, and hence is non-zero. Therefore 7 is a map Q — B(P). It is also a
projection mapping.

Suppose that k is regular and P is a forcing poset. We say that P is < k-
distributive if whenever {D;: i < §} is a family of dense open subsets of P and
B < K, then (| D; is dense open. Equivalently, P is < k-distributive if forcing with
P does not add any new sequences of ordinals with order type less than k.
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Suppose that P is a forcing poset and A is a cardinal. A canonical name for
a subset of ) is a P-name of the form

{{p,&):p € An, a < A}

where A, is an antichain for each ov < A. If p forces that A is a subset of ), then
there is a canonical name B for a subset of A such that p forces that A = B. If X
is a P-name and P forces that f A — X is a bijection, then a canonical name
for a subset of X is a name of the form

{(p, fla)):p € A, a <A}

where each A, is an antichain. If p forces that A is a subset of X, then there is a
canonical name B for a subset of X such that p forces that A = B.

Suppose that P is a forcing poset and p forces ¢(X) for some P-name X. Also
assume that P forces that there exists x such that ¢(x) holds. Then there exists a
P-name Y such that P forces ¢(Y) and p forces X =Y.

If H is a subset of a forcing poset P, we say that H generates J if J is the set
of ¢ in IP such that there is p in H with p < q.

Suppose that j: M — N is an elementary embedding between transitive models
of set theory, P is a forcing poset in M, G is generic for P over M, and H is generic
for j(IP) over N. Then j can be lifted to j: M[G] — N[H] iff j“G C H. In this
case, j(G) = H. In particular, j can be lifted if there exists a condition s in H
such that s < j(p) for all p in G. We will use Silver’s notation and refer to such a
condition s as a master condition.

2. FORCING POSETS

In this section we describe some of the forcing posets we use in the paper.

Suppose that « is strongly inaccessible and S is a stationary subset of . Define
a forcing poset Pg as follows. A condition in Pg is a closed bounded subset of £\ S.
We let ¢ < p if ¢ end-extends p. Clearly Pg has size .

The poset Pg is < k-distributive iff x \ S is fat, i.e. for any club C and any
ordinal # < k, C'\ S contains a closed subset with order type 5. If G is a generic
filter for Pg then | J G is a club subset of k which is disjoint from S. So Pg destroys
the stationarity of .S.

The set Sing N k is a fat set. So Pg is < k-distributive whenever S C Reg N k.
For more on the poset Pg see [1].

Gitik [6] generalized the forcing poset Pg to destroy certain stationary subsets of
P.x™, where k is strongly inaccessible. Suppose that S is a subset of Pcx™. Define
Ps as follows. A condition in Pg is a set x C P.x" disjoint from S with size less
than s, and whenever (a;: i < ) is C-increasing in x, then Ja; is in x. Let y < x
if y end-extends x in the following sense: x C y, and whenever a is in y \ x and b
is in x, a is not a subset of b.

The poset Pg is always xT-c.c. The conditions under which Pg is < x-distributive
are somewhat complex. We will consider this situation in detail in Section 4.

Suppose that k is strongly inaccessible in V. In what follows we will need a
generic extension V' C W satisfying the following properties:

(1) & is strongly inaccessible in W,

(2) V and W have the same limit cardinals,

(3) KTV = KJrW,
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(4) there exists a club of former regulars in &, that is, a club C C k in W
such that every a in C is a regular cardinal in V.
There are a variety of ways to construct such a generic extension. We will use
Radin forcing. The following lemma contains all the information about Radin
forcing which we will need.

Lemma 2.1. Suppose that k is A-supercompact for some A\ > 2%. Then there
exists a forcing poset R, called Radin forcing, which adds a generic club set C to k
consisting of former regulars, and satisfies the following properties:

(1) R is kT -c.c.,

(2) R preserves all cardinals and the function a — 2%,

(8) R preserves the A-supercompactness of k.

See [5] for an exposition of Radin forcing,.

A triple (Q, <, <*) is called a Prikry type forcing poset if (Q, <) and (Q, <*)
are forcing posets, ¢ <* p implies ¢ < p, and Q satisfies the Prikry property: for
any ¢ in the forcing language for (Q, <) and for any p in Q, there exists ¢ <* p such
that ¢ decides ¢. If « is a cardinal we say that Q is a-weakly closed if (Q, <*)
is a-closed. We say that QQ satisfies the direct extension property if whenever
q,7 <* p, there is s <* ¢, r. It should be made clear that when we say that we force
with a Prikry type forcing poset Q, we always mean that we force with (Q, <).

Suppose that U is a k-complete fine ultrafilter on P;\. We define a forcing poset
PR(U) as follows. If U is a normal ultrafilter, PR(U) will denote the supercompact
Prikry forcing. A condition in PR(U) is a pair (@, A), where A is in U and @ is
a finite Magidor increasing sequence from P.A. If p = <a A) and ¢ = <b B) are
conditions, let ¢ < p if B C A, @ is an initial segment of b and any element of b
which is not in disin A. If g<p and ad = b, we let ¢ <* p.

Suppose that U is a non-normal ultrafilter. Then we let PR(U) denote the tree
Prikry forcing. A condition in PR(U) is a pair (¢,T) satisfying:

(1) T is a collection of finite Magidor-increasing sequences from P, \, ordered by
u <o if w is an initial segment of v.

(2) (T, <) is a tree ordering, that is, if « <v and v is in T then w is in 7.

(3) t is the trunk of T', that is, ¢ is in 7" and whenever u is in T, either u <t or
t <u.

(4) For every u in T with t < wu, the set {a € P.A\: v (a) € T} isin U.

The ordering on PR(U) is (s,5) < (¢t,T) if S C T. We let (s,S) <* (¢,T) if
(s,8) < (t,T) and s = t.

In either case, PR(U) satisfies the following properties. The poset PR(U) is
a Prikry type forcing poset. If {(s,S;): i < S} is a family of fewer than x many
conditions with the same first coordinate, then (s,(.S;) is a condition which directly
extends each (s, S;). So PR(U) is k-weakly closed and satisfies the direct extension
property. Since there are only A<" many possible first coordinates for a condition,
PR(U) is (A<")*-c.c.

Suppose that G is a generic filter for PR(U). Then the set | J{a: 34 (a, A) € G}
is a Magidor-increasing sequence (a,: n < w) cofinal in P\, and for any A in U
there is n < w such that a,, is in A for all m > n. For each k < § < X with
cf(B) > &, B =U{a, N B: n < w}, and therefore 8 has cofinality w in the generic
extension.
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If the ultrafilter U is understood, we sometimes write PR(x, A) or PR for PR(U).
For more information about PR(U) see [5].

Suppose that U is a k-complete fine ultrafilter on P;A. Assume that W is a
generic extension of V' and (a,: n < w) is an increasing sequence in W which is co-
final in P, A. Assume that the sequence satisfies the Prikry genericity criterion:
for every function h: (P,\)<“ — U in the ground model there is n such that for all
m > n, an, is in h({ag,...,amn—1)). Then the set {a,: n < w} generates a generic
filter for PR(U) over V. In case U is non-normal, this generic filter is the set

{t,T) €e PR(U): {ag,...,an) € T for all n < w}
If U is normal, the generic filter is
{{@, Ay e PR(U): @ is an initial segment of (a,: n < w), Vn > |d| a,, € A}.

If U is normal, a weaker genericity criterion is sufficient: for all A in U, there is n
such that a,, is in A for all m > n. For a proof see [8].

The following two results summarize a technique due to Gitik which is implicit
in [6].

Lemma 2.2. Suppose that U is a k-complete fine ultrafilter on P, and w: PR(U) —
P is a projection mapping. Then there exists a Prikry type forcing poset (Q, <, <*)
satisfying:

(1) (Q, <) and (P, <) are equivalent posets,

(2) Q is k-weakly closed and satisfies the direct extension property.

Proof. Define (Q, <, <*) as follows. The underlying set of Q is exactly the under-
lying set of PR(U). Define <* on Q to be exactly <* on PR(U). It is obvious then
that (Q, <*) is a forcing poset which is x-closed, and whenever ¢, <* p in Q, there
is s <* ¢,7. Define < on Q by letting ¢ < p iff 7(¢) < 7 (p) holds in P.

Define i: 7“Q — Q by letting i(a) be some ¢ in Q such that 7(q) = a. Then i
is an order preserving and incompatibility preserving surjective mapping between
a dense subset of P and a dense subset of Q. So Q and P are equivalent posets.

We show that Q satisfies the Prikry property. First note that the identity map-
ping id: PR(U) — Q is a projection mapping. Therefore if H is generic for PR(U)
over V', then H generates a generic filter J for (Q, <) over V.

Now let p be in Q and suppose that ¢ is a statement in the forcing language for
(Q, <). Then p is also a condition in PR(U). Apply the Prikry property in PR(U)
to find ¢ <* p such that ¢ decides over V in PR(U) the statement ¢"[]. Without
loss of generality suppose that ¢ forces ¢V [/]. By the definition of <* in Q, we have
¢g<*"pinQ.

We claim that q forces ¢. If not, there is 7 < ¢ in Q which forces the negation
of ¢. Since r <id(q), apply the fact that id is a projection mapping to get s < ¢ in
PR(U) such that s = id(s) < r in Q. Now force with s in PR(U) to get a generic
filter H and generic extensions V' C V[J] C V[H].

Since s < ¢q in PR(U), ¢"”I holds in V[H]. Therefore ¢ holds in V[J]. But also
sisin J, and s < r in Q and r forces the negation of ¢. Therefore ¢ fails in V[J],
and we have a contradicton.

O

Lemma 2.3. Suppose that U is a k-complete fine ultrafilter on P.A. Let P be
a < k-distributive forcing poset such that |P| < A, and assume that P has no
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more than A-many mazimal antichains. Then there exists a projection mapping
m: PR(U) — B(P).

Therefore there exists a Prikry type forcing poset (Q,<,<*) which is k-weakly
closed, satisfies the direct extension property, and (Q, <) is equivalent to B(P), and
hence to P.

Proof. Tt suffices to prove that there exists a PR(U)-name G such that PR(U) forces
that G is a generic filter for P over V, and for any p in P, there is ¢ in PR(U) which
forces that p is in G.

Let (p;: i < A) and (A4;: i < A) enumerate P and the maximal antichains of P,
possibly with repetitions.

Suppose that H is generic for PR(U) over V. Let (a,: n < w) be the set
U{s: 35 (s,5) € H}. Then each a,, is in V and |J{an: n < w} =\

Define a decreasing sequence (g,: n < w) in P inductively as follows. Let ¢
be psupa,- Now suppose that g, is defined. Since a, has size less than &, the set
D =({D;:i € a,} is dense open in P. So pick ¢,41 in D below g,. Clearly the
set {gn: n < w} generates a generic filter for P over V. Let G be a name for G.
The definition of g ensures that it is possible for any particular condition to be in
G. O

We will need a generalization of the last lemma.

Lemma 2.4. Suppose that U is a k-complete fine ultrafilter on P.A. Let P be a
< k-distributive forcing poset with |P| < X\ and such that that P has no more than
A many antichains.

Assume that P forces that U’ is a k-complete fine ultrafilter on P, i, where T <
A and [P« PR(U")| < A. Then there is a projection mapping

m: PR(U) — B(P +PR(U")).

So there exists a Prikry type forcing poset (Q,<,<*) which is k-weakly closed,
satisfies the direct extension property, and (Q, <) is equivalent to P+ PR(U’).

Proof. Enumerate P« PR(U’) as (r;: i < A), possibly with repetitions. Let H be
generic for PR(U) over V and let {(a,: n < w) be generic Prikry sequence given by
H.

Fix ¢ and (£, T> such that reup e, = ¢* (L, T> Asin Lemma 2.3, contruct a generic
filter G for P over V containing g. Let (h;: i < A) enumerate all the functions
h: (Pep)<¥ — U’ in V|G|, possibly with repetitions. Now inductively define a
Prikry sequence for PR(U’) as follows. Write ¢t = (b;: ¢ < k). Given b, for n > k,
choose b, 1 which is a Magidor extension of b,, and is in the measure one set

({Ri((bo, - b)) i € an} 0 {a: (bo,...,bn) a € T}.

By the Prikry genericity criterion, {b,: n < w} generates a generic filter G; for
PR(U’) over V[Go] which contains (¢, T). O
3. THE STATIONARITY OF S(k, k™)

Now we begin our study by introducing the set S(x, xT).

Lemma 3.1. There is a club set of a in Pyk™ such that o.t.(a) < (aNk)T.
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Proof. Fix 0 > & regular, and let N be an elementary substructure of (H(f), €) in
P.H(#). Let a = NNrt. We claim that o.t.(a) < (anr)*.

We show that for all 5 in a, |a N G| < |a N k|. This is clear if § < k. Suppose
that 8 > k is in a. Fix a bijection fg: & — [ in N. By elementarity, for all j in
anpg, fﬂ_l(j) is in aN k. Therefore f3 [ aNk is a bijection of a Nk onto aN G, and
so [an B] = JaNk|. Since each initial segment of a has size at most |a N k|, clearly
o.t.(a) < (ank)T. O

Now define S(k, xT) as the set of a in P,x™ such that o.t.(a) = (aNk)T.

In [4] it was established that the stationarity of S(k, ™) implies an inner model
with a measurable. The exact consistency strength of the stationarity of S(k, ™)
is currently an open problem.

Lemma 3.2. For almost all a in P.k™", a contains all its limit points below sup a
which have cofinality different from cf(a N k).

Proof. Fix 0 > k regular and suppose that N is an elementary substructure of
H(0) in P.H(0). Let a = N NxT. Suppose for a contradiction that « is a limit
ordinal in a below supa, cf(a) # cf(a N k), and « is not in a.

Let § be the least element of a greater than . We claim that cf(§) = k. Fix
g: cf(8) — B in N increasing and cofinal in 8. If cf(8) < &, then cf(8) C 8 so
g“cf(p) is a subset of a, which contradicts that a is bounded below 3.

For all v in a N f there is ¢ in a Nk such that g(i) > 5. So g“(aN k) is increasing
and unbounded below «. Therefore a Nk and « have the same cofinality, which is
a contradiction. O

Theorem 3.3. If O, <, holds then S(k, k™) is non-stationary.

Proof. Let (Cq: o < k) be a O <,-sequence. Fix 6 > kT regular. Suppose for a
contradiction that S(k,x™) is stationary. Then there exists N in P, H () which is
an elementary substructure of the model

(H(9),€,{Cq: a < wT)).

such that NNk isin S(k, k). Let a = NNk*, 3 =supa, and r, = N Nr. Note
that cf(3) = k.

Let ¢ be some member of Cg. Fix a regular cardinal § < k, different from
cf(kq). By Lemma 3.2, a is closed under suprema of subsets with order type d.
In particular, a is stationary in sup a, and therefore a Nlim(c) is unbounded in 3.
Now ¢ has order type at least cf(3) = k. So there is v in a N lim(c) such that
ot.(cNvy) > Kq. But cN~isin C,. Since v is in a, C is a member of N. But
ICy| < K, so Cy is a subset of N. Therefore ¢N~y is in N, and hence o.t.(cN ) is in
N Nk = Kq. This contradicts that o.t.(cNvy) > K,. O

A different proof of this theorem using ill-founded generic ultrapowers appears
in [3].

The set S(k, k1) has some importance in inner model theory. A regular cardinal
k is subcompact if for every set X C H(x™1) there is a cardinal § < k, a set
a C H(5%), and an elementary embedding

i: (H(6%),€,a) — (H(k"),€,X)
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such that crit(i) = § and i(6) = k. Jensen defined subcompactness and proved
that if k is subcompact then [, fails. The following result was pointed out to the
author by Ernest Schimmerling.

Theorem 3.4. Suppose that V = L[E] where E is coherent sequence of extenders.
Then the following are equivalent for an inaccessible cardinal k.

(1) k is subcompact,

(2) S(k, k™) is stationary,

(8) Oy < fails.

Proof. The proof of (3) implies (1) appears in [12], and (2) implies (3) was proved in
Theorem 3.3. For (1) implies (2), let C be a club subset of P,x*. Then C C H(x™"),
so there is § < K, ¢ C H(6"), and an elementary embedding

i: (H(67),€,¢) — (H(kT),€,C)

with critical point ¢ such that i(§) = k. Applying elementarity it is straightforward
to check that i“c is a directed subset of C' with size less than x and with union
i“0". Therefore :“6" is in C' N S(k, k™). O

In general the stationarity of S(k,x%) does not imply that x has any large
cardinal property. For example, in the model which we construct in Section 6,
S(k, k™) is stationary, GCH holds, and & is a non-Mahlo cardinal.

Note: Most of the results presented in this section are already known. The proof
of Theorem 3.3 is due to the author. This proof allows for a different approach to
destroying stationary subsets of P,x™ than the one which we use in this paper. For
more on this topic see [9] and [10].

4. DESTROYING STATIONARY SETS

In this section we present a forcing poset for destroying the stationarity of certain
subsets of P.xT. Assume for the remainder of this section that V' C W are transitive
models of set theory with the same ordinals satisfying the properties:

(1) V and W have the same limit cardinals,

(2) & is strongly inaccessible in W,

(3) KTV = KJrW’

(4) in W there is a club set C' C & such that every « in C' is regular in V.

Now work in W. Consider the following two properties of a set S C P, x7:

Property 1: There exists a set A C kT such that

S={a€ S(k,k"): supa € A}.
Property 2: There exists a partial function F': k7<% — g* in V such that in W,
S ={a € S(k,x™"): F is not Jonsson for a}.

We will prove that if S is a set which satisfies either one of these properties, there
exists a xkT-c.c., < s-distributive forcing poset which destroys the stationarity of
S. (Note that if a forcing poset is kT-c.c. and < k-distributive, the sets P,x™ and
S(k, k™) are the same in the ground model and in the generic extension). If S has
Property 1, we will denote this forcing poset by Pg. If S has Property 2, we will
denote this poset by Pg.

The two conditions on S work together quite nicely. Namely, after forcing with
P, every stationary subset of S(k, k™) has Property 1. For a proof see Proposition
4.9 below.
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Before we can define Pg and Pr, we need the following lemma.

Lemma 4.1. There exists a function H: k<% — k¥ in V such that the following
holds in W. For any a in P.x™ which is closed under H :

(1) aNk is a limit cardinal,

(2) If la| > aNk then o.t.(a) = (aNk)T.

(8) If = is a bounded subset of a and cf(x) # cf(a N k), then supx € a.

(4) If a is in S(k,kT) then cf¥ (supa) is not a limit point of C'.

Proof. In'V fix 0 > k% regular. Let H*: H(6)<% — H(#) be a Skolem function for
the structure (H (), €). Let H: 7<% — g™ be a function in V such that whenever
b C kT in V is closed under H, cly-(b) N k™ =1b.

Now work in W. Suppose that a is in P,xT and is closed under H. Since a is
closed under V-cardinal successors and V and W have the same limit cardinals,
a Nk is a limit cardinal. It is easy to check (2) using the proof of Lemma 3.1.

For (3), let  be a bounded subset of a with order type a regular cardinal different
from cf(aNk). Let § = supz. Suppose for a contradiction that 3 is not in a. Let «
be the least element of a greater than 3. Let N be the H*-closure of (a N k) U {a}
in V. Clearly NNk =ank. In N fix f,: cf¥(a) — a increasing and unbounded
in a. If ofV(a) < & then cf¥ (a) C N, s0 fo“ct" (@) is an unbounded subset of a
contained in a, which is impossible. So c¢f (@) = k. But then fs“aNk is increasing
and unbounded in a N «, so cf(a N k) = cf(F), which is a contradiction.

For (4), let a be in S(k,x") and suppose for a contradiction that cf" (supa)
is a limit point of C. Let kK, = aNk, § = supa, and § = cfv(ﬂ). By (2) and
(3), o.t.(a) = kI and a is stationary in 3. Since kT = cfV(3), kI < 4. In V let
m: § — [ be an increasing and continuous map with range unbounded in . Since §
is a limit point of C', C'N§ is club in §, and therefore 7“(C' N §) is club in S. Since
a is stationary in 3, there is v in C'N§ with v > K, such that w(v) is in a. Note
that cf” (w(7)) = ~, since v is regular in V and sup(7“y) = n(v). But 7(y) is in a,
and therefore c¢f¥ (7(7)) = ~ is in aN . This is a contradiction since y > aNk. O

For the remainder of the section fix a function H: k7<“ — kT as in Lemma 4.1.
We will now define our forcing poset P.

If x and y are subsets of P.xT, we say x end-extends y if y C x and for every
ainx\y and bin y, a is not a subset of b.

Now suppose that S C Pkt is a set which satisfies either Property 1 or Property
2 above. If S has Property I then let F: k™ — k™ be the identity map. In this case
we will write P = Pg. If S has Property II we will write P = Pp. Let E be the club
set of @ in P.xT such that a is closed under H and F.

Definition 4.2. A condition in P is a set x which satisfies the following properties:
(1)xCE\S,
(2) x has size less than &,
(8) x is closed under unions of C-increasing sequences,
(4) if a is in x and u is a set in E\ S such that aNk Cu C a, then u is in x,
(5) x contains an element max(x) such that b C max(x) for every b in x.

The ordering on P is x <y if x end-extendsy. O

The only significant differences between this definition and the definition of Gi-
tik’s poset Pg given in Section 2 is the addition of clause (4) and the fact that we
require the elements of our conditions to be inside the club E. These changes are
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technical conditions which enable us to prove the < k-distributivity of P without
assuming Gitik’s requirement that S is a subset of V.

We make some observations. In (4) the set u satisfies that uNk =anNk. If a
and b are in F then aNbisin E. If a is in E then o.t.(a) < (aNk)T. If x and y
are in P then x <y iff y C x and for all a in x\ 'y, a € max(y). We can strengthen
condition (4) as follows.

Lemma 4.3. Suppose that x is a condition in P, a is in X, and u is a set in E
such that aNk Cu C a. Then u is not in S, therefore u is in x.

Proof. Recall that x NS is empty so a is not in S. Suppose for a contradiction
that v is in S. Then w is in S(k,x") and is closed under H. We know that
o.t.(u) = (uNk)t = (aNk)™. Since 0.t.(a) < (aNk)™ and u C a, o.t.(a) = (aNk)™.
Clearly then supa = supu, for otherwise o.t.(a) would be larger than o.t.(u). If
P = Pg, then supu is in A so a is in S, and we have a contradiction. If P = Pp,

then w is a subset of a closed under F' and |u| = |a|. But a is not in S, so F is
Jonsson for a, therefore u = a. But this is impossible since v is in S and a is not
in S. (I

Clearly P has size k™. We will need the next several lemmas in order to prove
that P is < k-distributive. The following lemma will also be useful for constructing
master conditions in later sections.

Lemma 4.4. Suppose that X is a directed subset of P with size less than k. Let
z be the closure of |J X under unions of increasing sequences. Then the following
statements hold.

(1) z is a subset of E with size less than k which is closed under unions of
imncreasing sequences,

(2) every a in z is a subset of | J{max(x): x € X},

(8) if a is in z and w is a set in E such that aNk Cu C a then u is in z,

(4) if a is in z\ |J X then for all x in X, a € max(x).

(5) z end-extends x for all x in X.

Proof. Let ¢ be the least ordinal such that z = (J{z;: i < (} where zo = |J X,
zs = J{z;: i < } for § limit, and for each i, z;41 is the collection of sets a such
that there is an increasing sequence (a;: i < &) of elements of z; whose union is a.
Statements (1) and (2) are straightforward.

(3) We prove by induction on i < ¢ that if a is in z; and u is a set in E such that
aNk C u C a then uis in z;. This is true for z since X consists of conditions. The
limit step is clear. Suppose that the claim is true for z; for some ¢ < (. Let a be a
set in z;4; and w a set in E such that a Nk C u C a. Fix an increasing sequence
(a;: j < &) from z; whose union is a. For each j < & the set uNa; is in E and
a; Nk C a;jNu C aj, so by induction a; Nw is in z;. Therefore u = (J{a; Nu: j < &}
is in Zi41.

(4) We prove by induction on 0 < ¢ < ¢ that for all x in X, if a is in z; \|J X then
a € max(x). Suppose that a is in z; \ |JX. Write a = (J{a;: j < {} where each q;
is in (J X. Since a is not in |J X, not all a;’s are in x since x is closed. So fix [ with
a; not in x. Then there is some y in X with a; in y. Since X is directed, fix x* in
X which end-extends both x and y. Then a; is in x* \ x, so by the definition of the
ordering, a; € max(x). Therefore ¢ ¢ max(x). Now suppose that 0 < ¢ < ¢ and
the claim holds for z;. Let a be in z;41 \ JX, and write a = [J{a;: j < {} where
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each a; is in z;. If all the a;’s are in |J X then a is in z; and we are done by what
we just proved. Otherwise some @; is in z; \ [J X so by induction a; € max(x), so
a ¢ max(x).

(5) Fix x in X. Then x C |JX C z. Suppose that a is in z\ x. If a is in |J X,
then since X is directed there is y < x in X with ¢ in y. By the definition of the
ordering, a € max(x). Otherwise a is in z \ |J X, so by (4) a € max(x). O

The following lemma is the core technical fact for the proof of < k-distributivity.
We state it abstractly since we will need to use it later in the paper.

Lemma 4.5. Suppose that v < k is a limit ordinal, f: k — xT is in V, and

(N;: 1 < 7) is an increasing and continuous sequence of sets with size less than k
which are closed under H and F such that for all i < ~y:
(1) N; Nk = 0; is in Iim(C),
(2) f“§i = Nz n :‘<L+.
Suppose that (x;: 1 < ) is a decreasing sequence in P such that for each i < v:
(3) X; 15 1 Ni+1,
(4) max(x;) = N; N kT,
Let x, be the closure of |J{x;: i < v} under unions of increasing sequences. Then
the following statements are true:
(A) xy is in P,
(B) x, < x; for alli,
(C) max(x,) = N, Nk*.

Proof. Apply Lemma 4.4 with X = {x;: ¢ < v} and z = x,. Then the only way
that x, would not be a condition is if xS # (. We also know that x, end-extends
x; for all 4. Since N, Nt = J{N; NkT:i <~}, NyNkt is in x, and by Lemma
4.4 this set is the maximum element of x,. The only thing left to check is that x
is disjoint from S.

Suppose for a contradiction that x,N.S contains an element a. Let k, = aNk and
(B =supa. Since a is in ENS(k, k"), by Lemma 4.1 we know that o.t.(a) = K}, a
is closed under suprema of bounded subsets with cofinality different from cf" (k,),
and cfv(ﬁ) is not a limit point of C. Since N, Nkt = f“d,, the set N, N j is
in V and is unbounded in 3 since it contains a. Therefore since |N, N 3 |V < Orys
cfV(B) < d,. But 8, is a limit point of C, therefore cf" () < d,. Since cf" () =
KW, REW < ofV(B3) < 4,

The set a is difficult to work with because it might not be in V. So what we
do is find a set u such that aNx C u C a and wu is covered by a small set d from
V. Define an increasing sequence (d;: i < w’) in V as follows. Let dy be any
club subset of 5 in V' with order type cfv(ﬁ) and kg, C dy. Take unions at limits.
Suppose that d; is defined for a fixed i < w)’. Define

df =d; UH“d:Y U F“d
and let
(This is where we use the fact that H and F are in V). Let d = J{d;: i < w¥}.
Then d is closed under H and F and |d| = cf¥ (3) < d,. We claim that in W the
set d is closed under suprema of any bounded subset x with order type w or w;.
For if z is such a set, then there is i < wy such that x C d;. Then supx is a limit
point of d;, so supx is in d;+1 C d.
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Now let u = aNd. Let u be one of w or w; which is different from cf(xk,)". Then
both a and d are closed under suprema of subsets with order type u. It follows that
u = aNd is also closed under such suprema, and therefore is an unbounded subset
of a. Since u is unbounded in a, it must have order type x}". Also ko = u N k.
So u is in S(k,k"). The set u is in F since it is closed under H and F. But
anNk CuCa,so by (3) of Lemma 4.4, u is in x,.

The rest of the proof splits into two cases. Suppose first that P = Pg where
S = {a € S(k,k"): supa € A} for some A C xT. Since a is in S, supa is in
A, therefore supu is in 4 so u is in S. Now we get a contradiction as follows.
Since JX NS is empty, u is in x, \ JX. By (4) of Lemma 4.4, for all [ < v,
u € Nynk'. Now the set Ny Nkt = f“, is in V, therefore d N N, is in V.
Also |[d N N, |V < |d|V < 6,. Since 4, is regular in V and dN N, C N, Nkt =
U{f“: i < 04}, there is ¢ < §, such that dN N, C f“. Fix [ < v with i < §,.
Thenu =anNd CdNN, C f“% C f“; =N Nk", souC NyNk" and we have a
contradiction.

Suppose now that P = Pp. If u is in S then w is in x, \ [J X, so we can get a
contradiction as in the previous paragraph. Suppose that u is not in S. Since a
isin S, a # u, therefore u C a. Fix an ordinal ¢* in a \ u. Let v be the closure
of wU{d6*} under H and F. Since a is closed under H and F, v C a. Therefore
VMK = Kq. Sowisin Pyk™t. Since u C v, v is in S(k, k™), and also v is in E. Since
anNk CvCa, by (3) of Lemma 4.4, v is in x,. Now u is a proper subset of v with
the same size as v and u is closed under F'. Therefore F' is not Jonsson for v, so
visin S. Since [JX NS is empty, v is in x, \ JX. By (4) of Lemma 4.4, for all
I<vy,vZ Ny NkT.

Let Y be the closure of (N, Nd) U {§*} under H and F. Since N, Nd is in
V,Yisin V, and |Y|Y = |N,nd|V < |d]Y < §,. Since §* isina C N,, Y C
NyNkt = J{f*“i:4i < d,}. Asabove we can find [ < v such that Y C N;Nx™. Since
wU{6*} C (N,Nd)U{6*}, we have v CY C N;N«k™, which is a contradiction. O

Proposition 4.6. The forcing poset P is < k-distributive.

Proof. Suppose that {D;: i < 0} is a family of dense open subsets of P with § < &.
Let x be a condition in P. Fix 6 > x™ regular, and let <4 be a well-ordering of
H(6). Since k is strongly inaccessible, there is M < (H(0), €) such that |M| = &,
Kk C M, MNkT isin kt, and <*M C M. Choose M to contain the sets P, x, C,
H, F, E, and (D;: i < §). Let 8 = M Nk*. Fix a bijection f: k — B in V. Let
(2t i < k) enumerate all the elements of M.

Define a chain (M;: i < k) of elementary substructures of

M = <M,€,P,X,C,H,F,E, <D1’L<5>,f,<g>

as follows. Choose My in P, M with My < M. Take unions at limits. Given M;, let
M;+1 be some elementary substructure of M in P, M which contains the sequence
(M;: j <) and also the set z;. Note that M; Nk is in lim(C) and M; Nk" is in E.

Since z; is in M;4; for each i, the collection {M;: i < k} is a club subset of P, M.
Also there is a club set of i < k such that M; Nk = 4. Since f“k = f3, the collection
{f“a: a < K} is club in P.S3. So it is possible to choose a subsequence (N;: i < k)
of (M;: i < k) such that:

(1) N; = M, for some §; in lim(C),

(2) N; Nk =0y,

(3) <Nj3 ] § Z> is in Ni+1.
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Since N; is closed under f and f~1,

(4) f“5i = N1 n IQ+.
Since fisin V, N;NkT isin V. Also |N; Nk*| = 8; = N; Nk, so N;N k™ is not in
S.

We define a decreasing sequence of conditions (x;: i < §) satisfying the following
conditions for all ¢ < §:

(5) <Xj2 j S Z> is in Ni+1a

(6) max(x;) = N; Nk+.
Define

xo=xU{u€ E:NoNrx Cul Nognrt}.

Since x is in Ny and |x| < &, x € Ny. So if a is in x then since |a| < K, a C Ny,
and |a| < Np N k. Using this fact it is easy to check that xq is a condition below x
satisfying the requirements. Suppose that x; is defined for a fixed 7 < §. Let y; be
the <p-least condition such that y; < x; and y; is in D;. Since D; is in N;1, y; is
in N;y1. Define

Xit1 :yZU{U c k. Ni+1 Nk CuC Ni+1 OHJF}.

It is easy to check that x;,; is a condition which is below x; and satisfies the
requirements.

Now suppose that v < ¢ is a limit ordinal and (x;: ¢ < ) is defined. Since
(N;: i <) and (D;: i < «) are in N, 41, the sequence (x;: i < v) can be defined in
N,41. Let x4 be the closure of (J{x;: i < v} under unions of increasing sequences.
By Lemma 4.5, x, is a condition in N, below each x; and max(x,) = N, N&*.

This completes the construction. The condition x4 is in ({D;: ¢ < 0} and is
below x. So P is < k-distributive. (]

The proof of the xT-chain condition is basically the same as with Gitik’s poset.
Proposition 4.7. The forcing poset P is k1 -c.c.

Proof. Suppose for a contradiction that (x;: ¢ < £7) is an antichain in P. By the
A-system lemma, we can assume without loss of generality that there is a set d
such that max(x;) N max(x;) = d for i < j. Since & is strongly inaccessible, there
exist ¢ < j such that P(d) Nx; = P(d) Nx;.

Choose a set a in EN (Pyx1\ S(k,xT)) which contains max(x;) Umax(x;), and
la| > |max(x;) Umax(x;)|. Define X = {u € E\S:ank C u C a}, and let
y =x; Ux,; UX. Note that if v is in X then |u| = |al, since |a| = a N k. Clearly y
is a condition. But since x; and x; are incompatible, y is not below one of them.

Without loss of generality assume that y is not below x;, i.e. y does not end-
extend x;. Fix b in y \ x; and ¢ in x; such that b C ¢. If bis in X, then |b] = |a| >
| max(x;)| > |c|, which is impossible. So b is in x; \ x;. Hence b C max(x;) Nc¢ C
max(x;) N max(x;) = d. Therefore b is in P(d) Nx; = P(d) Nx;. So b is in x;,
which is a contradiction. O

Proposition 4.8. The forcing poset P forces that S is non-stationary.

Proof. Fix a name D such that P forces that |JGp = D. We claim that P forces
that D is a club subset of P.x7T disjoint from S. Clearly D is disjoint from S. To
show that D is cofinal, suppose that x I ¢ € P.x™. Since P is < s-distributive,



16 JOHN KRUEGER

there is xo < x and a such that xq I @ = a. Let b be any set in Pt \ S(k, k™)
which is closed under H and F' such that

‘UXO|+ Umax(xg) Ua C b.

Define
y=xoU{ue E:bNk CuC b}

Then y is a condition refining xo and y I a C b € D. So D is cofinal.

Suppose that x IF (a;: i < () is an increasing sequence from D with size less
than k. Since P is < k-distributive there is y < x and a family {a;: i < 8} such
that for each i < 3, y IF d; = a;. Note that since y forces that a; is in D, a; must
be in y. For otherwise we can extend y to a condition z for which it is impossible
to add a;. Since y is closed, [ J{a;: ¢ < 8} is in y. So y forces that (J{a;: i < S} is
in D. g

We now verify the comments made prior to Lemma 4.1 concerning the relation-
ship between Pr and Pg.

Proposition 4.9. Suppose that F: k7<% — k¥ is a partial function in V, and in
W, P is a Pr-name such that Pp x P is < k-distributive and x*-c.c. Then Pp P
forces that for every stationary set T C S(k, k™), there is A C k™ such that

T ={ac S(k,k"): supa € A}
modulo clubs.

Proof. Let G * Gp be generic for Pr P over W. Suppose that T is a stationary
subset of S(k,xT) in W[GF * Gp]. Let D be the club set of a in P,x™ such that a
is in |JGF and is closed under F and H. Let

A={a<kT:JaeTND supa=a}

We show that a is in TN D iff a is in S(k, k") N D and supa is in A. Note that if
a is in T'N D then supa is in A by definition of A.

Suppose that a is in S(k,x%) N D and supa is in A. Fix b in T'N D such that
supa = supb = . Let kK, = aN k. Now go back to W. By Lemma 4.1, o.t.(a) =
k; = cf(B) = 0.t.(b). So bNk = k4. Since a and b are closed under suprema of
bounded subsets with cofinality different from cf(x,), aNb is an unbounded subset
of 3 and so |aNb| = |a| = |b| = k}. But aNb is closed under H and F. Since a
and b are in | JGr N S(k, k™), F is Jonsson for a and b. Since aNb C a, aNb = a,
and similarly a Nb = b. So a = b, and therefore a is in T O

5. ITERATED FORCING

In the sections which follow we will need to iterate forcing posets for destroy-
ing stationary sets over different cardinals. These posets are distributive, but not
strategically closed. The usual methods of Easton support iterations require that
the posets be strategically closed. To overcome this problem we use Prikry forcing
techniques.

In Section 2 we described how to turn a distributive forcing poset into a Prikry
type forcing poset. So we can iterate the poset for destroying stationary sets by
using iterations of Prikry type forcing posets.
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Magidor [11] first showed how to iterate Prikry forcing using conditions with
full support. Gitik [6] used this style of iteration to construct a model with a non-
splitting subset of P.x*. However, lifting an elementary embedding with such an
iteration is problematic. To overcome this difficulty, Gitik [7] invented a method
for iterating Prikry type forcing posets using conditions with Easton support. We
will use Easton support Prikry iterations in this paper.

In this section we describe a general schema for iterating Prikry type forcing
posets with Easton support, and give a sample application.

An Easton support Prikry iteration is an iterated forcing

<]P)O¢7Qa5 a < H>a

for some ordinal &, satisfying the following properties:

(1) There exists a set A C k consisting of strongly inaccessible cardinals such
that if Q, is non-trivial, then « is in A,

(2) P, forces that |Qq| < min(A\ (a + 1)),

(3) P, forces that (Q,, <, <*) is a Prikry type forcing poset,

(4) Poy1 = Po * Qa,

(5) If & is a limit ordinal, then P, consists of functions p with domain an Easton
subset of M A such that p [ 8 is in Pg for all 3 less than «,

(6) If « is a limit ordinal and p, ¢ are in Py, then ¢ < pifq | 8 < p | g
for [ less than «, and there is a finite set a such that for all § in dom(p) \ a,
q !B a(B) <" p(B).

(7) If « is a limit ordinal, ¢ <* p in P, if ¢ < p and the finite set a in (6) is
empty; i.e. for all 8 in supp(p), ¢ [ 81 q(B) <* p(B),

(8) ¢"b<*p~ain Pgi1 if ¢ <* pin Pg and ¢ IF b<*a.

Such an iteration satisfies the Prikry property; see [7] for a proof. We say that
the iteration above is defined on A. If p is a condition in P, the support of p,
denoted by supp(p), is the domain of p as a function.

If 3 is less than «, then P, factors into Ps * Qg * Ps . Suppose that Q, is
forced to be y-weakly closed for all v greater than 3; then (Pg o, <*) is forced to be
min(A \ (8 + 1))-weakly closed. Therefore Ps , does not add any bounded subsets
to min(A \ (8 +1)).

The following result follows from the usual proof of the corresponding fact for
Easton support iterations.

Proposition 5.1. If |Pg| < « for all 8 less than o and « is a Mahlo cardinal, then
P, is a-c.c.

The following lemma describes in more detail the sort of iteration we will use
later.

Lemma 5.2. Suppose that (IP’Q,QQ: a < k) is an Faston support Prikry iteration
defined on a set A. Assume that for all o in A:

(1) P, forces that Q, is a-weakly closed and satisfies the direct extension prop-
erty,

(2) there is po and A, such that

a< g < 9(r3®) < /\g <min(A\ (a+1)),

(8) there is a normal ultrafilter on Py, with jo: V. — M, = Ult(V,U,) such
that min(jo(A) \ (@ + 1)) > A,.
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Then for each o in A, Py, forces that « is pe-strongly compact.

Proof. If « is not a limit point of A, then |P,| < «, so the result follows.
Suppose that « is a limit point of A. Then

]a(Pa) =Pq * Qa * Prail

where Py, is forced to be min(j,(A) \ (o + 1))-weakly closed. Let G, be generic
for P, over V.

Since P, is a-c.c., every member of (P, iq)Y %] is covered by a set in (Papq)Y .
Since « is strongly inaccessible in V[Ga], |(Pafia)V %] = (1$*)Y. So we can
enumerate all canonical P,-names for subsets of P,pu, as (Xz i < A\), possibly
with repetitions. By the closure of M,,, every initial segment of (jo (X;): 7 < A}) is
in M,.

Now jo“Go = G, so if H is generic for Q, * Piay over V[Gy], we can lift j, to
Ja: VIGa] = My[Go x H] in V[G4 * H|. Let G be generic for Q, over V[G,]. In
V[G4*G] define a <*-decreasing sequence (g;: i < A1) in Py, as follows. Let go = 1,
and given ¢;, let ¢;+1 <* ¢; such that g; 1 decides the statement j, “ta € jo (XZ)
For limit 6 < A} apply the weak closure of P,; to obtain gs. Note that each initial
segment of the sequence is in M, [G, * GJ.

Now Q, is a-weakly closed and satisfies the direct extension property (if Q, is
the trivial poset, this is true vacuously). In V[G,] define U* by letting X € U* iff
there is s <* 1 in Q. and X; such that XZ»G“ = X and

Mo[Ga] F s lFg, qiv1 PP Jo “Ha € Ja(Xi).

We show that U* is a fine ultrafilter on P, .

First we prove that the definition does not depend on i. Suppose XiG" = X]G" =
X, where i < j. Fix p in G, which forces that X; = Xj. Now j,(p) = p~ 1 in
Jja(Py), and p is in G,. Therefore

Ma[Ga} ): Qa * Ptail I+ ja(Xi) = ]a(X])
Apply the Prikry property of Q. to find s;,s; <* 1 such that s; decides which
way ¢iy1 decides the statement jo “ia € jo(Xi), and similarly for s; and X;. By
the direct extension property, s; and s; are compatible, and ja(Xi) = Ja (XJ) So
clearly s; and s; must decide their respective statements the same way.

Similar arguments show that U* is a fine ultrafilter. We show that U* is a-
complete. Suppose that p is in G, a is a name for a subset of A} with size less than

a, and p forces that (Xl i € a) is a partition of P, .. Then j,(p) = p~1 forces in

Ja(Py) that jo((X;: 4 € a)) = (jo(X;): 7 € a) is a partition of j,(Papty). So
M,[Ga] E Q * Peap IF <ja(Xl) i € a) is a partition of j,(Paia)-

Apply the a-weak closure of Q, to obtain s, a direct extension of 1 in Qq, which

decides which way that ¢;+1 decides the statement j,“u € jo(X;), for all ¢ in a.

Clearly there must be some ¢ in a such that

Ma[Ga] ': S “_Qa qi+1 “_Pt,ail Ja “M € ]a(XZ)
So XlG‘* isin U™. O

We now give a sample application of the forcing poset from Section 4 and the
Prikry techniques above to prove the following theorem.
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Theorem 5.3. Suppose that GCH holds and there exists a kT -supercompact car-
dinal k. Then there exists a model in which k is kT -supercompact and almost all a
in S(k, k1) satisfy that a N Kk is strongly inaccessible.

There are limits to this sort of result; see Proposition 5.7 below. In the next
section we give a more elaborate construction of a model in which almost all ¢ in
S(k, k™) satisfy that cf(a N k) = w.

Start with a model V in which & is k¥t +-supercompact and GCH holds. Let R
be the Radin forcing for adding a club C' of V-regulars to , while preserving the
kT -supercompactness of k. Let Gg be generic for R over V and let W = V[Gg].

We would like to force with the poset Pg which destroys the stationarity of the
set of a in S(k,xk™) such that a Nk is not strongly inaccessible. But in order
to preserve the xT-supercompactness of x, or even to preserve the stationarity of
S(k, k™), we need to iterate posets like Pg below .

Let A be the set of 8 < & in lim(C) such that 3 is ST-supercompact. We define
an Easton support Prikry iteration

<P5,Qg: 0 < H>.
Suppose that Pg is defined for some fixed 8 in AU {x}. Let Sg be a Pg-name for
the set of @ in S(B3, %) such that a N @ is not strongly inaccessible. Let Bg be a
Pg-name for the set of a < 3 such that cf(a) = pt for some p < k which is not

strongly inaccessible.
We claim that Pg forces that

Sg ={a € S(B,8"): supa € Bg}.
For suppose that a is in Sz. Then a is in S(8,67) and a N 3 is not inaccessible.
Since cf(supa) = (aN B)*, supa is in Bz. On the other hand, suppose that a is
in S(k,k") and supa is in Bg. Then o.t.(a) = (aNB)T, so cf(supa) = (anN B)*.
Since supa is in Bg, a N B is not inaccessible.

So Sg is of the form required to define the < 3-distributive, 3%-c.c. forcing poset
Ps, from Definition 4.2.

By Lemma 5.2, P forces that 3 is 37 -strongly compact. The forcing poset Pg, is
< (B-distributive, has size 87, and has no more than 3-many maximal antichains.
By Lemma 2.3 there exist a Prikry type forcing poset (Qg, <, <*) which is §-weakly
closed, has the direct extension property, and (Q, <) is equivalent to Pg,. So at
stage 3 we force with (Qg, <).

This completes the definition of the iteration. Let S=28,. Clearly P, #Pg forces
that for almost all a in S(k, k™), a Nk is strongly inaccessible. It remains to check
that P, x Pg preserves the xT-supercompactness of .

Fix an elementary embedding j: W — M such that crit(j) = &, j(k) > &7,
and *""M C M. By GCH, any ultrafilter on P,x* has size x*+ and therefore is
in M. So M models that  is kT-supercompact and x is in j(A4). Enumerate all
canonical P, * Pg-names for subsets of PysT as (X;:i < xtT). Write

J(]Pka) = Pn * Qn * ]Ptaih

where Q) is a Prikry type forcing poset which is equivalent to Pg and Py,; is forced
to be kT3-weakly closed. Let G * Gg * Gian be generic for P,  Pg * Py over W.
In W[G,; * Gs * Giain] the map j can be extended to

J: WG] — MGy * G5 * Giail-
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Let My = ]\4[GY,.i x* Gg *x Gtail]~
Now we construct a master condition. In M; define

t= Uj“GS U{u€ej(E):k CuCj“sT}
Lemma 5.4. The set t is a condition in j(Pg) and t < j(x) for all x in Gg.

Proof. Tt suffices to prove that t is the closure of |Jj“G in M; under unions of
C-increasing sequences. For if this is true, then Lemma 4.4 and the fact that x is
strongly inaccessible in M; imply that ¢ N j(S) = () and ¢ is a condition in j(Pg)
which is below j(x) for all x in Gg.

Clearly the set {u € j(E): k C u C j“kT} is itself closed. Since Py is £13-
weakly closed, | JGs remains a club subset of P.x™ in M;. Therefore | Jj“Ggs is
closed under unions of C-increasing sequences with length less than x. On the other
hand, suppose that (j(a;): i < k) is C-increasing. Then the sequence of ordinals

Jla;)Njk):i < k) =(a; Nk i < K)

must be unbounded in , since o.t.(a;) = (a; N k)T and the a;’s are getting larger.

Therefore
u= U{j(ai): i< K}

must satisfy that x C u C j“~T. So the closure of Jj“G is contained in ¢.

To show that the closure is equal to ¢, by Lemma 4.4 (3) it suffices to show that
for any u in E with k C u C j“<™, there is v in the closure with v C v. Suppose
first that |u| = k. Let (a;: i < k) enumerate u. Inductively define a C-increasing
sequence (a;: @ < k) from | J G by choosing a; 1 so that j(a;+1) contains o; and ¢ as
members. Then u C |Jj(a;) and |Jj(a;) is in the closure of | Jj“Gs. In particular
this proves that all initial segments of j“x* which are in E are in the closure of
UJj“Gs, and we can write j“<™T as the union of such initial segments. Hence j“k™
is in the closure of | Jj“Gs and t is equal to this closure.

O

Lemma 5.5. In W[G,, * Gs|, k is T -supercompact.

Proof. For each i < k¥ let D; be the dense set of conditions in j(IPs) which decide
the statement j“s* € j(X;). Since j(Ps,) is < j(k)-distributive and x*+ < j(x),
D =D, is a dense set. So fix s <t in D. Let $§ be a Py,-name for s. That is,
$ is a name such that P,y forces that $ decides the statements j“xk+ € j ().(Z-)7 and
s < j(x) for all x in Gg.

Apply the weak-closure of Py, to get a condition g in Py, such that for all
i < kT, ¢ decides the statement

§lkjpg) 546 € 5(X5).
Define U in W[G,, * Gg| by letting X; be in U if
q ey §1Fpgy 5957 € 5(X5).

We claim that U is a normal ultrafilter on Pcx™. The proof that U is well-defined
and is a fine ultrafilter on P.x7 is essentially the same as the proof of Lemma 5.2.

For normality, suppose that p~x is in G, * Gg and forces that f: P.kt — k7T is
a regressive function. Then j(p~x) = p~ 1717 j(x), which is above the condition
p~17¢"s. So

M[G,. G| = qIF s I-§(f): Py j(kT) — j(kT) is regressive.
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Applying the weak closure of Py, and distributivity of j(Pg,), we can choose
g1 51 < ¢ s and B < kT such that

a1 I sy Ik 5(F)(G“s™) = §(B).
Let X; be a name for the set {a € Pyx*: f(a) = 3}. Then
q k1 Ik Rt € §(XD).

Since ¢~ decides the statement j“sT € j(X;), clearly

qglF sk j4s™ € j(X5)
and X; is in U. Therefore U is normal. [l

This completes the proof of Theorem 5.3.
We cannot replace “strongly inaccessible” in the last result with “supercompact”,
as we see next.

Lemma 5.6. If 3 is 31-supercompact, then there is a stationary set of a in
S(B,8%) such that aN B is not (a N B)F-supercompact.

Proof. Let S be the set of a in S(3, 31) such that aNg is not (aNB)T-supercompact.
Fix U a normal ultrafilter on P3(% which is minimal in the Mitchell ordering of
normal ultrafilter on P33%. Let j: V. — M = Ult(V,U). Since M contains all
subsets of PgA*" and U is minimal, M models that § is not 37 -supercompact. So
Bt is in j(S). Suppose that C is club subset of Pg3". Then j“C is a directed
subset of j(C) with size less than j(3), so |Jj“C = j“B* is in j(C) N j(S). By
elementarity, S N C is non-empty. So S is stationary. O

Proposition 5.7. Suppose that S(k, k") is stationary. Then there is a stationary
set of a in S(k,kxT) such that a Nk is not (a N k)T -supercompact.

Proof. Suppose that S(k, k™) is stationary. Let C be a club subset of P,x". Fix a
function f: k<% — kT such that any set a in P.x" which is closed under f is in
C. We will find a set a in S(x, k") which is closed under f such that a N & is not
(a N k) F-supercompact.

Fix b in S(k, xT) which is closed under f. If bN x is not (b N k)T -supercompact
then we are done. Otherwise bN Kk = Ky is nﬁ—supercompaet. Let 7: m;r — b be the
unique order preserving bijection. Note that crit @ = kp. Define fp: nZ‘<“’ — /42'
by letting

folao, ..., an) =7 H(f(r(ao),. .., m(an))).
Since ky is /ibJr—supercompact7 by Lemma 5.6 there is ¢ in P,%,‘ib+ such that c is closed
under fp, 0.t.(c) = (¢Nkyp)T, and ¢ N Ky not (¢ N kyp)T-supercompact. Let a = 7¥c.
It is straightforward to check that a is closed under f. Then aNk = 7“cNK = cNky
and o.t.(a) = o0.t.(c) = (cNkp)T. So ais in S(k,kT)NC and aNk is not (aNk)t-
supercompact. (Il

6. S(k,x") AND COFINALITIES

In this section we give another application of the forcing poset from Section 4 to
prove the following theorem.

Theorem 6.1. Suppose that GCH holds and r is k+*-supercompact. Then there
exists a model in which k is a non-Mahlo inaccessible cardinal, GCH holds, S(x, ™)
is stationary, and for almost all a in S(k,k7), cflaNk) = w.
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Start with a model V in which x is xtT*-supercompact and GCH holds. Let
W be a generic extension of V by a Radin forcing R which preserves the x*4-
supercompactness of k£ and adds a club set C' C & such that every « in C is regular
in V.

Let A be the set of 8 < & in lim(C) such that 3 is 3T -supercompact. We define
an Easton support Prikry iteration (IPZ-,Qi: i < k) such that Q, is non-trivial iff
« is in A. We will split the definition of QQ, into three cases. So partition A into
disjoint sets as follows. Let A; be the set of 3 in A such that 3 is 3T-supercompact
but not B2-supercompact, and let A, be the set of § in A such that 3 is 872-
supercompact but not 313-supercompact. Let Az be the set of 5 in A such that
is B+3-supercompact.

Suppose that Pg is defined for a fixed 5 in A. Let Sﬁ be a Pg-name for the set
of a in S(B,87) such that a N x is a singular ordinal with uncountable cofinality.
Let Ps, be a Pg-name for the forcing poset for destroying the stationarity of 5[3.

The definition of Qg depends on which set A; the ordinal 3 is in. Suppose that
B is in A;. By Lemma 5.2, Ps forces that 3 is 3T -strongly compact. By Lemma
2.3 there is a Prikry type forcing poset Qg which is B-weakly closed, has the direct
extension property, and is equivalent to Pg,,.

Suppose that (3 is in A2. By the same argument as in Lemma 5.5, P53 *[Pg, forces
that 3 is ST T-supercompact. Apply Lemma 2.4 to choose a Prikry type forcing
poset Qg which is B-weakly closed, satisfies the direct extension property, and is
equivalent to Pg, * PR(U), where U is a name for a normal ultrafilter on Pg37.

Suppose that 3 is in Az. We will prove that Pg * Ps, forces that there is a
B-complete ultrafilter Ug on @ which contains the set A; N 3. We then define Qg
as a Prikry type forcing poset which is equivalent to Pg, * PR(Ug).

Lemma 6.2. The poset PgxPg, forces that there is a 3-complete ultrafilter Ug on
(B which contains the set Ay N G.

Proof. Let j: W — M = Ult(W,U) for some normal ultrafilter U on Pz3"3 which
is minimal in the Mitchell ordering. Note that 5 is in j(Ag). Write

§(Pg) = Pg * Qg * Peait

where Qﬁ is a Prikry type forcing poset equivalent to Pg, * PR(S, B7T). Let Gg*Gg
be generic for Pg * Pg,.

Let $ be a PR(3, 87) * Piay-name for the closure under unions of C-increasing
sequences of the set

Ui“Gs ufuej(B): B Cuc st}

in the generic ultrapower, where G5 is the generic filter for Pg,. We will show that
5 is forced to be a master condition.

Let G * Gg % H * Gian be generic for j(Pg) over M. Let My = M[Gg*Gg * H *
Ghait]. Extend j to j: W[Gg] — Mj. The poset Py, is sufficiently weakly closed, so
sisin M[Gg* Gg* HJ]. Since j“Gg is a directed subset of j(Ps), s satisfies all the
conditions of Lemma 4.4, and in particular end-extends each member of j“Gg. So
in order to check that s is a condition in j(Pg), we need to show that s is disjoint
from j(S).

Write

s*={a€sanj(p) < s}
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Note that
s=s"U{ucjE):BCucCjgth

Since cf (7487 Nj(B)) = cf(8) = w in My, it suffices to show that s* is disjoint from
i(S).

Define {t;: i € On} as follows. Let tg = |Jj“Gs, and ts = [J{t;: @ < d} for limit
6 < (. For each i, let t;11 be the collection of sets a such that a is the union of an
increasing sequence (a;: j < &) of elements from ¢; with length less than 8. Let ¢
be the first ordinal such that t.y; = t¢. Then s* = [J{t;: i < (}. We only need
to take unions of sequences with length less than 3 in the successor case since any
strictly increasing sequence with length at least 8 has a union which contains (.

Sublemma 6.3. If x is a set in M[Gg| with size less than § and y C x in My,
then y is in M[Gg].

Proof. Since Pg, is < f-distributive and PR(S, BT) x Piay is B-weakly closed over
MG G5, Ps, *PR(f, 3T) % Prapn does not add bounded subsets to 3 over M[G3].
By considering a bijection between x and its cardinality in M[Gpg], it is clear that
the poset does not add subsets to x. (Il

Sublemma 6.4. s* N W[Gg] = 1.

Proof. Since Gg C W[Gg] and j | 7 is in W[Gg], clearly to C s* N W[Gg]. We
prove by induction on i < ¢ that t; N W[Gpg] C to. The claim is obvious for ¢, and
for limit stages. Suppose that t; " W[Gs] C to for a fixed i < &, and let a be in
ti+1 N W[Gg]. Fix an increasing sequence (a;: j < &) from ¢; whose union is a.
Since a is in W[Ggl, it is in M[Gg], so each a; is in M[Gg] Nt; C W[Gg)Nt; C to.
Since P(a) is in M[Gg], so also is the set {a;: j < £}. But ¢y is a closed subset of
Ps(j“pT) in M[Gg * Ggl, so a = J{a;: j <&} is in . O

Sublemma 6.5. The set s* is disjoint from j(5).

Proof. Tt suffices to prove that whenever a is in s* and o.t.(a) = (a N j(3))", then
either cf(aNj(B)) = w or an j(B) is strongly inaccessible. Suppose that a is in s*
and o.t.(a) = (anj(B))*. Let b= j"1[a]. Note that bN 3 = aNj(B), so it suffices
to show that b N G is either strongly inaccessible or has cofinality w. Consider the
case when a is in W[Gg]. Then by the last sublemma, a is in ¢, so clearly a = j(b)
and b is in |JGs. Then b is in S(3, 37) N|JGs, therefore bN 3 = a N j(3) either
has cofinality w or is strongly inaccessible.

Suppose that a is not in W[Gg]. Let p = bN B and let v = supb. Note that
pt is the same in M[Gg] and M;. We claim that cf(y)M[¢s] = 4+, Since Py, is
weakly closed enough that it does not add subsets to 3%, it does not change the
cofinality of 7. But Pg, * PR(S, 3T) only changes cofinalities to w. This is true
because Pg, preserves all cofinalities, since it is < f-distributive and Bt-c.c.; also
PR(3, 3%) does not add bounded subsets to 3, changes the cofinality of 8 and 3+
to w, and is BT T-c.c. So v must have cofinality ut in M[Gg].

Define an increasing sequence (d;: i < put) in M[Gpg| as follows. Let dy be any
club subset of « with order type ut and u C do. Take unions at limits. Given d;,
define

df =d; UH“d,
and define
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Now let d = (J{d;: i < u*}. Then d is closed under H, has size ™, and d N~ is a
club subset of v which contains p. Note that b is closed under H. Let u = dNb.
Then u is closed under H. Since u is a subset of d, |d| < 3, and d is in M[Gg], u
is in M[Gpg]. The set u = bNd has order type ™ and so is in S(3, 31). Also

p=anj(B) Cj(u)Ca
and j(u) is in j(F), so by Lemma 4.4 (3), j(u) is in s*. Since j | BT is in
WIGg], j(u) = j“u is in s* N W[Gg]. So by the last sublemma, j(u) is in ¢ty =
Jj“Gs.Therefore u is in |JGg N S(3,67), and so either y = u N B is strongly
inaccessible or has cofinality w. (I

Enumerate all canonical Py * Pg,-names for subsets of § as (X;: ¢ < f1). Let
G * G be generic for Pg Py over W. Let s be a name for the master condition
defined above.

Since j(Ps,) is j(B)-distributive, let ¢ be a name for a refinement of § which
decides the statement 8 € ](Xz) for every i < B%. Let g be a condition in Piaj
which decides each statement s I+ 8 € j(X;). Define Ug in W[Gj * Gs,] as the set
of X; such that there is a condition p in PR(3, 37) which is a direct extension of 1
and

plFql-tiF e j(X,).
Recall that whenever A is a collection of less than § many direct extensions of 1
in PR(3, 8%), there is p such that p <* pg for all pg in A. Using this fact it is
straightforward to check that Ug is a B-complete ultrafilter and contains A, N G.
This completes the proof of the lemma. O

Let ]P’Z,ing denote the poset Psingns from Section 2 for adding a club set to SingN 3
using closed, bounded subsets ordered by end-extension.

Lemma 6.6. The poset Pg x Ps, forces that there is a projection mapping
PR(Us) — B(F}"®),
where Psﬁing is a name for the poset for adding a club to the set 3N Sing.

Proof. Let G x G5 be generic for Pg * Pg, over W. We describe a canonical way
to define a generic for P;ng over W[G3 * Gg] from a generic for PR(Ug).

Working in the model W[Gg * Gg|, enumerate Psﬁi“g as (¢;: i < ). Let H be
generic for PR(Ug) and let (8,: n < w) be the generic Prikry sequence given by H.

We define by induction a sequence (d,,ay,: n < w) satisfying the following in-
duction hypotheses:

(1) each a, is in As,

(2) {an: n < w) is a subsequence of (G,: n < w),

(3) dy is in P58 in the model WG, * Gs,, ], where Gq, * G, is the generic
filter for P, * Pg, given by Gg,

(4) dp41 is an end-extension of d,,,
Let dy = cg,- Let ag be the least element in the Prikry sequence such that
ap > max(dp) and for all @ > «p in the Prikry sequence, « is in As. Since dy
is a bounded subset of ap and Pg = Py, * Ps, * PR(c, aar) % Pyai1, clearly dy is in
W[Gao * Ggao].

Suppose that d,, and «,, are defined. Since o, is in Az, Py, 11 = Py, *Pg, *
PR(an, o;f). Let Go, 41 = Ga, *Gs,  *Hg, be the generic for Py, 41 given by G.
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Since P58 is < ,-distributive and has size a,, there is a generic filter G58 for
Psing over WG, *Gs,, | in the model W[Gq,, +1] which contains the condition d,,.
Define

dni1 = JGE" U {an}.
Let a1 be the least element of the Prikry sequence greater than «,,. Since o,
has cofinality w in W[Gq, ], dnt1 is a condition in P37 . This completes the

induction.
Let d = U{dn: n < w} and let

Gsme = {dN(y+1):v < B}

We prove that G®"& is generic for ]P’%ing over W[Gg * Gg].
Let D be a dense subset of Psﬁing in W[G3 * Gg]. Define

Qp41 1°

B ={a € Ay: DNP"8 is a dense subset of P58 in W[G, * Gs,] }.
We claim that B is in U. It suffices to prove that in M[Gg * Gg]:
PR(3,87) IFqIF sl B € j(B),

where ¢ and s are the names we constructed to define Ug. So let G * Giaii * g be
generic for PR(3, 87) * Peap + j(Sg) such that g is in Giay and ¢ is in g. Since ¢ is a
master condition, we can extend j to

Jj: W[Gg * GSB] — M[Gg * Gs * G * Gyaq * g

Since j | }P’Sﬁing is the identity, j(D)N Psﬁing = D. But D is a dense subset of ]P’Sﬁing
in M[Gg * GSB]’ so by the definition of B we have § € j(B), and B is in Ug.

Since a tail of the Prikry sequence is contained in B, fix ay, such that DNPE8 is
a dense subset of PE"8 in W[G,, *Gs, ]. Since G is generic, fix a in DN GEE,

Then clearly a is in D N G*"8. So indeed G is generic. (]

Note: The proof of Lemma 6.6 is similar to a method used by Gitik in [7].

This completes the definition of the iteration. Let S be a P,-name for the set
of a in S(k, k™) such that a Nk is a singular ordinal with uncountable cofinality.
We force with the poset P, * Pg * P"8 where P¥"& adds a club through s N Sing.
Let G, * G5 * G¥"& be generic for P, * Pg x P58 over W. Let D = |JGg, which
is a club subset of P,x™. By definition of S, if a is in S(k,xT) N D, then a Nk is
either inaccessible or has cofinality w. But  is non-Mahlo in WG, * G5 * G518],
so there is a club of singulars in k. It follows that for almost all @ in S(x,x%) N D,
aNk is singular, and therefore has cofinality w. The only thing left to prove is that
S(k, k™) remains stationary.

Fix an elementary embedding j: W — M in W with critj = &, j(k) > k74, and
LV C M. By GCH & is a k*3-supercompact cardinal in M, so & is in j(A3).
Write

](]P}/{) = Pka * Qka * ]P)tail
where Py, is forced to be k5-weakly closed and Qn is equivalent to Pg * PR(U,),

where U,; is an ultrafilter on £ which contains A,. Since & is in j(43), by Lemma
6.6 P, x Pg forces that there is a projection mapping

PR(U,) — B(Psi"8).
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Let G, x Gg x G¥"8 x G* % G5 be generic over W for the poset
P, x Pg x Psing (PR(UN)/B(PSing)) * Pyail-

Let M1 = M[G, * Gg * G*18 x G* x Gyap1]. Extend j to j: W[G,] — M.

We would like to further extend j to W[G, * Gs x G5"8]. In order to do this we
construct a master condition in M; for j(Pg * P5i"8). Note that j(c) = c for all ¢ in
G*"&. Define s; by

51 = UGSi“g U {x}.
Since x has cofinality w in My, it is straightforward to check that s; is a closed

bounded subset of j(k) N Sing which end-extends j(c) = ¢ for all ¢ in G&. Define
so as the closure under unions of increasing sequences in M, of the set

Ui“Gsu{uej(B):k CucCjs*}

Exactly the same argument as in the proof of Lemma 6.2 shows that sy is a master
condition in j(Pg).

So the condition (s, 51) is a master condition. Let g be a generic for j(Pg*P%n8)
over WG, * Gg * G x G* % Gy,11] which contains (sg,s1). Then j extends to

j: WG, % Gs  G¥¢] — M, [g].
We show that S(k, k") is stationary in W[G, * Gs * G*"8]. Suppose that C is a

club subset of P,x*. Since kW is a cardinal in M [g], j“kF is in j(S(k,xT)). Also
j“C is a directed subset of j(C) with size less than j(k), therefore

Ji“C = j*r* € 5(0) NStk k™).

By elementarity, S(x, ") N C is non-empty. So S(k,x") is stationary.
This completes the proof of Theorem 6.1.

7. S(k,k") CAN BE NON-SPLITTING
In this section we prove the following theorem.

Theorem 7.1. Suppose GCH holds and there exists a kT3-supercompact cardinal
k. Then there exists a model in which k is strongly inaccessible and NS | S(k, ™)
is k1 -saturated.

We will need the following result, which is a variation of the proof due to Tryba
and Woodin [13] that successors of regular cardinals are not Jonsson cardinals.

Proposition 7.2. Suppose that (3 is a regular cardinal. Then there is a partial
function F: 7<% — BT such that whenever Q is a forcing poset which preserves
stationary subsets of 31, then Q forces that F is Jonsson for 7.

Proof. Partition S1 N cof(3) into disjoint stationary sets (S;: i < 81). For each
limit ordinal a below 3%, fix a set d,, closed and unbounded in « with order type
cf(a). Define a partial function F as follows:

(1) Fy+1) =1,

(2) F(&,€) is the unique ¢ such that £ is in 5,

(3) F(a,v) = min(dy, \ 7v) when v < o and « is a limit ordinal.

Let G be generic for Q over V. In V[G] suppose that A is a subset of 4 with
size BT and is closed under F'. By the assumption on Q, each S; is still stationary
in V[G]. We claim that for all i < 87, the set AN S; is non-empty. This is enough,
since if € is in AN S; then F(£,€) =i isin A, so g+ C A.
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Since S; is stationary in V]G], fix £ in S; N lim(A). We show that £ is in A.
Otherwise let o be the least element of A greater than £&. By (1), a is a limit
ordinal. By (3), dy is unbounded in . Now o.t.(dy) < B, and since do N € is a
proper initial segment of dg, 0.t.(do, NE§) < 8. But d, N & is in V, so cfv(f) < B.
This is a contradiction since ¢ is in S; C cof” (3). O

Using this proposition we can obtain some information about non-splitting sub-
sets of P.xt.

Corollary 7.3. Suppose that S is a stationary subset of P.x™ such that NS | S
is kT -saturated. Then there is a club set C such that:

1. SNC C S(k,k™),

2. forallaCbin SNC, |a] <bNK.

Proof. Let F: kT<¢% — k™ be a partial function as in Proposition 7.2. Let S* be the
set of a in S such that aNk is a limit cardinal, o.t.(a) = (aNk)™, and F is Jonsson
for a. Suppose that a and b are in S* and @ C b. Then since a is closed under F'
and F is Jonsson for b, |a| < [b] = (bNk)T. But |a| is a successor cardinal and bk
is a limit cardinal, therefore |a| < N x. So it suffices to show that T'= S\ S* is
non-stationary.

Suppose for a contradiction that 7' is stationary. Let U be a generic filter for
(NS | S)* with T in U. Let j: V — M be the generic elementary embedding
induced by U. Since (NS | S)T is kT-c.c., by Proposition 7.2 the function F is still
Jonsson for k* in V[U]. It is straightforward to check that this implies that j(F)
is Jonsson for j“s™ in M, and therefore j“x™ is in j(S*). So j“s<™ is not in j(T),
which contradicts the fact that 7" is in U. (]

The remainder of the section will be devoted to proving Theorem 7.1 by con-
structing a model in which NS | S(k,x™) is k*-saturated. Start with a model V
in which GCH holds and & is a xT3-supercompact cardinal. Let W be a generic
extension of V by a Radin forcing R which preserves the x13-supercompactness of
x and adds a club set C to x with order type x such that every « in C is regular
in V. For each strongly inaccessible 3 < & choose partial functions Hg and Fj in
V as in Lemma 4.1 and Proposition 7.2.

Let B be the set of 8 < & in lim(C') such that 3 is 3T *-supercompact. We define
an Easton support Prikry iteration <]P’i7Qi: i < k) as follows. Suppose that Pg is
defined for some § < k. If § is not in B, then let Qg be trivial.

Suppose that §is in BU {x}. Let G be generic for Pz over W. We describe a
forcing poset

Pp, + PP

in W[Gg] and then define a Prikry type forcing poset Qg which is equivalent to it.
This will complete the definition of P, x Pr, xP*. Let Pg, be the < S-distributive,
BT-c.c. forcing poset from Definition 4.2 for destroying the stationarity of the set
of a in S(B3, 31) such that Fj3 is not Jonsson for a. Let G be generic for P, over
WIGs].

Working in W[Gs * Gp), fix a surjective function f: g7+ — g+t x g++ such
that

Vo,i,j < 77 ( fle) = (i,j) = i< a).
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Let E be the set of a in Pz which are closed under Hg and Fz. We define a
< (-support forcing iteration

(P2, Qa: < B7F)
and a family of names
(X a,i < T}
by recursion on o < 3%+, The following properties will hold for each a:

(1) P8 is < B-distributive,

(2) Let D? denote the set of ¢ in P? such that for all v in supp(q) there is x in
the ground model W[G 3 * G| such that q(vy) = x. Then D? is dense.

(3) |DE| < gt if a < pHT.

Note that D} C D/ for i < j.

First we consider the successor case. Suppose that P? is defined and satisfies
the required properties for a fixed a < 3+F. Since D? has size less than S+, we
can enumerate all canonical DZ-names for stationary subsets of S(3, 3)N|JGF as
(X i < BtT). Write f(a) = (i,7). Then i < a, so X; is defined. By Proposition
4.9 and the recursion hypotheses, X; is of the form required to define the < (-
distributive, 3*-c.c. poset ]P’XJ from Definition 4.2 which destroys the stationarity

of X; So let QF = IP’X;. It is straightforward to check that (1), (2), and (3) hold

for Pg 11
Now we consider the limit case. Suppose that a < AT is a limit ordinal and
Pg is defined as required for all ¥ < a. Define P? by taking conditions with < j3-
support. That is, a condition in IP’g is a sequence p with domain a subset of o with
size less than § such that p [ 7y is in IPE for all v < a.
Now we verify properties (1), (2), and (3) for P2. First we prove (2) by showing
that D? is dense.

Lemma 7.4. Property (2) holds for P5.

Proof. Let p be a condition. If cf(«) > f then there is v < a such that supp(p) C 7.
Then p is in IF’g7 so by the recursion hypotheses there is ¢ < p in Dg. But then ¢ is

in D5,
Suppose on the other hand that cf(a) < (. Choose an increasing sequence
(o i < cf(a)) unbounded in «, with ag = 0. Exactly as in Proposition 4.6

construct an increasing and continuous sequence of sets (N;: ¢ < cf(a)) closed
under H and F such that for some function f: 3 — 7 in V, for all i < cf(a):

(2) f40; = N;NBT.
Choose Ny to contain as elements the sets P2, p, C, H, E, (a;: i < cf(a)), and
(D?: i < a). We construct a decreasing sequence of conditions (p;: i < cf())
satisfying:

(3) (pj: j <) is in Nigy,

(4) p; | ; is in Dgi,

(5) for all v in supp(p;) N, N; N BT = max(p;(7)),

(6) pi(€) = p(&) for all a; <& < an.

Suppose that p; is given satisfying the requirements. Let p; be the <g-least
extension of p; [ ;41 in Dng. Define p; 1 as follows. For each £ in the support
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of p}, define
pir1(&) =p;(©)U{ue E: Njy1 N B CuC Ny NGB}

For each £ in supp(p;) \ @it1, let pi11(€) = pi(€). Tt is straightforward to check
that p; 1 satisfies the inductive requirements.

Suppose that v < cf(«) is a limit ordinal and p; is defined for all ¢ < . Define
p~ as follows. The support of p, is [J{supp(p;): ¢ < v}. Let & be in this support. If
€ > ay then let p,(§) = p(&). Otherwise there exists ¢ < y such that (p;(§):¢ <j <
v) is a sequence of canonical names for sets in the ground model. Apply Lemma
4.5 to this sequence to obtain p.(£).

This completes the construction. The condition pct(,) refines p and is in D5,
Therefore property (2) holds. [l

Now we verify property (1) by showing that P2 is 3-distributive. This proof is
basically the same as the proof of property (2).

Lemma 7.5. Property (1) holds for P5.

Proof. Suppose that (D;: ¢ < §) is a sequence of less than 5 many dense subsets of
P2, Suppose that p is a condition. Choose an increasing and continuous sequence
(N;: i < §) of sets closed under H and F' such that for all ¢ < 4:
(2) f46; = N;n 3+,
Choose Ny to contain as elements the sets P2, p, C, H, E, (a;: i < cf(a)), and
(D;: i < 0). We construct a decreasing sequence of conditions (p;: i < §) satisfying:
(3) <pj: ] S ’L> is in Ni+17
(4) piy1 is in D2 N Dy,
(5) for all v in supp(p;), N; N BT = max(p;(7)).
The construction is straightforward and uses Lemma 4.5 for the limit stages. [

For property (3), first suppose that cf(c) > 4. In this case D? = [J{D": i < o},
so clearly |D?| < p*+ if @ < BT+, Otherwise fix an increasing sequence {c;: i <
cf(a)) unbounded in o. Then D is the set of p in P2 such that p | a; is in DS
for each 4. Since each |DS | < g+, |DB| < (p)H(@) = g+,

This completes the definition of the forcing iteration and the proof of properties
(1), (2), and (3). Let P% = PZ** and D = J{D?: i < 8TF}. Then P, x P7 is
< B-distributive and has size 31+, and D? is dense in P?.

Lemma 7.6. The poset PP is f+-c.c.

Proof. Suppose for a contradiction that P? is not 3+-c.c. Then there is an antichain
{pi: i < B) in DP. Without loss of generality, for each i and for each « in the
support of p;, p;i(a) = X%, for some x!, in W[Gg * Gr]. Applying the A-system
lemma we can assume that there is d C ST+ with size less than 3 such that
supp(p;) Nsupp(p;) = d for i < j. Let a; = [J{max(x%): a € supp(p;)}. Again by
the A-system lemma we can assume there is e C 31 with size less than 3 such that
a; Naj = e for i < j. Now there are less than § many possibilities for a sequence
(P(e)Nx’: a € d), so we can assume that all such sequences are equal for different
values of .

Consider any ¢ < j. Since p; and p; are incompatible, then exactly as in the
proof of Proposition 4.7 there is « in d and (without loss of generality) a in x?,\ x/,
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with @ C maxx/,. But then a C a; Na; =e. So a is in P(e) Nx.,, therefore a is in
P(e) NxJ, C xJ,, which is a contradiction. O

Therefore P? has no more than #++-many antichains. By Lemma 2.3 there exists
a (-weakly closed Prikry type forcing poset Qg which satisfies the direct extension
property and is equivalent to Pg, * P,

This completes the definition of P, « P« P*. Let F' = F,,. We will now define
a complete suborder Pg * P% of Pr + P* and prove that this suborder forces that
NS | S(k,kT) is kt-saturated.

In order to define P} , we need to consider a supercompact elementary embedding.
Let j: W — M be an elementary embedding with crit(j) = &, j(k) > &3, and
~°M C M. Then & is in j(B), so write

j(PH) =P, = Qn * Prail

where Q,{ is equivalent to Pp * P*. Let G, be generic for P, over W. In the
model W[G,], let (X;: i < kTT) be the sequence of names defined by X; = Xg‘,
where f(i) = (a, ) in the definition of P*. So for all i < k™1, Pp * P¥ forces that
QF =Py,

First let us consider how to extend j by constructing a master condition for Pp.
Let Gp * G" % Gyay be generic for P x P* % Pyy; over W[G,]. Extend j to

J: W[Gs] = M[Gy « Gg * G* % Gyap]-

Write My = M[G * Gp * G* x Gyai1]. We define a master condition ¢g for Gp and
j. Let

tp = Uj“GFU{u €j(E):k CuCj“stl.

Since |JGF is a club subset of P,x™ in M[G, * Gr], by the distributivity of P~
and the weak closure of Piaq, |J7“GF is a club subset of P, (j“<") in M. So tp
is closed under unions of increasing sequences. Also R x j(P,) does not destroy
stationary subsets of kT, since R is kT-c.c. and j(P) = Pr11 * Pray, where Py
is kT-c.c. and P, does not add subsets to x*. So by Proposition 7.2, J(F) is
Jonsson for j“<T in M;. But every member of tr N j(S(k, k")) which is not in
Jj“Gr must be unbounded in j“<™ and hence by the Jonsson property is equal
to j“k*. Therefore j(F') is Jonsson for a for every a in tp N j(S(k,kT)). So tp is
a master condition.

Still working in M, fix a regular 6 > j(x) and a well-ordering <g of H(f). As
in Proposition 4.6, construct an increasing sequence (N;: i < j(k)) of elementary
substructures of H(6) in P;(.)H (6) such that for some function f: j(x) — j(xT) in
V.

(1) N; 0 j(s) = 6 is in j(1m(C)),

(2) N; ﬂj(li+) = f“d;,

(3) <Nj2 j S 7,> is in Ni+1-

Choose Ny to contains the sets j(P,), G, G*, j(F), j(H), j(E), tr, and (j(X;): i <
kTT). For each i < k™1 let G¥ be the generic filter for Qf given by G*. Now go
back to W[G, *Gr] and identify the objects just defined with their P*xPy,;-names.

Working in W[G,, * Gp] we define a complete suborder P of P* by inductively
defining a < k-support forcing iteration

(P, Q% i < k).
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For each 4, A;;; is a P} -name for a subset of 7 + 1, and in is non-trivial iff 7 is
in Ai1. If QF, is non-trivial then Q% =Py . Let D% =P% N Df. Then DY is
dense in P’ and there is a projection mapping

K K

Since the posets are < r-distributive, the poset Py is the same in the generic
extensions by Pi and P’} . At the same time we construct sequences

(3,720 < KkTT)

and
(g1 < wTT).
Let D" = Dr,, = U{Df: i < k*t*}. Our induction hypothesis is that P* forces:

(1) g; is in Peaq, and g; <* ¢; for all ¢ < j,

(2) Prain forces that $;7%; is in j(Pp * P ), %X, is in j(D4.), and ;7 %; < &7 %;
for i < j,

(3) Pyai forces that ($;,7%;: j <4) is in Nj4q,

(4) Py forces that for all o in supp(xk;), max(x;(a)) = N; N j(k™), and also
max($;) = N; Nj(kT).

Let Ay = 0 and let ¢g, X9 be names for the maximum conditions in Py, and
§(PF). Let o = tp. Suppose that i < k™ and A;, ($07%;: j <), and (¢;: j < i)
are defined satisfying the induction hypotheses. Consider the name X;. If this is
not a Py -name then let A;1; = A; and let ¢;4+1 = ¢;. Let x;41 be a name for the
condition with the same support as X; such that for all a in supp(%;),

Xi+1(@) = %;(a) U{u € j(E): Nipr Nj(k) Cu S Nip 0 j(k5)},

and similarly define $;41. Since |[N;41 N j(k1)] = Niy1 N j(K), Xi+1(a) is disjoint
from j(X,). Using the induction hypotheses it is easy to check that $;41 7 %;11 is
a condition in j(IP.F * Pi\iH) which refines $;”x;.

Suppose that X; is a P} -name. By the induction hypothesis $; %, is in j(Pp *
P% ), so let 37 x X} be a name for the <y-least refinement of $;”%; in j(Pp x P% )

o~ Y

such that x; is in j(D% ) and 57 "%} decides the statement j“s* € j(X;). Choose
a name ¢;41 for a direct extension of ¢; such that ¢;;1 decides the statement

sEw il Ik jert € §(X5).
Let A;41 be a P’ -name for the set which is equal to A; unless
P* /P51 Gogr IF §7 IR 37 IF 55T ¢ §(X),
in which case A;11 = A; U{i}. Now define a P" x Py,;-name $;41 * X;11 as follows.
If ¢ is not in A;41 then define x;11 as in the previous case, namely, as a name for
the condition with the same support as %; and for all « in supp(%;),
Xip1(a) = %i(a) U {u € §(E): NigaNj(k) CuC Nipa N7}
define $;41 similarly. If 4 is in A;41, then define

t; = Uj“GfU{u €j(E):k CuCj“stl.

Since s} * x} forces that j“<* ¢ j(X;) and j(F) is Jonsson for j“xT, sF xx} forces
that ¢; is a condition in j(P X1) Let $;41 *x;41 be obtained by taking the condition
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$F# x5 t; and adding to each coordinate the elements of
{u € j(E): Niyr N j(k) Cu S Niwa N (7))

Suppose that § < k™1 is a limit ordinal. Let As denote |J{A;: i < §}. Since
(gi: 1 < 9) is forced to be <*-decreasing in the j(k)-weakly closed poset Pin;, we
can choose a name ¢s for a condition in Pi,; which directly refines each ¢;. By
the inductive requirements of $;%; for i < §, apply Lemma 4.5 to obtain $s * X4
refining each §; * x;.

This completes the definition of P%. Let $p = $4++, X = X++ and ¢ = G++.
It is straightforward to check that $p * x is forced to be a master condition for
Gr *G% and j. Let D} = D* NPY. Note that DY is a dense subset of P7.

Suppose that G is generic for P over W[G, * GF]. By the properties of P4,
any set X C Pow™ in W[G, * Gp * Gf] is in W[G,, x Gp * G* ] for some i < 5.
Using this fact it is straightforward to check that if X is a subset of S (k,£T) in

WI[G, * Gp * G%], then there is i such that X = X;, X; is a Df-name, and if
X is non-stationary then we can choose such an i so that X is non-stationary in
WGy * G * G’j,i].

Lemma 7.7. The poset Pp x P% forces that NS | S(k, k™) is kT -saturated.

Proof. Let Gp * G 4 be generic for Pp x P over W[G,]. For any P*-name X, let
®(X) be the statement
qIFsplF @l jést ¢ j(X),

First we show that for every set X C S(k,xk") in W[G, * Gp * G4], X is in
NS | S(k,k") iff there is a Pf-name X for X such that P*/P% forces ®(X).
Suppose that P* /P forces ®(X). Fix p in G} such that p 1 forces ®(X) in P*.
Then we can choose Y such that P* forces ®(Y') and p* 1 forces X = Y. Therefore
Y is a name for X. Fix i such that X; is a D’} -name and I+ Y = X;. Then clearly
i is in A;41 and so QAi = Py.. So P} destroys X and X is non-stationary. The

other direction is straightforward.
If X isin (NS | S(k,sT))" then there is px in P*/P% such that

px Ik qIFsp IF %I j4sT € j(X).
Suppose that X NY is disjoint from a club D. If r < px,py then
rliFgl-sp Ik xIF st € (X)) Nj(Y)Nj(D)

which is a contradiction. So px and py are incompatible. Since P*/P% is kT-c.c.,
NS | S(k,sT) is kT-saturated. O
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