SOME RESULTS ON FINITELY SPLITTING SUBTREES OF
ARONSZAJN TREES
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ABSTRACT. Forany 2 < n < w, we introduce a forcing poset using generalized promises
which adds a normal n-splitting subtree to a (> n)-splitting normal Aronszajn tree. Using
this forcing poset, we prove several consistency results concerning finitely splitting subtrees
of Aronszajn trees. For example, it is consistent that there exists an infinitely splitting
Suslin tree whose topological square is not Lindelsf, which solves an open problem due to
Marun. For any 2 < n < w, it is consistent that every (> n)-splitting normal Aronszajn tree
contains a normal n-splitting subtree, but there exists a normal infinitely splitting Aronszajn
tree which contains no (< n)-splitting subtree. To show the latter consistency result, we
prove a forcing iteration preservation theorem related to not adding new small-splitting
subtrees of Aronszajn trees.
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1. INTRODUCTION

In this article we study finitely splitting subtrees of Aronszajn trees. We prove consis-
tency results related to the issue of the existence or non-existence of uncountable down-
wards closed subtrees of Aronszajn trees whose elements all have some prescribed number
of immediate successors. This topic has deep connections with fundamental notions in the
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theory of trees, such as the property of being Suslin, as well as having significance to topol-
ogy. For example, recently Marun [Mar24b] has shown that an w,-tree, equipped with a
natural topology called the fine wedge topology, is Lindelof if and only it does not contain
an uncountable downwards closed finitely splitting subtree.

We introduce a forcing poset for adding an uncountable downwards closed normal sub-
tree of a given Aronszajn tree with some specified arity of its elements using the technique
of promises. The idea of a promise was introduced by Shelah [She98, Chapter V, Section
6] and incorporated in his forcing for specializing an Aronzajn tree without adding reals.
Roughly speaking, a promise is an uncountable subtree of a derived tree of an Aronszajn
tree which can be used in a forcing notion to put constraints on the growth of the working
part of a condition. While introduced explicitly by Shelah, a version of promises appeared
earlier within Jensen’s proof of the consistency of Suslin’s hypothesis with the continuum
hypothesis ([DJ74, page 108]). More recently, the use of promises to force subtrees of
Aronszajn trees appears in work of Lamei Ramandi and Moore ([Moo07], [LRM18]). Our
forcing for adding a subtree uses a generalized version of promises which is similar to that
introduced by Abraham-Shelah [AS93, Definition 4.1] to specialize an Aronszajn tree while
preserving Suslin trees.

We now summarize the main results of the article. Let 2 < n < w and assume that 7" is
a normal Aronszajn tree such that every element of 7" has at least n-many immediate suc-
cessors. We prove that there exists a forcing poset which adds an uncountable downwards
closed normal subtree of T such that every element of the subtree has exactly n-many im-
mediate successors in the subtree. This forcing poset has several strong properties: it is
totally proper, w,-c.c. assuming CH, and can be iterated with countable support without
adding reals. The forcing preserves Aronszajn trees, and assuming that 7" does not contain
a Suslin subtree, it preserves Suslin trees. In addition, for any 2 < m < n, if § is any
Aronszajn tree which does not contain an uncountable downwards closed subtree whose
elements have fewer than m-many immediate successors in the subtree, then our forcing
preserves this property of S

Using this forcing poset we prove several consistency results, two of which we highlight
here. Solving an open problem due to Marun, we show that it is consistent that there
exists an infinitely splitting normal w;-tree S which is Suslin, and hence Lindel6f in the
fine wedge topology, but the topological square S x S is not Lindelof. We prove that
for all 2 < n < w, it is consistent that any normal Aronszajn tree satisfying that every
element has at least n-many immediate successors contains an uncountable downwards
closed normal n-ary subtree, yet there exists a normal infinitely splitting Aronszajn tree
which contains no uncountable downwards closed subtree for which every element has
fewer than n-many immediate successors. In order to show the last consistency result, we
prove a new preservation theorem which say that any countable support forcing iteration of
forcings which are proper and do not add small-splitting subtrees of Aronszajn trees also
does not add such subtrees.

Background. We assume that the reader is familiar with w;-trees, proper forcing, and
iterated forcing. We describe our notation and some basic results about trees which we
need.
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Let T be an w;-tree, which means a tree of height @w; with countable levels. For any
0 < n < w, T is n-splitting if every element of 7" has exactly n-many immediate successors.
Similar properties such as (< n)-splitting, (< n)-splitting, and (> n)-splitting (when n is
finite) have the obvious meaning. By a subtree of T we mean any set W C T considered
as a tree with the order <7 N W2. We will mostly, but not exclusively, be interested in
subtrees which are downwards closed in the obvious sense. For any x € T, let T be the
subtree {y € T : x <7 y}.

For any x € T, we write hty (x) for the height of x in 7. Let Ty, or level o of T', denote
the set of all elements of 7" with height o, forany o < w;. LetT [ A = {x € T : hty(x) €
A}, for any A € w;p. If b is a cofinal branch of 7 and ¢ < w;, let b() be the unique
element of b N T,,. Whenever x € T and 8 < htr(x), x [ B is the unique element below x
with height 8. Similarly, X | B ={x [B:x € X}andX | B = (xo | B.....xXn-1 | B)
whenever X C Ty and X = (xo,...,Xp—1) € T for some f < o < wy.

For any x € T, we write Imm7 (x) for the set of immediate successors of x. We say that
T is normal if it has a root, is Hausdorff, every element has incomparable elements above
it, and every element has uncountably many elements above it (if 7" is Aronszajn, then the
third assumption is subsumed by the fourth). A subset of T is dense open if it is dense open
in the forcing poset consisting of 7" partially ordered by the reverse of the tree ordering.

A product tree So ® -+ ® S,—1, where So, ..., Sp—1 are finitely many wi-trees, is the
w1 -tree consisting of the tuples in Sg X - - - X S,,—1 whose elements all have the same height,
ordered component-wise. Note that if Sy, is normal for all m < n, then so is the product. A
derived tree of an wi-tree T with dimension 7 is a tree of the form Ty, ®---® Tx,,_,, where
X0, ..., Xn—1 are distinct elements of 7' with the same height. If X = (xq,...,Xs—1), We
abbreviate Tx, ® --- ® Tx,_, by Tx.

The following lemma summarizes some basic facts about trees which we need.

Lemma 1.1. Suppose that T is an w-tree.

(a) There exists an uncountable downwards closed subtree U of T such that every
element of U has uncountably many elements of U above it.
(b) If T is normal, then there exists a club C C wy such that T | C is infinitely
splitting.
(c) Ifthere exists a club C C w1 such that T | C is special, then T is special.
(d) If T is normal, then the following are equivalent:
1) T is Suslin;
(i1) every dense open subset of T contains some level of T ;
(iii) for every uncountable downwards closed set U C T, there exists some x € T
such that Ty C U.

We say that a cardinal A is large enough if all parameters under discussion are in H(1).
A forcing poset is totally proper if it is proper and it does not add reals. If N is a countable
elementary substructure of H(A) and Q € N is a forcing poset, a condition g € Q is a fotal
master condition for N if for any dense open set D of Q in N, there exists somev € DNN
such that ¢ < v. We write Lim(w; ) for the set of countable limit ordinals.
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2. FINITELY SPLITTING SUBTREES AND LINDELOF TREES

We begin our study by providing some ZFC constructions of finitely splitting Aronszajn
trees and Aronszajn trees which contain uncountable downwards closed finitely splitting
subtrees. These results are obtained by starting with a given tree and then modifying it to
have some desired property. We then define the fine wedge topology on an w;-tree and
describe a characterization of the Lindelof property of this topological space in terms of the
non-existence of finitely splitting subtrees.

A standard construction of a special Aronszajn tree is to build a normal w;-tree T to-
gether with a strictly increasing function 7 : T — Q by recursion, maintaining that when-
ever 7(x) < ¢ € Q and htr(x) < @ < w1, then there exists some y € T, above x such
that w(y) < ¢g. Note that this inductive hypothesis implies that 7 is infinitely splitting.

Lemma 2.1. For every 2 < n < w, there exists a special Aronszajn tree which is normal
and n-splitting.

Proof. Start with a special Aronszajn tree 7" which is normal and infinitely splitting. We
build a normal w;-tree U satisfying that U | (Lim(w;) U {0}) = T. Forany x € T,
insert w-many new levels in between x and its immediate successors in 7' which is a copy
of the tree (*®n \ {@}, C). Now pick distinct cofinal branches (b; : k < w) of this copy
of =®?n \ {0} so that every element of the copy belongs to some branch. Enumerating the
immediate successors of x in T as {y; : k < w), specify y; to be the unique upper bound
of by, for all k < w. It is routine to check that the tree U obtained in this manner is normal
and n-splitting. Since U restricted to the club set of countable limit ordinals is special, by
Lemma 1.1(c) sois U. O]

Proposition 2.2. There exists a special Aronszajn tree U which is normal, infinitely split-
ting, and contains a normal uncountable downwards closed 2-splitting subtree. In fact, for
each x € U, Uy contains such a subtree.

Proof. By Lemma 2.1, we can fix a special Aronszajn tree 7 which is normal and 2-
splitting. Let 7 : T — w be a specializing function. We construct by induction a sequence
of normal w;-trees (U : @ < w,) satisfying that U® = T and forall & < B < w1, U% is
a downwards closed subtree of U and UP | (« + 1) = U® | (& + 1). Note that since U*
is downwards closed in U, htys [ U* = htye.

Begin by letting U? = T'. Suppose that U¢ is defined for some fixed @ < w;. Define
U**! which extends U® by adding above each x € UZ infinitely many pairwise disjoint
trees, which we denote by U(«, x,n) for n < w, each of them isomorphic to 7" minus the
root of 7. Since T is special, we can fix a specializing function 7y x » : U, x,n) — o
for each such x and 7. This completes the constriction of U%*!, which easily satisfies the
required properties. Now assume that § < w; is a limit ordinal and U¥ is defined for all
a <8 LetUS = Ug<s U%. Again, it is straightforward to verify that U 8 is as required.
This completes the construction.

Now let U = | Jy<,,, U%. Itis routine to check that U is a normal w;-tree, and for all
a < wi, U% is a downwards closed subtree of U and U | (¢ + 1) = U* | (x + 1).
For each «, since U% is downwards closed in U, hty | U¥ = htye. Foreach z € U, let
oz < wp be the least ordinal such that z € U%z. Then either &, = 0 or o, is a successor
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ordinal. In the latter case, let o; = B, + 1. Note thatif y <y z, then @y < a; since U%:
is downwards closed in U. For each z € U® = T, let x; denote the root of 7. For each
ze U\ U9, let x, be the unique member of Ulgzz such that x, <y z and let n, < w be
such that x, € U(B;, xz,nz).

To show that U is infinitely splitting, consider z € U. Let y = hty (z). If «; = 0, then
at stage y we have that htyv (z) = y, and we added w-many immediate successors of z in
forming UY 1. Suppose that a; > 0. Every element of U% \ UP- has height at least o,
in U% . Therefore, y > (.. Atstage y we have that htyy»(z) = y and we added w-many
immediate successors of z in forming U? 1. This completes the proof that U is infinitely
splitting.

Claim: Suppose that y <y z. If @y, = @ then x,, = X, and if also @, > O then
ny =nz. Ifay < a, thenx, <y x; <y z.

Proof. First, assume that o, = . If @, = 0 then xy, = x; is the root of T'. If o), > 0,
then easily x, = x; and ny, = n;, for otherwise y and z are incomparable. Secondly,
assume that o), < ar;. If @y, = 0, then clearly xy, <y x; since xy, is the root of 7". Suppose
that o), > 0. Since y <y z, xy, <y y, and x; <y z, it follows that x, and x, are
comparable in U. But x,, has height 8,, which is less than the height of x, which is 8. So
Xy <y Xz. - Claim

To show that U is special, we define amap 7y : U — ~®w\ {@} by induction as follows.
Forany z € U? = T, let my(z) = (m(z)). Now consider z € U \ U? and assume that
my (y) is defined for all y € U such that o), < o,. In particular, we have defined 7y (x;).
Let 7y (z) be the concatenation 7wy (xz) ™ (7, x, n. (2)).

To show that g7 is a specializing map, suppose that y <y z. Assume by induction that
for all ¢ <y d with heights less than hty (z), my (¢) # ny(d).

Case 1: ay = a;. Then by the claim, x, = x, and ny, = n; in the case that a, > 0. If
ay = 0, then ny (y) = (w(y)) # (w(2)) = 7y (2). Suppose that oy, > 0. As g, v p 1S
a specializing map on U(By, xy,ny), 708, x,.n, (V) # 7p_ x.n.(2). S0

my (y) =y (xy) (78, xyn, (V) # U (X2) " (7B, x. 0. (2)) = 70 (2).

Case 2: ay < az. Then by the claim, x, <y x; <y z. By the inductive hypothesis,

my(xy) # my(xz). If ay = 0, then 7wy (y) = (w(y)), which has length 1. But ny (z) =

7wy (Xz)” 7B, x..n.(2), which has length at least 2 and hence is different form 7y (y). If
ay > 0, then

Ty (y) = nU(xy)A<]Tﬂy,xy,ny (y)) 7é nU(XZ)A(T[,BZ,xZ,nZ (Z)) = 7'L'U(Z).
Soindeed U is special, and T is an uncountable downwards closed subtree of U which is
normal and 2-splitting. Now for each x € U with some height y, Uy contains U(y, x,0) U
{x}, which is an uncountable downwards closed subtree of U, which is normal and 2-
splitting. U
A similar construction yields the following proposition.
Proposition 2.3. Let2 <m < n < w. Assume that T is an wy-tree which is (> n)-splitting
and for all x € T, Ty contains an uncountable downwards closed (< m)-splitting subtree.

Then T contains an uncountable downwards closed m-splitting subtree. Moreover, if T is
normal, then there is such a subtree which is normal.
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Proof sketch. Let W be some uncountable downwards closed (<m)-splitting subtree of T'.
In the case that T is normal, by thinning out further if necessary using Lemma 1.1(a) we
may assume that W is normal. Similar to the proof of Proposition 2.2, we build a sequence
(U* : o < wy) of subtrees of T roughly as follows. Let U? = W, and take unions at
limit stages. Assuming that U% is defined for a fixed « < w1, pick for each x € UZ,
(m — my)-many immediate successors of x in T\ U%, where myx < m is the number
of immediate successors of x in U%. Now construct U*T! by adding above each such
immediate successor y some uncountable downwards closed (< m)-splitting subtree of Ty,
which we may take to be normal assuming that 7" is normal. We leave the details to the
interested reader. 0

Corollary 2.4. There exists a special Aronszajn tree T which is normal, infinitely splitting,
and satisfies that for each 2 < m < w, T contains an uncountable downwards closed
subtree which is normal and m-splitting.

Let 2 < m < n < w and suppose that T is a (> n)-splitting w;-tree which contains a
(=< m)-splitting subtree. Then 7" also contains a (non-normal) n-splitting subtree, which can
be obtained by adding new elements with successor height to the (<m)-splitting subtree to
ensure n-splitting, but at limit levels only including members of the (< m)-splitting subtree.
The triviality of this observation displays the importance of the assumption of normality on
the subtrees.

Proposition 2.5. Assume . Then for any 2 < m < n < w, there exists an infinitely
splitting normal Aronszajn tree which contains a normal uncountable downwards closed m-
splitting subtree, but does not contain a normal uncountable downwards closed n-splitting
subtree.

We leave the proof as an exercise for the interested reader.

We now turn to topological applications of finitely splitting subtrees. Let 7" be an w;-
tree. For any x € T let x1 denote the set {y € T : x <7 y}, and forany X C T let X1
denote the union | J{x1 : x € X}.

Definition 2.6 ([Nyi97]). Let T be an wi-tree. The fine wedge topology on T is the topo-
logical space on T with subbase given by sets of the form x1 and T \ (x1) forany x € T.

It is routine to show that for any x € T, the collection of sets of the form x 1\ F 1, where
F is a finite subset of Imm7 (x), is a local base at x.

Recall that a topological space X is Lindeldf if every open cover of X contains a count-
able subcover. In recent work, Marun characterized the Lindeldf property of an w;-tree in
the fine wedge topology in terms of finitely splitting subtrees.

Theorem 2.7 ([Mar24b, Theorem 4.9]). Let T be an w;-tree considered as a topological
space with the fine wedge topology. Then T is Lindeldf iff it does not contain an uncountable
downwards closed finitely splitting subtree.

Going forward we refer to an w;-tree which is Lindelof in the fine wedge topology as a
Lindelof tree. Note that if an w1-tree T is finitely splitting, then the fine wedge topology on
T is discrete and hence T is non-Lindeldf. Also, if 7" has a cofinal branch, then T is non-
Lindelof ([Mar24b, Lemma 4.2]). Less trivial examples of non-Lindelof trees are those
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which are Aronszajn and infinitely splitting. Marun observed that there exists a normal
Aronszajn tree which is infinitely splitting and non-Lindel6f, and that any infinitely splitting
Suslin tree is Lindelof.

Corollary 2.8. There exists a normal infinitely splitting non-Lindeldf special Aronszajn
tree.

Proof. By Corollary 2.4 and Theorem 2.7. U

Marun proved that MA,,, implies that every w;-tree is non-Lindeldf. A variation of his
proof shows that MA,,, implies that for every 2 < n < w, every (> n)-splitting Aronszajn
tree contains an uncountable downwards closed n-splitting subtree.

In this article, we address the following questions of Marun ([Mar24a], [Mar24b]).

Question 2.9. Is the topological square of a Lindeldf tree always Lindelof?
Question 2.10. Is it consistent with CH that every w1 -tree is non-Lindeldf?

Question 2.11. Is it consistent that there exists a Suslin tree, and within the class of infin-
itely splitting w1 -trees, being Suslin is equivalent to being Lindeldf?

Concerning the first question, we show in Section 9 that it is consistent that there exists
an infinitely splitting w1 -tree which is Suslin, and hence Lindelof, but its topological square
is not Lindelof. For the second question, we prove in Section 11 that it is consistent with
CH that every wq-tree is non-Lindelof. Regarding the third question, we prove in Section
11 that it is consistent that there exist a normal infinitely splitting Suslin tree, and every
infinitely splitting w-tree which does not contain a Suslin subtree is non-Lindelof. By the
next proposition, this is the best one can hope for.

Proposition 2.12. Assume that there exists a Suslin tree. Then there exists a normal Aron-
szajn tree which is infinitely splitting, Lindelof, and not Suslin.

Proof. Tt is well-known that if there exists a Suslin tree, then there exists a normal Suslin
tree. So by Lemma 1.1(b), if there exists a Suslin tree then there exists a normal infinitely
splitting Suslin tree, which we denote by S.

For each limit ordinal @ < w; fix a cofinal branch by of the tree S | o which has no
upper bound in S,. This is possible since S has countable levels yet S | o has 2®-many
cofinal branches. Now define a tree 7" extending S by placing above each by a copy of S,
which we denote by S*. It is routine to check that T is a normal w1 -tree which is infinitely
splitting. If b is a cofinal branch of T, then since S has no cofinal branches, there exists
some limit ordinal @ < w; and some x € b N S*. But S* is upwards closed in 7', so S¢
contains the uncountable chain x4, contradicting that S* is Suslin. So 7T is Aronszajn. For
each limit ordinal o < w1 let xo be the root of S¢, that is, x4 is the unique upper bound of
by on level @ of T. Note that {x, : @ € Lim(w)} is an uncountable antichain of 7', and
hence T is not Suslin.

We claim that 7" is Lindel6f. By Theorem 2.7, it suffices to show that 7" does not contain
an uncountable downwards closed finitely splitting subtree. Suppose for a contradiction
that U is such a subtree. By finding a subset of U if necessary using Lemma 1.1(a), we
may assume without loss of generality that U is normal. Case I: U C S. Then S is not
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Lindelof, which contradicts that S is Suslin. Case 2: U & S. Then there exists some limit
ordinal @ < w; such that U N S # @. Since U is normal and S¢ is upwards closed in T,
it follows that U N S% is uncountable. But then U N S% witnesses that S is not Lindelof,
which contradicts that S* is Suslin. O

On the other hand, if there exists a Suslin tree, then there exists a normal infinitely
splitting Aronszajn tree which contains a Suslin tree but is not Lindelf. We leave the proof
as an exercise for the interested reader.

3. A PRESERVATION THEOREM FOR ITERATED FORCING

In this section we prove a preservation theorem for iterated forcing related to not adding
uncountable small-splitting subtrees of a given w;-tree. One of our main consistency
results, proven in Section 11, is that for any 2 < n < w, it is consistent that every
(> n)-splitting normal Aronszajn tree contains an uncountable downwards closed normal
n-splitting subtree, but there exists an infinitely splitting normal Aronszajn tree which con-
tains no uncountable downwards closed (< n)-splitting subtree. In Section 6 we introduce
a forcing for adding such an n-splitting subtree, and in Section 7 we show that this forcing
does not add a (< n)-splitting subtree to any w1 -tree which did not already contain one. But
in order to obtain the above consistency result, we need to be able to iterate such forcings
while preserving these properties. To show that this can be done is the purpose of the next
theorem.

Theorem 3.1. Let T be an wi-tree and let 1 < n < w. Assume that T does not contain an
uncountable downwards closed (< n)-splitting subtree. Suppose that (IP;, Q, < B, j<
B) is a countable support forcing iteration such that for all i < P, P; forces that Q; is
proper and Qi forces that T does not contain an uncountable downwards closed (< n)-
splitting subtree. Then IPg is proper and forces that T does not contain an uncountable
downwards closed (< n)-splitting subtree.

The proof of Theorem 3.1 is an elaboration of a proof of Shelah’s theorem on the preser-
vation of properness under countable support forcing iterations. We use the following stan-
dard fact from the theory of iterations of proper forcing. For a proof of this fact, see [Jec03,
Lemma 31.17].

Lemma 3.2. Let (IP;, Qj 11 <6, j < §) beacountable support forcing iteration of proper
forcings. Let A be a large enough regular cardinal and let N be a countable elementary
substructure of H(A) containing the forcing iteration as a member. Assume the following:
aeNNS;

p is a Py-name for a condition in Pg;

q is an (N, Py)-generic condition;

qlFa (pEN AN pJaceGy).

Then there exists some gt € Ps such that g7 | a = q, g is (N,Pg)-generic, and
gt ks p € Gg.

Proof of Theorem 3.1. We prove the statement by induction on 8. Fix T, n, and (Pi,(@j :
i < B, j < B) asin the theorem. Without loss of generality we may assume that for all
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y < B, P, is separative, for otherwise there exists an equivalent forcing iteration which has
this property (this step is not necessary, but it eliminates the need for an additional lemma).

The cases in which S is equal to O or is a successor ordinal are immediate. So assume
that B is a limit ordinal. By the inductive hypothesis, for all y < B, IP,, is proper and forces
that 7' does not contain an uncountable downwards closed (< n)-splitting subtree.

Suppose that p € Pg and p forces that U is a downwards closed (< n)-splitting subtree
of T'. We find an extension of p which forces that U is countable.

Claim: Suppose that D is a dense open subset of Pg, p* <g p,and o < B. Then P,
forces that, if p* | a € Ga, then there exists some y < w; so that for all x € T, there
exists gx <g p*in D suchthatgy [ a € Gy and gy II—K x¢U.

Proof. We prove that any r € Py has an extension in PP, which forces the conclusion of
the claim. So let r € P, be given. Extending r further if necessary, we may assume that
r decides whether or not p* [ « € Gg. If it decides not, then we are done. Otherwise, by
separativity r <o p* [ a. Letr* =r U p* [ [a, B), which is in Pg and extends p*. Since
D is dense in Pg, we can fix some u <g r*inD.Thenu | a <4 r.

We argue that u | « is as required. So let G4 be a generic filter on P, which contains
u [ a. In V[Gg], let Pg/Gq be the suborder of Py consisting of those ¢ € Pg such that
g o€ Gy Sou € Pg/Gy. Recall thatin V', Pg is forcing equivalent to Py, * (}P’ﬂ/GO,).
So it makes sense to define in the model V [Gy]

W:{xeT:ull—Pﬁ/Gaer}.

Clearly, W is a downwards closed subtree of 7" and u lFp, /6, W < U. Since u < g pand
p forces that U is (< n)-splitting, W must be (< n)-splitting.

By the inductive hypothesis, 7" does not contain an uncountable downwards closed (< n)-
splitting subtree in V' [G4]. Therefore, W must be countable. Fix some y < w; such that
W C T | y. Now consider any x € T,,. Then x ¢ W, so by the definition of W there exists
some px <g u inPg/Gq such that px IFpy /G, X ¢ U. Since py € Pg/Ga, px | @ € Gq.
;‘S[/Ggi x ¢ U. By
separativity, vy <q px | @. Now let gx = vx U px [ [a, B). Then gx <g px <p u. Itis
easy to check that g IFZ x ¢ U.Asu € D and D is open, ¢x € D. 1 Claim

Find v, € G4 which forces in Py over V that p, € Pﬂ/Ga and py I+

We now work towards finding a condition ¢ <g p which forces that U is countable. Let
A be a large enough regular cardinal and let N < H(A) be countable such that N contains
as members the objects (Pi,Qj i < B, j <PB),p.T,and U. Fix the following objects:
e an enumeration (D, : m < w) of all dense open subsets of Pg which lie in N;
e an enumeration (X, : m < ) of Tnnw,;
e an increasing sequence (o, : m < ) of ordinals in N N B which is cofinal in
sup(N N B), where g = 0.
We define by induction sequences (py,, : m < w) and (¢, : m < w) satisfying that for
allm < w:
(1) pm is a Py, -name for a condition in Pg, and pg is a Pp-name for p;
(2) gm is an (N, Py, )-generic condition and g, IFg,, (Pm € N A pm | om € Gam);
(3) gm+1 | ¥m = qm, and g 41 forces in Py, that:
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(@) Pm+1 =B Dm:
(®) Pmt+1 € Dm;
(©) Pm+1 |FE xm ¢ U.

Note that the statements above imply that for all m < w, gm I~e,, Pm <p P

Begin by letting g¢ be the empty condition in [Py and letting po be a Pgp-name for p. Now
let m < w and assume that p,, and g,, are defined as described. Note that properties (1)
and (2) imply that the assumptions of Lemma 3.2 hold, where we let 6 = o +1, ¢ = oy,
D= Pm | tm+1,and ¢ = gm. SO fiX gm+1 € IEDozm-|-| SPCh that gm+1 [ Om = qm, qm+118
(N, Py, )-generic, and gm+1 IFe,,; Pm | dm+1 € Ga,yy -

To define the Py, ,-name p,+1, consider a generic filter Gy, , for Py, , which
contains ¢m+1. Since gm+1 is (N, Py, ,)-generic, N[Ggy,, ] NV = N. Let Gy, =
Gapyy | @m. Since gm+1 | @m = qm, gm € Ga,,. Let pm = pﬁ“’”. Then p,, € N
by (2). By the choice of gm+1, pm | dm+1 € Ga,y,yy- Also, pm <g p. Applying the
claim for D = Dy, p* = pm, and & = 41, in V[Gg,, ] there exists some y < g
so that for all x € T, there exists gx <g pm in Dy, such that gx | &m+1 € Ga,,y,
and ¢ H—g x ¢ U. Since the relevant parameters are in N [Ga,,41], We can assume that
Yy € N[Ga, iy ]Nw1 = N Noy.

Letting x = Xxp [ y, we can find a condition pp+1 <g pm in Dy, such that ppy41 |
Am+1 € G,y and pm4q H—g xm |y ¢ U. By elementarity, we may assume that
Pm+1 € N[Gq,,,,]. But N[Gg,, . ]NV = N,s0 pj+1 € N. In summary, Pm+1 =g Pm;
Pm+1 € N 0 Dy, pm+1 | @m+1 € Ga,yyq» and pmq ”‘g Xm |y &€ U. Since U

is forced to be downwards closed, pm+1 Il—g Xm ¢ U. Now let ppmi1 be a Pa,yyr-
name for a member of P4 which is forced to satisfy the above properties in the case that
dm+1 € Gocm+1~

This completes the construction. Letg = | J,,, gm, whichisin Pg. We argue thatg <g p,
q is (N, Pg)-generic, and g forces that U is countable. Fix a generic filter G g for Pg which
contains ¢ and let U = U Y. For each m < o let Ga,, = Gg | am and py, = 15,,61“”’.

We claim that for all m < ®, ¢ <g pm, and in particular, ¢ <g po = p. Since
q | %m = qm, 9m "o, Pm | 0m € Gam, and Py, is separative, it follows that ¢ |
m <a,, Pm | am. Hence, forallm < k < w, since px <g pm we have that g | ax <q,
Pk | ok <a; pm | ax. Now dom(q) € J; ax = sup(N N B), and since p,, € N, also
dom(py,) € sup(N N B). Soinfactforall § < B,q [ § <s pm | 6, which implies that

q 5,3 Pm.
Since Gg was an arbitrary generic filter which contains ¢, g forces in Pg that for all

m < w, q <g Pm, and hence that p,, € G/g N N. So by (3), g forces in P that for all
m < o, pm+1 € Dm NN N Gﬂ. This proves that g is (N, [Pg)-generic. Also by (3),
g forces in Pg that for all m < @, pm+1 is a condition in Glg which forces over V' that

Xm ¢ U, and therefore in fact x,, ¢ U . Since U is forced to be downwards closed, q forces
that U € T | (N N wy) and hence U is countable. U
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4. PROMISES AND GENERALIZED PROMISES

The forcing poset for adding an n-splitting subtree of a given Aronszajn tree, which is
introduced in Section 6, consists of conditions with two components. The first component of
a condition is a countable approximation of the generic subtree, and the second component
is a countable collections of objects which we call generalized promises which constrains
the growth of the first component to ensure that the forcing is well-behaved. In this section
we describe promises and generalized promises and adapt a result about promises due to
Jensen to the context of this article.

Definition 4.1 (Promises). Let T be an w-tree. For any positive m < w and y < wi,
a promise on T with dimension m and base level y is an uncountable downwards closed
subtree U of some derived tree Tz of T with dimension m and each member of X having
height y such that every element of U has uncountably many elements above it in U.

Note that if 7" is normal, then so is any promise on 7.

Lemma 4.2. Let T be an w;-tree. Suppose that W is an uncountable downwards closed
subtree of some derived tree Ty of T. Then W contains a promise with root X.

Proof. By Lemma 1.1(a). ]

We need the following result of Jensen (originally stated without the use of the word
“promise”).

Proposition 4.3 ([DJ74, Chapter 6, Lemma 7]). Let T be an Aronszajn tree and let U
be a promise on T with dimension m and base level y. Then for any countable ordinal
o > y and foralla € U N T", there exists a countable ordinal f > « and a sequence

(Ek 1k < w) consisting of pairwise disjoint tuples in U N Té" above a.

Definition 4.4. Let T be an wy-tree, leta < f < w1, and let X C Ty be finite. We say that
X has unique drop-downs to « if the map x +— x | « is injective on X. More generally, for
any 1 < n < o we say that X has (< n)-to-one drop-downs to « if for all y € Ty, the set
{x € X : x [ a = y} has size at most n.

Note that (< 1)-to-one drop-downs is equivalent to unique drop-downs.
The following lemma is easy.

Lemma 4.5. Let T be an w1-tree, let n < w be positive, let o < y < B < w1, and let
X C Tg be finite. If X has (< n)-to-one drop-downs to a, then X has (< n)-to-one drop-
downs toy and X | y has (<n)-to-one drop-downs to . If X has unique drop-downs to y
and X |y has (£n)-to-one drop-downs to «, then X has (<n)-to-one dropdowns to a.

The next lemma adapts Proposition 4.3 to the context of this article and is essential to
adding generalized promises to conditions in the forcing introduced in Section 6.

Lemma 4.6. Let T be an Aronszajn tree and suppose that U is a promise on T with dimen-
sion m and base level 8. Then:

o there exists an increasing sequence (8, : n < w) of countable ordinals with supre-
mum 8, where 6g > B;
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o there exists a sequence (b, : n < w) of pairwise disjoint tuples in U N T}", where

we let X, be the elements of l;n foralln < w;

e forall0 <k < w, Xo U ---U Xy has unique drop-downs to Sj_1;

o Xo U Xy has (<2)-to-one drop-downs to B and forall 1 <k < w, Xo U---U Xy,
has (<2)-to-one drop-downs to 8 _»;

e for all positive k < o, (U, Xn) | k-1 = (XoU---U Xg) | g—1.

Proof. Let X be the root of U. We define a sequence (8, : n < w) and tuples l;,? and l;,ll in
Uun Ta’;’ for all n < w by induction. We maintain inductively that for all k < n < w and
j <2,5,{ [ Ok =E£

For the base case, apply Proposition 4.3 to find some countable ordinal §¢9 > 8 such that
there exist infinitely many pairwise disjoint members of U N Tg" above X. Pick two among
these disjoint tuples and call them l;g and Z;(l) Now let n < @ and assume that &, l;g, and
b} are defined. Apply Proposition 4.3 to find some countable ordinal 8,41 > 8, such that
there exist infinitely many pairwise disjoint members of U N TS’ZH above b?. Take two
such disjoint tuples and call them l;,(l) 41 and I;,IZ +1- Note that the inductive hypothesis is
maintained. This completes the induction. Let § = sup,, §;.

For every n < w pick some tuple b, in U N T§" above b,%. Consider k < n < w. Then

l;k [ 6 = 1311, which is disjoint from l;,g On the other hand, by our inductive hypothesis
bu 1 8 = (b 1 80) | 8 = by | 8 = by.

So I;k [ 8 and l; [ 8; are disjoint. It follows that l;k and l; are disjoint as well.
Now fix 0 < k < w. Consider ng < ny < k. Then by the last paragraph, bn0 [ Sno
and bn1 [ 8n, are dlS]Olnt Since x—1 > 8n» bno [ 6x—_1 and bn1 | 8x_1 are also disjoint.

For any n < k, b,, I B = X, which is injective, so X, has unique drop-downs to 8 and
hence also to 8 _1. It easily follows from these observations that X U - - - U X} has unique
drop-downs to §_1.

By the above, X¢ U X; has unique drop-drowns to &g, and since (Xo U X1) [ §¢ consists

of the elements of E(o) and gé, which are disjoint and above X, (Xo U X1) | 8o has (< 2)-
to-one drop-downs to 8. By Lemma 4.5, Xo U X has (<2)-to-one drop-downs to 8. Now
let 1 < k < w and we show that Xo U --- U X has (< 2)-to-one drop- downs to O 2.

As proved above, Xo U --- U Xy_1 has unique drop-downs to §;_,. Now bk [ O = b1
and l;k 1 8r— 1= bk I By our inductive hypothesis, it follows that bk [ §p—p = (bk i
k) T k- 2—19 - 2—bk zandbk 1D ke = (ke | Sk—1) | Sk z—bk !
Op—n = bk—2' It easily follows that X3 _; U Xy has (<2)-to-one drop-downs to §;_, and
s0 Xo U --+ U X has (<2)-to-one drop-downs to 8z _». R 3
Finally, consider 0 < k < w. Forany k < n < w, we have that b, [ §_1 = b]g_l =
by | 8x_1. It follows that (U, X») [ 8k—1 = (Xo U ... U Xg) | 8k—1. O



SOME RESULTS ON FINITELY SPLITTING SUBTREES OF ARONSZAJN TREES 13

For many of the purposes of this article, it would suffice to define our forcing poset using
promises. But for the preservation of Suslin trees, we need a more general notion (also see
the remark after [AS93, Definition 4.2]).

Definition 4.7 (Generalized Promises). Let T be an wy-tree. Let m < w be positive and
y < wi. A generalized promise on 7" with dimension m and base level y is a function U
with domain [y, w1) satisfying that, for some derived tree Tz of T, forall y < B < wq:

(1) U(B) is a non-empty countable collection of infinite subsets of Ty N Té";
(2) for every Y € U(B), Y is well-distributed in the sense that for every finite set

t C Tpg, there exists some element of Y which is disjoint from t;
(3) forally <a < B <wi andforanyy € U(B), Y | a € U(x).

It is implicit in the above that X has size m and its elements have height at most y. Note
that in (2), it suffices that this statement holds for /(). For assume this and suppose that
y <B <wiand) € U(B). Thenby 3), Y | y € U(y). Lett C Ty be finite. Then
t [ y € Ty is finite, so we can find some 50 € Y | y which is disjoint from ¢ | y. Now
choose b € Y such that b [y = BO. Then b is disjoint from 7.

A generalized promise I/ is essentially an w1-tree whose elements are sets ) such that
forsome y < B8 < w1, )Y € [Tﬁf”]w is well-distributed, and if )V and Z are members of
the tree in [Té”]“’ and [T§"]” respectively, where B < &, then ) is below Z in the tree iff
Y = Z | B. Forall < wi, level « of this tree is equal to U/(y + «). The union of any
cofinal branch of this tree is the tail of some promise on 7.

Lemma 4.8. Let T be an wi-tree. Let m < w be positive and { < wy. Suppose that U
is a promise with dimension m and base level {. Then for some countable ordinal y < w1
greater than ¢, the function U with domain [y, w1) defined by U(B) = {U N Té”} is a

generalized promise with dimension m and base level y.

Proof. By Proposition 4.3, we can fix some y < w; greater than ¢ for which there exists a
pairwise disjoint sequence (b, : n < ) of tuples in U N T} above the root of U. Then for

all finite r € T),, there is some n such that I;n is disjoint from ¢. Forall y < o < 8 < wy,
the equality (U N Té”) ' = U N TJ" follows from the fact that U is downwards closed
and every element of U has uncountably many elements above it. U

5. SPLITTING SUBTREE FUNCTIONS

For Sections 5-8 and 10, we fix T and S satisfying that 7" is a normal Aronszajn tree,
S C w \ 2 is non-empty, and for any x € T, |[Imm7(x)| > sup(S). Let s = min(S). In the
next section we introduce a forcing which adds an uncountable downwards closed normal
subtree U of T such that for all x € U, Immg (x)| € S. We are mainly interested in two
cases: when S = w \ 2, so T is infinitely splitting and we add a finitely splitting subtree of
T, and when S = {s} and we add an s-splitting subtree of 7.

As mentioned previously, conditions in the forcing poset we introduce in Section 6 have
two components, the first being a countable approximation of the generic subtree and the
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second being a countable collection of generalized promises. We now develop some ba-
sic information about the countable approximations and how they relate to generalized
promises.

Definition 5.1 (Subtree Functions). A subtree function with top level 8 < wq is a function
F:T 7T (B+1)— 2satisfying:
(1) the value of F on the root of T equals 1;
(2) if F(a) = 1, then forall y <htr(a), F(a [ y) = 1;
(3) foralla < B and x € Ty, if F(x) = 1 then there exists some y € Tg above x such
that F(y) = 1.

If F is a subtree function with top level B and U is a promise with dimension m and base
level less than B, then we say that F' fulfills U if for every finite set# C Tg there exists some
(X0, .+, Xm—1) € UﬂTé" disjoint from ¢ such that F'(x;) = 1 foralli < m. This definition
of fulfillment has as a precursor Shelah’s notion of fulfillment for his specializing function
of [She98, Chapter V, Definition 6.4], and is similar to that used by Lamei Ramandi and
Moore in their subtree forcing of [LRM 18, Remark 5.2]. The following definition broadens
the notion of fulfillment in a natural way to generalized promises, and is similar to that of
Abraham-Shelah [AS93, Definition 4.1].

Definition 5.2 (Fulfilling Generalized Promises). Let F be a subtree function with top level
B < w1 and let U be a generalized promise with dimension m and base level less than or
equal to B. We say that F fulfills U if for any finite sett C Tg and for any Y € U(B), there
exists some (ag, . ..,am—1) € YV whose elements are not in t such that F(a;) = 1 for all
i <m.

Definition 5.3 (S-Splitting Subtree Functions). An S-splitting subtree function with top
level B < wy is any subtree function F with top level B satisfying that forall x € T | B, if
F(x) =1, then

Ky € Imm7(x) : F(y) =1} € S.

Two basic results we need concerning the interaction of subtree functions and general-
ized promises are extension and adding generalized promises, which we prove next. The
first result say that if an S-splitting subtree function fulfills countably many generalized
promises, then we can extend the subtree function arbitrarily high while still fulfilling the
same generalized promises. The second result says that we can extend an S-splitting sub-
tree function to satisfy an additional generalized promise which is suitable for it in some
sense.

Proposition 5.4 (Extension). Suppose that F is an S-splitting subtree function with top
level B and I is a countable collection of generalized promises whose base levels are less
than or equal to B. Assume that F fulfills every generalized promisein I'. Let B < y < wy,
let X C T, be finite with (< s)-to-one drop-downs to B, and assume that for all x € X,
F(x | B) = 1. Then there exists an S-splitting subtree function FT extending F with top
level y such that FT(x) = 1 forall x € X and F™ fulfills every generalized promise in I".

Proof. The proof is by induction on y, where the base case y = f is immediate.
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Successor case: Assume that the statement is true for some countable ordinal y > B, and
we prove that it is true for y + 1. So let X C T), 41 be finite with (< s)-to-one drop-downs
to B such that for all x € X, F(x [ f) = 1. By Lemma 4.5, X has (< s)-to-one drop-
downs to y and X | y has (< s)-to-one drop-downs to 8. Obviously, forall y € X [ y,
F(y | B) = 1. By the inductive hypothesis, we can fix an S-splitting subtree function G
with top level y such that G(x [ y) = 1 for all x € X and G fulfills every generalized
promise in .

Next we extend G to G with top level y + 1. To help with the construction of G T, fix
the following objects:

e an enumeration (y, : n < w) of T;

e an enumeration (U, : n < w) of I;

e for each n < w, an enumeration (Y} : k < w) of Uy(y + 1) (possibly with
repetitions);

e an enumeration (f, : n < w) of all finite subsets of Ty 4 1;

e abijection 4 : w — 2 x @3,

We define by induction an increasing sequence (Z, : n < w) of finite subsets of T, 1. Our
inductive hypothesis is that for all n < @ and y € T),, y has at most s-many immediate
successors in Z.

To begin, let Zp = X. Since X has (< s)-to-one drop-downs to y, the inductive hy-
pothesis holds. Now let » < ® and assume that Z,, is defined and satisfies the inductive
hypothesis. Let h(n) = (i, ko, k1, k2).

Case 1: i = 0. Consider yg,. If G(yg,) = 0, then let Z, 1 = Z,. Assume that
G(yk,) = 1. Since yj, has at least s-many immediate successors in T and yy, has at most
s-many immediate successors in Z,, we can find a finite set Z, 41 containing Z,, such that
Yk, has exactly s-many immediate successors in Z, 41 and every member of Z,, 11 \ Zj is
an immediate successor of yg,. Clearly, the inductive hypothesis holds.

Case 2: i = 1. Consider Uy, y’k‘?, and 7, . Let [ be the dimension of Uy,. Applying the
fact that G fulfills Uy, we can find some d = (ao,....a;_1) € y,’j? I ¥ which is disjoint
from (Z, Utg,) | y and satisfies that foralli </, G(a;) = 1. Fix at = (aar, ... ,a;r_l) €
y,]::’ above a. Since a is injective, @+ has unique drop-downs to y. Note that a ™ is disjoint

from Z, Uty,. Define Z, 41 = Z,U {a(")", e, al+—1}' By the inductive hypothesis for n and
the fact that {ao, . ..,a;—1} is disjoint from Z, [ y, the inductive hypothesis is maintained.

This completes the construction. Now define G extending G so that for all x € Ty 41,
Gt (x) =1ifx € |, Zn, and G*(x) = 0 otherwise. It is routine to check that G is as
required.

Limit case: Assume that § > § is a countable limit ordinal and for all y with 8 <y < §,
the result holds for y. Let X C Ty be a finite set which has (< s)-to-one drop-downs to 8
such that for all x € X, F(x | B) = 1. To help with the construction, fix the following
objects:

e an increasing sequence of ordinals (8, : n < w) cofinal in § with §¢ = B;
e an enumeration (y, :n < w) of T [ §;
e an enumeration (4, : n < w) of I';
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e foreachn < w, an enumeration (Y} : k < w) of U, () (possibly with repetitions);

e an enumeration (f, : n < w) of all finite subsets of Ty;

e asurjection & : @ — 2x w3 such that every element of the codomain has an infinite
preimage.

We define by induction an increasing sequence (Z, : n < w) of finite subsets of Ty
together with a sequence (F;, : n < w) satisfying that for all n < w:

(1) Z, has (<s)-to-one drop-downs to 8;
(2) Fy is an S-splitting subtree function with top level 6,, F,(z [ 6,) = 1 for all
ze€Zy,and Fy, C Fyqq.

To begin, let Fp = F and Zp = X. Now let n < w and assume that Z, and F, are
defined and satisfy (1) and (2). By Lemma 4.5, Z, [ §;,+1 has (< s)-to-one drop-downs
to 8. Let h(n) = (i, ko, k1,k2). As a first step, we define Z, 41 which has (< s)-to-one
drop-downs to 8, such that for all x € Z,4+1, Fu(x [ §n) = 1.

Case 1: i = 0. Consider y,. If either (a) htr(yk,) > 6, (b) hty(yg,) < 8» and
Fn(yko) = 0, or (¢) htr(yg,) < 8n and yg, € (Zn | htr(yk,)), then let Zy11 = Zy
(roughly speaking, (a) says yg, is not yet ready to be handled, (b) says yy, is not relevant,
and (c) says yi, has already been handled). Now suppose that ht7 (yx,) < 8n, Fn(Vk,) =
1, and yg, ¢ (Z, | htr(yg,)). Since F, is a subtree function, we can fix y’ >7 yx, with
height 8, such that F,(y’) = 1. Note that y’ ¢ Z, | §,. As T is normal, fix some z € T
above y’. Let Z,+1 = Z, U {z}. By the inductive hypothesis and the fact that z [ §, = y’
isnotin Z, | 8y, it easily follows that Z,, 1 has (<s)-to-one drop-downs to &;,.

Case 2: i = 1. Consider Uy, y,’jf, and #,. Let [ be the dimension of Uy,,. Applying
the fact that F, fulfills Uy,, we can find @ = (ao,...,a;—1) € yllj? I 6, which is disjoint
from (Z, U tg,) | 8,. Fixa® = (ag,... ,a;r_l) € y,’jf above d. Since a is injective,
a* has unique drop-downs to §,. Note that a* is disjoint from lx,. Define Zp 41 =
Zy U {a:{, .. ,a;r_l}. By the inductive hypothesis and the fact that {a(J)r, . ,al+_1} [ 8y 1S
disjoint from Z,, | 8, it easily follows that Z, 41 has (<s)-to-one drop-downs to &; +1.

As a second step, we define Fy,41. Note that by Lemma 4.5, Z,,4+1 [ 8,41 has (< s5)-
to-one drop-downs to 8, and forall y € Z,, 41 [ 8p+1, Fu(y | 6») = 1. By the inductive
hypothesis for 8,41, we can find an S-splitting subtree function Fj 4 extending F; with
top level 6,,+1 such thatforall y € Z,,41 [ 8pn+1, Fa+1(y) = 1.

This completes the construction. Define Ft extending U, Fn so that for all x € T,
FT(x) =1ifx €, Zn, and FT(x) = 0 otherwise. It is routine to check that F is as
required. O

‘We now move on to the second main result of the section, which is that we can extend an
S-splitting subtree function to fulfill a generalized promise assuming that the generalized
promise is suitable for it in some way which we describe next.

Definition 5.5 (Suitable Generalized Promises). Suppose that F is an S-splitting subtree
Sfunction with top level B and U is a generalized promise with dimension | and base level
8, where § > B is a limit ordinal. We say that U is suitable for F if for some sequences

-

(6n :n <w)and (by :n < w):
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o U(8) is a singleton {)o};

e (6, : n < w) is an increasing sequence of countable ordinals with supremum §,
where 8o > B;

. (I;n 1 n < w) is a sequence of disjoint tuples in Yo, where we let Xy, be the elements
in l;n foralln < w;

o forall0 <k < w, Xo U ---U Xy has unique drop-downs to Sj_1;

e Xo U Xj has (<2)-to-one drop-downs to B and forall 1 <k < w, Xo U---U X},
has (<2)-to-one drop-downs to S _»;

e forallk > 0, (Un Xn) 61 = XoU---UXp) [ 8k_1,

o forallx € |, Xn, F(x | B) = 1.

Lemma 5.6. Suppose that F is an S-splitting subtree function with top level 8, U is a
promise on T with base level greater than or equal to B and root (xy, ..., Xm—1), and for
alli < m, F(x;i | B) = 1. Then for some countable limit ordinal § greater than the
base level of U, the function U with domain [§, w1) defined by U(B) = {U N Tlg"} is a

generalized promise which is suitable for F.
Proof. Apply Lemma 4.6 to U and then argue as in Lemma 4.8. (|

Proposition 5.7 (Adding Generalized Promises). Suppose that F is an S-splitting subtree
function with top level 8, I' is a countable collection of generalized promises whose base
levels are less than or equal to B, and F fulfills every member of I'. Assume that U is a
generalized promise with base level § > B which is suitable for F. Then there exists an
S-splitting subtree function FT extending F with top level § such that FT fulfills every
member of I' U {U}.

Proof. LetU(8) = {Jo}. Fix sequences (§, : n < w), (l;n n <w),and (Xp, :n < w) as
in Definition 5.5. To help with the construction of F ¥, we fix the following objects:

e an enumeration (y, :n < w) of T [ §;
an enumeration (U4, : n < w) of I';
for each n < w, an enumeration ()} : k < w) of Uy (8) (possibly with repetitions);
an enumeration (t, : n < w) of all finite subsets of Ty;
asurjection & : @ — 2x @3 such that every element of the codomain has an infinite
preimage.

We define by induction an increasing sequence (Z, : n < ) of finite subsets of Ty
together with a sequence (F;, : n < w) satisfying that for all n < w:

(1) Z, has unique drop-downs to §,;

(2) Z, | 8, and (\U,, Xm) | 6, are disjoint;

(3) Fj is an S-splitting subtree function extending F with top level &, such that Fy,(z |
$n) = 1forallz € Z, U J,, Xm;

(4) Fn CF n+1-

To begin, let Zy = 0. Since Xy U X; has (< 2)-to-one drop-downs to 8, by Lemma
4.5 also (Xo U X1) | 8o has (< 2)-to-one drop-downs to f. We also know that for all
x € XoU Xy, F(x | B) = 1. By Proposition 5.4 (Extension), we can fix an S-splitting
subtree function Fy extending F with top level §o which fulfills every member of I and
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satisfies that for all x € Xo U X1, Fo(x | §¢) = 1. Inductive hypotheses (1) and (2) are
immediate, and (3) follows from the fact that (|, X;n) [ o = (Xo U X1) [ do.

Now let n < w be given and assume that Z, and F; are defined as required. Let
h(n) = (i, ko, k1, k2). We begin by defining Z, 4+ satisfying the following properties:

e Z,+1 has unique drop-downs to d,;
® Zyt1 | 8p and (U, Xm) | 8y are disjoint;
o forallx € Z,41, Fr(x [ 6) = 1.

Note that these properties imply inductive hypotheses (1) and (2) for n + 1.

Case 1: i = 0. Consider yg,. If either (a) htr(yx,) > 8u, (b) ht7(yg,) < 8, and
Fn(yk()) = O’ or (C) htT(ka) E 8n and yko € (Zn U Um Xm) f htT(yk0)9 then let
Zn+1 = Zy. Now assume that htz (yg,) < u, Fn(Yk,) = 1, and yg, has nothing above it
in Z, U (IU,, Xm). Since Fy, is a subtree function, we can fix some y’ >7 y, with height
8, such that Fy,(y’) = 1. As T is normal, let z € Ts be above y’. Define Z,,+1 = Z,U{z}.
By the inductive hypothesis it easily follows that Z, 41 has unique drop-downs to §,. Since
Zy | 8y and (U, Xm) | 8, are disjoint and y’ is not in (|J,, Xm) | &n, it follows that
Zn+1 | 8y and (U, Xm) | 6y are disjoint.

Case 2: i = 1. Consider Uy, y,’j?, and 7, . Let [ be the dimension of Uy,. Applying the

fact that F, fulfills Uy, we can find d = (ao, ....a;_1) € y,’jf [ 8, which is disjoint from
(Zn U Ik, UXoU-UXnt1) [ 6n

such that for all i < [, F,(a;) = 1. Fixa®™ = (a:{,...,a;r_l) € y,’jf above da. Since
d is injective, a* has unique drop-downs to &,. Note that a7 is disjoint from tk,. Define
Zyy1 =2Zp U {aaL, . ,al+_1}. By the inductive hypothesis and the choice of a, it easily
follows that Z, 1 has unique drop-downs to &,. Also by the inductive hypothesis and the
choice of d, Zp+1 | 8y and (Xo U -+ U Xp41) | 8y are disjoint. But (Xo U---U Xp41) |
8n = (U Xm) [ 60,80 Zpy1 | 84 and (U, Xm) | 8, are disjoint.

This completes the definition of Z, 4 in both cases. We know that for all x € Z, 4+ U
Xo U+ U Xpy2, Fa(x [ 8n) = 1. Also, (U, Xm) [ dn+1 = (XoU-+- U Xp42) [ $n+1,
which by hypothesis and Lemma 4.5 has (< 2)-to-one drop-downs to 8,. Since Z,+1
has unique drop-downs to &, and Z,4+1 | 8, and (I, Xm) | &, are disjoint, it easily
follows that (Z,4+1 U Xo U --- U X, 45) [ 8, has (< 2)-to-one drop-downs to §,. By
Proposition 5.4 (Extension), fix an S-splitting subtree function Fj,4; extending F, with
top level 6, +1 which fulfills every member of I" and satisfies that Fy,4+1(x [ §,4+1) = 1 for
allx € Zpy1 UXoU---U Xyq2. Since (Xo U+ U Xy12) [ Snr1 = (U Xm) [ Snt1s
forall x € U,, Xm. Fnt1(x [ 8p41) = L.

This completes the construction. Now define F* extending | J,, Fm so that for all x €
Ts, Ft(x) = 1ifx € U,, Zm YU,, Xm, and F*(x) = 0 otherwise. It is routine to check
that F¥ is as required. g

6. THE FORCING POSET

We are now ready to introduce our forcing poset for adding an uncountable downwards
closed S-splitting normal subtree of 7.
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Definition 6.1. Let P(T,S) be the forcing poset consisting of conditions which are pairs
(F, I), where F is an S-splitting subtree function, I is a countable collection of general-
ized promises with base levels less than or equal to the top level of F, and F fulfills every
member of I'. Let (G, X)) < (F,N)ifF CGand " C X.

We abbreviate P(7, S) as IP for Sections 6-8 and 10.
If p = (F,I') € Pand B is the top level of F, then we say that f is the top level of p.

Proposition 6.2 (Extension). Let (F,I") € P have top level B. Let B < y < w1 and let
X C Ty be finite. Assume that X has (< s)-to-one drop-downs to B and for all x € X,
F(x | B) = 1. Then there exists some G such that (G,I") < (F,I"), (G, I'") has top level
y,and forall x € X, G(x) = 1.

Proof. Immediate from Proposition 5.4 (Extension). O

Proposition 6.3 (Adding Generalized Promises). Let (F, I') € IP have top level B. Suppose
that U is a generalized promise with base level § > 3 which is suitable for F. Then there
exists some G such that (G, I’ U{U}) € P, (G, " U{U}) < (F,T), and G has top level §.

Proof. Immediate from Proposition 5.7 (Adding Generalized Promises). ([l
The following result is the main tool for showing that PP is totally proper.

Proposition 6.4 (Consistent Extensions Into Dense Sets). Let A be a large enough regular
cardinal. Assume:

N < H(Q) is countable, and T and P are in N ;

(F,I') € N NP has top level B;

D is a dense open subset of P in N ;

X C TNno is finite, X has (< s)-to-one drop-downs to B, and for all x € X,
Fx[p)=1

Then there exists a condition (G, X) < (F,I') in N N D with some top level y such that
forallx e X, G(x [y)=1.

Proof. Since T is normal, we can fix £ < N N w; greater than or equal to 8 such that
X has unique drop-downs to £. By Lemma 4.5, X [ & has (< s)-to-one drop-downs to
B. Applying Proposition 6.2 (Extension) in N, find F’ in N such that (F',I") < (F,I),
(F’,I') has top level £, and for all x € X, F'(x [ €) = 1. Now to simplify notation, let us
just assume that § = £ and F = F’.

Fix some injective tuple @ = (ao,...,dam—1) which lists the elements of X. Suppose
for a contradiction that for every (G,XY) < (F,I') in N N D with some top level y,
there exists j < m such that G(a; | y) = 0. Letx; := a; | B foralli < m and let
X = (X(),...,)Cm_l). .

Define W as the set of all tuples b = (by,...,b,—1) in the derived tree Ty satisfying
that whenever (G, X') < (F,I") is in D and has some top level y, where the height of the
elements of b is greater than or equal to y, then for some j < m, G(b; | y) = 0. By
elementarity, W € N. Note that W is downwards closed in T5%.

We claim that W is uncountable. If not, then by elementarity there exists some { €
N N w; greater than B such that every member of W is in (T | ¢)™. We claim thata | ¢
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is in W, which is a contradiction. Otherwise, there exists some (G, X) < (F,I') in D
with some top level y, where y < ¢, such that for all j < m, G(a; [ y) = 1. Since
(@ao [ ¢ ...,am—1 | &) € N, by elementarity we may assume that (G, X') is in N. So
(G,Y) < (F,I')isin N N D and for all j < m, G(a; | y) = 1, contradicting our
assumptions.

Apply Lemma 4.2 to fix a promise U € W with the same root as W, which by elemen-
tarity we may assume is in N. The root of U is X, so f is both the base level of U and
also the top level of (F,I"). Also, F(x;) = 1 foralli < m. Applying Lemma 5.6, fix
a countable limit ordinal § > B such that the function &/ with domain [§, w1) defined by
Uy) ={UnN T;"} is a generalized promise which is suitable for F. By elementarity, we
may assume that § and U/ are in N. Apply Proposition 6.3 (Adding Generalized Promises)
in N to find some G in N such that (G, " U{U}) e P, (G, " U{U}) < (F,T'),and G has
top level 6.

Now fix (H, A) < (G, ' U{U})in N N D. Let y be the top level of H. Since H fulfills

UandU(y) = {U N T)"}, there exists a tuple b = (bo, ...,bm—1) € U N T)" such that

foralli <m, H(b;) = 1. Since U C W, b € W. But the condition (H, A) witnesses that
b ¢ W, and we have a contradiction. O

Theorem 6.5 (Existence of Total Master Conditions). Let A be a large enough regular
cardinal. Assume:

e N < H(A) is countable, and T and IP are in N;

e (F,I"') € N NP has top level B,

o X C Tynew is finite, X has (< s)-to-one drop-downs to B, and for all x € X,
Fixp)=1

e h is a function defined on the set of all generalized promises on T which lie in
N such that for any U € dom(h) with some dimension | and base level y, h(U)
is a generalized promise on T with dimension | and base level y such that U |

[y. N Nw1) =h@) | [y, N No1).

Then there exists a condition (G, X) < (F,I') with top level N N wy such that ¥ C N,
(G, X) is a total master condition for N, forall x € X, G(x) = 1, and foranyU € X, F
Sulfills h(U).

For the purpose of proving that [P is totally proper, we can ignore the third and fourth
bullet points of Theorem 6.5 (or let X = @ and let / be the identity function). In Section
10, the third bullet point is used to show that [P is (< w1 )-proper and the fourth bullet point
is used to prove that P has the w,-p.i.c.

Proof. To help with the construction of (G, X), fix the following objects:

an enumeration (y, :n < w) of T [ (N Nwy);

an enumeration (D, : n < w) of all dense open subsets of P which lie in N;

an enumeration (f, : n < w) of all finite subsets of Tnnw,;

an enumeration (Uy, : n < w) of all generalized promises on 7" which lie in N;

for every n < w, enumerations (V! : k < w) and (2} : k < ) of Uy (N N w1)
and h(Uy,)(N N w1) respectively (possibly with repetitions);
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e asurjection g : @ — 3 x> such that every member of the codomain has an infinite
preimage.

We define by induction sequences ((F,, [) :n < w), {Yn :n < w),and (Z, : n < w)
satisfying the following properties:

(D (FO»FO) = (F’F)’VO =,3,andzo =X,

(2) foralln < w, (Fy, I,) € N NP has top level y, and (Fy41, [h+1) < (Fp, I7);

(3) (Z, : n < w) is an increasing sequence of finite subsets of Tx Ny, ;

(4) for all n < w, Z, has (< s)-to-one drop-downs to yy, and for all x € Z,, F,(x |
Yn) = 1.

Let (Fo, o) = (F,I"),y0 = B,and Zg = X. Now let n < w and assume that (Fy, I},),
Vn, and Z, are defined and satisfy the required properties. Let g(n) = (i, ko, k1, k2).

Case 1:7 = 0. We consider the element yi, € T | (N Nwy). If either (a) ht7 (yk,) > Vn,
() ht7 (Yko) < vn and Fu(yk,) = 0, or (¢c) htr (yx,) < yn and yg, € (Zn | htr(yg,)),
then let Z,+1 = Zy. Assume that ht7 (yx,) < ¥n, Fu(yk,) = 1, and yg, is not below
a member of Z,. Since F, is an S-splitting subtree function, we can fix some y’ € Ty,
with yg, <7 »’ such that F;,(y') = 1. As T is normal, fix z € Tnne, above y’. Define
Zn+1 = Zy U {z}. By the inductive hypothesis, Z, 1 has (<s)-to-one drop-downs to ;.
Now in either case, let (Fy+1, [n+1) = (Fn, Iy) and 41 = Y.

Case 2: i = 1. Applying Proposition 6.4 (Consistent Extensions Into Dense Sets), fix a
condition (Fy+1,In+1) < (Fp,Iy) in N N Dy, with some top level y,+1 such that for
all x € Z,, Fy+1(x | yn+1) = 1. Note that Z, has (< s)-to-one drop-downs to y,+1 by
Lemma 4.5. Define Z,+1 = Z,.

Case3:i = 2. If Uy, ¢ Iy, thenlet (Fyy1,In+1) = (Fu,In), Yn+1 = yYu, and
Znt+1 = Zpn. Assume that Uy, € I},. Let [ be the dimension of Uy,. Since (Fy, ) is a

condition, Fy, fulfills U, . As y,’jlo [ Yn € Uy, (Yn), we can find a tuple d = (do,...,d;—1)
in y,’jf | yn which is disjoint from (#x, U Z,) | yn and satisfies that for alli < I, Fy,(d;) =
1. Now Ug, | [yn. N N@1) = hUey) | [y N N @1). S0 Z° | yn € h(Uiy)(vn) =
U, (yn). Again since Fy, fulfills Uy,,, we can find a tuple € = (e, ...,e;—1) in Z,]f? I v
which is disjoint from both d and (tx, UZy) | y» and satisfies that foralli </, F,(e;) = 1.

Fix tuples dt = (d;",.. "dl—tl) and et = {e;r, .. .,e;r_l} which are above d and e
and in y,’jf and Z,’f? respectively. Observe that {d;F, ..., dltl’ e;r s e;r_l} has unique

drop-downs to y,. Define Z,41 = Z, U{d],.. .,dltl,eaL, .. ,e;r_l}. Note that by the

inductive hypothesis and the choice of d and €, Zy+1 has (< s)-to-one drop-downs to y.
Finally, let (Fy+1, In+1) = (Fp, I') and yp4+1 = ya.

This completes the induction. Define a condition (G, X') as follows. Let ¥ = | J,, I.
Define G which extends | J,, F,, so that for all x € Tyng,, G(x) = 1if x € |J,, Z,, and
G(x) = 0 otherwise. We leave it to the reader to check that this works. O

Corollary 6.6. The forcing poset P is totally proper.

It is routine to show that whenever G is a generic filter on [P, then in V' [G] the set
U={xeT:3AF,I')eG F(x)=1}
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is an uncountable downwards closed subtree of 7" which is normal and satisfies that for all
x e U, |Immy (x)| € S.
The following lemma is easy.

Lemma 6.7. Suppose that (F, ') and (F, X') are conditions in P. Then (F, I’ U X) € P
is a lower bound of both (F, ") and (F, X).

Corollary 6.8. Assuming CH, P is wy-c.c.
Proof. If CH holds, then there are only w1-many S-splitting subtree functions. O

7. NOT ADDING SMALL-SPLITTING SUBTREES

Recall that T is a fixed normal Aronszajn tree, S C w \ 2, forall x € T, |Imm7(x)| >
sup(S), and P = P(7, S). In Section 11 we prove that for any 2 < n < w, it is consistent
that every (> n)-splitting normal Aronszajn tree contains an uncountable downwards closed
n-splitting normal subtree, but there exists an infinitely splitting normal Aronszajn tree
which contains no uncountable downwards closed (< n)-splitting subtree. For this purpose,
we need the following theorem.

Theorem 7.1. Let 1 < n < s. Suppose that S is an wi-tree which does not contain
an uncountable downwards closed (< n)-splitting subtree. Then P forces that S does not
contain an uncountable downwards closed (< n)-splitting subtree.

Applying the above theorem for n = 2, we get the following corollary.

Corollary 7.2. The forcing poset P preserves Aronszajn trees. In particular, P forces that
T is Aronszajn.

The next lemma is an easy consequence of the existence of total master conditions.

Lemma 7.3. Let S be an wi-tree. Let (F,I") € P have top level B and suppose that
(F, I") forces that W is a subset of S. Then there exists a club D C w; consisting of limit
ordinals greater than B such that for all § € D, for any finite set X C Tg with (< s)-to-
one drop-downs to B and satisfying that for all x € X, F(x [ B) = 1, there exists some
(G,X) < (F,T') with top level § such that for all x € X, G(x) = 1, and (G, X') decides
W (S ).

Proof. Fix some large enough regular cardinal A. Let (Ny : o < wp) be an increasing
and continuous sequence of countable elementary substructures of H(A) such that T', P,
(F,I'), S, and W are members of Ny and Ny € Ny4iqforalla < wy. Let D = {6 < wy :
Ns Nw; = §}. Then D is a club set of limit ordinals greater than .

Consider any § € D. Let X C Tj be finite with (< s)-to-one drop-downs to 8 and
satisfying that for all x € X, F(x [ ) = 1. By Theorem 6.5 (Existence of Total Master
Conditions), we can find a total master condition (G, X) < (F, I') for Ng with top level
Ns Nwy; = § such that for all x € X, G(x) = 1. Since S | § € Ng and (G, X)) is a total
master condition for N, (G, X) decides W N (S | §). O

Lemma 7.4. Let 1 < n < s. Assume that S is an w1-tree which does not contain an

uncountable downwards closed (< n)-splitting subtree. Let (F,I") € P have top level B

and suppose that (F, I') forces that W is a downwards closed (< n)-splitting subtree of S.
Let A be a large enough regular cardinal. Assume:
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o N < H(A) is countable, and T, P, (F, I"), S, and W arein N;

e ceSNnws

o Y is a finite subset of TN, With (< s)-to-one drop-downs to 8 such that for all
yeY, F(y[p)=1

Then there exists a condition (G, X) < (F, I") in N with some top level y such that for all
yeY, Gy ly)=1land (G, X)IFc & W.

Proof. As in the first paragraph of the proof of Proposition 6.4, without loss of generality
we may assume that ¥ has unique drop-downs to 8. Fix a club D C w; as described in
Lemma 7.3. By elementarity, we may assume that D € N. So N N w; is a limit point of
D. Suppose for a contradiction that for all (G, X') < (F,I") in N, if y is the top level of
(G,X)andforall y € Y, G(y | y) = 1, then it is not the case that (G, X) I- ¢ ¢ W.
Leta = (aog,...,aj—,) be an injective tuple which enumerates Y. Let x; = a; | B for all
i<l

Define B as the set of all b € § satisfying that ¢ | 8 <g b, the height § of b is in D,
and there exists a tuple y = (yg,....,V/—1) € T(sl such that x; <7 y; foralli < [, and
whenever (G, X)) < (F, ') has some top level y < § and foralli <[, G(y; [ y) = 1,
then it is not the case that (G, X) I- b ¢ W.

Note the following facts:

(1) B € N by elementarity;

(2) since W is forced to be downwards closed, forall ¢ € D with f < ¢ < N Nwy,
¢ | ¢ € Baswitnessed by a | {;

(3) similarly, if b € B as witnessed by ¥, and { € D is such that 8 < ¢ < hty(b), then
b | ¢ € B as witnessed by y | .

Since N N wq is a limit point of D, (1) and (2) imply that B is uncountable.

Let B be the set of y € S for which there exists some b € B with y <g b. Then B is
an uncountable downwards closed subtree of S. Since S does not contain an uncountable
downwards closed (< n)-splitting subtree, B is not (< n)-splitting. So we can fix some
d € B which has at least n-many immediate successors in B. Fix distinct immediate
successors do, . .., d,—1 of d in B. For each i < n, choose some ¢; € B with d; <g e;.
By property (3) in the previous paragraph and dropping down to the lowest height of the
elements ey, ..., e,—1, we may assume without loss of generality that all of the e;’s have
the same height 8. For each i < n, pick a tuple ' = (yf), ce, y;_l) € Tgl which witnesses
thate; € B.

Now foralli < nand j </, yJi. I B = xj, and in particular, F(y]’: [ B) = 1. Define
X = {y} :i <n, j <I}. Then every member of Ty either has nothing above it in X,

or is equal to x; for some j < / and has exactly the elements y](.), cee, yj’?_l above itin X.
Since n < s, it follows that X has (< s)-to-one drop-downs to 8. As § € D, we can fix
some (G, X') < (F, I') with top level § such that foralli < n and j < [, G(y;) = 1 and
(G, X) decides W N (S | §). Then for each i < n, since ¥ witnesses that ¢; € B, it is not
the case that (G, X) IF e; ¢ W. But (G, X) forces that W is (< n)-splitting and (G, X)
decides W N Shig(d)+1- So there must exist some i < n such that (G, X) IF d; ¢ w.
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As W is forced to be downwards closed and d; <s e, (G, X)) IF e ¢ W, which is a
contradiction. ]

Proof of Theorem 7.1. Let 1 < n < s and suppose that S is an w;-tree which does not
contain an uncountable downwards closed (< n)-splitting subtree. Consider a condition
(F, I') € P with some top level 8 and assume that (F, I") forces that W is a downwards
closed (< n)-splitting subtree of S. We find an extension of (F, I") which forces that W is
countable.

Fix a large enough regular cardinal A and a countable N < H(A) such that T, P, (F, "),
S, and W are in N. Now proceed as in the proof of Theorem 6.5 (Existence of Total
Master Conditions) to build a descending sequence ((F,, [y) : n < w) of conditions in
N below (F, I') and a lower bound (G, X') which is a total master condition for N, with
the following adjustment. Modify the bookkeeping so that for every ¢ € Syngy,, there
exists some n < w such that (Fy, 41, [,+1) forces that ¢ ¢ W . This is possible by Lemma
7.4. As W is forced to be downwards closed, clearly (G, X) forces that W is a subset of
S | (N N wy), and hence is countable. O

8. PRESERVING SUSLIN TREES

In some of our consistency results of Sections 9 and 11, we will need to preserve certain
Suslin trees after forcing with IP. This is possible by the following theorem.

Theorem 8.1. Suppose that S is a normal Suslin tree such that \Fs T is Aronszajn. Then
P forces that S is Suslin.

The main tool for proving Theorem 8.1 is the following lemma.

Lemma 8.2. Suppose that S is a normal Suslin tree such that \ks T is Aronszajn. Let
(F, ") € P have top level B and suppose that (F, I") forces that E is a dense open subset
of S.
Let A be a large enough regular cardinal. Assume:

e N < H() is countable, and T, P, (F,T"), S, and E are in N;

® C € Swal N

o Y is a finite subset of TNy, with (< s)-to-one drop-downs to B such that for all

yeY, F(yp)=1

Then there exists a condition (G, X)) < (F,I") in N with some top level y such that for all
yeY,G(yly) =1land (G, X)IFc € E.

Proof. As in the first paragraph of the proof of Proposition 6.4 (Consistent Extensions Into
Dense Sets), without loss of generality we may assume that ¥ has unique drop-downs to
B. Suppose for a contradiction that for all (G, X) < (F,I") in N, if y is the top level of
(G,XY)andforall y € Y, G(y | y) = 1, then it is not the case that (G, X) I ¢ € E. Fix
an injective tuple (ao, ..., a;_1) which enumerates Y. Define x; = a; [ f foralli < [ and
let X = (x0,...,x/—1).

Define B as the set of all b € § satisfying that ¢ [ B <g b, and letting § = htg (b),
there exists some y = (yo,...,y;—1) € Tz N T(sl such that whenever (G, X) < (F,I")
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has some top level y < § and foralli </, G(y; | y) = 1, then it is not the case that
(G,X)IFbeE.
Note the following facts:

(1) B € N by elementarity;

(2) since E is forced to be open, forall { with 8 < { < NNwy,c [ { € B as witnessed
bya [¢;

(3) if b € B as witnessed by y and ¢ is such that 8 < ¢ < hty(b), thenb | { € B as
witnessed by y | €.

These properties imply that B is uncountable and downwards closed in S¢g.
For any e € B, let 8, = htg(e) and define ), to be the set of all y = (yg,...,V;—1) €
T:N Tsle witnessing that e € B, which means that whenever (G, X') < (F, I') has some top

level y < 8, and foralli < I, G(y; | y) = 1, then it is not the case that (G, X) IF e € E.
Note that by (3) above, for all e and f in B suchthate <g f, Vs [ 8¢ C Ve.

Since S¢;g is a normal Suslin tree and B is an uncountable downwards closed subset of
S¢1p> we can fix some d >g ¢ | B such that S; C B. Fix a generic filter Gg on § with
d € Gg. So Gg is a cofinal branch of S, and since d € Gg, Gs N S.;p S B. Working in
V[Ggs], define

W= J0e:eeGsnSepl

Soforall f <y <wy, WN ij = VG5 (y)- By the last comment of the previous paragraph,
W is a downwards closed uncountable subset of 7. Using Lemma 4.2, fix a promise
U C W with root X.
By our assumption on S, T is still Aronszajn in V' [Gg]. So we can apply Lemma 5.6 in
V[Gs] to find a countable limit ordinal § > B such that the function ¢/ with domain [§, @1)
defined by U(y) = {U N Tl } is a generalized promise which is suitable for F. Now let W,

U, 8, and U be S-names Wthh d forces satisfy the above properties. )
Since S is countably distributive, we can extend d to d’ which decides § and U N TSI

as § and ), and decides sequences (§, : n < w) and (l;n : n < w) which witness that ¢/
is suitable for F'. Observe that by absoluteness these sequences satisfy the bullet points of
Definition 5.5 (Suitable Generalized Promises) in V. Working in V' and using the countable
distributivity of S, define V with domain [§, w1) so that for all § < ¢ < wy, V() is the set
ofally C Tg.l such that for some d* >g d’,d*IFs Y =U N Tg.l. Note that V(8) = {Jb},
and each V(¢) is countable as S is c.c.c. It is now routine to check that V is a generalized
promise in V' which is suitable for F'.

Applying Proposition 6.3 (Adding Generalized Promises), fix some G such that (G, " U
{V}) < (F,T") and G has top level §. Since (F, I') forces that E is dense in S, we can fix
(H, A) < (G, I’ U{V}) which decides for some e >g d’ that e € E. By Proposition 6.2
(Extension) and the fact that E is forced to be open in S, we may assume without loss of
generality that the height of e, which is &, is the top level of H. Now fix f >g e which
decides U N Tgle as ). Then Y € V(3,).
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Since (H, A) fufills V, there exists some y = (yo, ..., y;—1) € YV suchthatforalli </,
H(y;) = 1. Then f forces that

Y=UNT{, SWNT{ =Yg 5., ="Ye

So y € Ve, and hence y witnesses that e € B. Since H(y;) = 1 foralli <, the definition
of B implies that (H, A) does not force that e € E, which is a contradiction. ([l

Proof of Theorem 8.1. Let S be a normal Suslin tree which forces that T is Aronszajn. To
show that IP forces that S is Suslin, by Lemma 1.1(d) it suffices to show that whenever
(F, I'") forces that E is a dense open subset of S, then there exist (G, X) < (F,I") and
§ < w; such that (G, X) I+ S5 C E.

Fix a large enough regular cardinal A and a countable N < H(A) suchthat T, P, (F, I"),
S, and E are in N. Now proceed as in the proof of Theorem 6.5 (Existence of Total
Master Conditions) to build a descending sequence ((Fy, I,) : n < w) of conditions in N
below (F, I') and a lower bound (G, X') which is a total master condition for N, with the
following adjustment. Modify the bookkeeping so that for every ¢ € Syne,, there exists
some n < w such that (Fj 41, I',+1) forces that ¢ € E. This is possible by Lemma 8.2.
Then (G, X) forces that Sy, € E. U

9. A LINDELOF TREE WITH NON-LINDELOF SQUARE

We are now prepared to solve Question 2.9, which asks whether the topological square
of a Lindelof tree is always Lindelof.

Theorem 9.1. It is consistent that there exists a normal infinitely splitting w-tree S which
is Suslin, and hence Lindeldf, but the topological product S x S is not Lindeldf.

Recall that in general the property of being Lindel6f is not preserved under products. For
example, the Sorgenfrey line is Lindel6f but its topological square is not ([Wil70, Section
16].

Before proving Theorem 9.1, we would like to clarify the relationship between the sub-
space topology on S ® S induced by the product topology on S x S and the fine wedge
topology on the tree S ® S.

Proposition 9.2. Let S be an infinitely splitting wy-tree. Then the subspace topology on
S ® S induced by the product topology on S x S is strictly finer than the fine wedge topology
onS®S.

Proof. For showing that the subspace topology is finer than the fine wedge topology, it
suffices to show that every member of the subbase of the fine wedge topology on S ® S
is open in the subspace topology. Consider U = (x, y)1 for some (x,y) € S ® S. Then
U= ((x1)x 1)) NS ®S), which is open in the subspace topology. Now consider
V=S®S\(x,y)t forsome (x,y) € S ®S. Let (a,b) € V, and we will find a set W
which is open in S x S such that (a,b) € W N (S ® §) C V. By the definition of V, either
a ¥ x orb #7 y. By symmetry, assume the former. Now check that W = (T \ x1) x b1
works.

It remains to show that the subspace topology is strictly finer than the fine wedge topol-
ogy. Fix any distinct x and y of the same height in S and let z be an immediate successor
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of y. In the product topology on S x §, the set V' = (x1) x (y?1 \ z7) is open, and hence
V N (S ® §) is open in the subspace topology. Clearly, (x, y) € V. We claim that there
does not exist any set U € S ® S which is a basic open set in the fine wedge topology
such that (x, y) € U C V. Otherwise, there exists a finite set F' of immediate successors
of (x,y)in § ® S such that (x,y)1 \ F1 C V. Since S is infinitely splitting, pick an
immediate successor d of x such that for all (a,b) € F,a # d. Then (d,z) ¢ F. So
(d,z) € (x,y)1\ F?1,but certainly (d,z) ¢ V. O

Since any open set in the fine wedge topology on S ® S is open in the subspace topology
on S ® S induced by the product topology, it easily follows that if the fine wedge topology
on S ® § is not Lindelof, then neither is the subspace topology on S ® S. However, this
is not sufficient for showing that the product topology on S x § is non-Lindeldf, since in
general being Lindelof is not preserved under subspaces. For example, w; + 1 with the
order topology is Lindelof, and in fact is compact, but its subspace w; is not Lindelof.

However, the continuous image of any Lindelof space is Lindelof.

Lemma 9.3. Let S be an infinitely splitting w1 -tree. Define H : S xS — S ® S by
H(x,y) = (x [ min(htg(x), htg(y)), y [ min(hts(x), hts(y))),

where we consider the domain of H with the product topology and the codomain of H with
the fine wedge topology. Then H is continuous and surjective.

Proof. Clearly, H is surjective. For continuity, it suffices to show that whenever U is a
member of the subbase of the fine wedge topology on S ® S, then H 1 (U) is openin S x S.
First, suppose that U = (x, y)1, where (x,y) € S ® S. It is straightforward to show that
H~Y(U) = x1 x y?1, which is open in S x S. Secondly, assume that V = S ® S \ (x, y)1,
where (x,y) € S® S. Then H'(V) = S x S\ H 1 ((x,y)1) = S x S\ (x1 x y?1),
which is also openin § x S. U]

Corollary 9.4. Let S be an infinitely splitting w-tree. Suppose that S ® S contains a
finitely splitting uncountable downwards closed subtree. Then S x S is not Lindelof.

Proof. It S x S is Lindelof, then by Lemma 9.3, so is the fine wedge topology on S ® S.
By Theorem 2.7, S ® S does not contain a finitely splitting uncountable downwards closed
subtree. g

We now prove that it is consistent that there exists a normal infinitely splitting w1 -tree S
which is Suslin, and hence Lindelof, but the topological product S x S is not Lindelof.

Proof of Theorem 9.1. Start with a model in which there exists a normal infinitely splitting
Suslin tree S which has the unique branch property, that is, forcing with S yields exactly
one cofinal branch of S. For example, assuming ¢ there exists a normal infinitely splitting
Suslin tree which is free, which means that any derived tree of S is Suslin (the rigid Suslin
tree constructed under ¢ in [DJ74, Chapter V] is free). Fix distinct elements x and y on the
same level of S. We claim that if we force with S, then in the generic extension, the tree
Sx ® Sy is still Aronszajn. If not, then in V'S a cofinal branch through Sy ® Sy yields a
cofinal branch above x and a cofinal branch above y. Since x and y are incomparable, these
branches are distinct, which contradicts the fact that S has the unique branch property.
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Consider the forcing poset P = P(Sy ® Sy, @ \ 2). Then [P adds an uncountable down-
wards closed finitely splitting subtree of Sy ® S),. Since S forces that Sx ® Sy is Aronszajn,
by Theorem 8.1 it follows that P forces that S is Suslin. Let G be a generic filter on P. Then
in V[G], S is Suslin, and by absoluteness it is still normal and infinitely splitting. In V[G],
there exists an uncountable downwards closed finitely splitting subtree U of Sy ® Sy. Let-
ting U |, denote the downward closure of U in S ® S, which just consists of U together with
the chain of elements of S ® S which are below (x, y). Then U | is also finitely splitting.
By Corollary 9.4, S x S is not Lindeldf. O

10. ADDITIONAL PROPERTIES OF THE FORCING POSET

In this section we briefly discuss some additional properties satisfied by the forcing poset
IP of Section 6 which imply that this forcing can be iterated with countable support in a well-
behaved way. These properties are the w,-p.i.c., (< ®)-properness, and Dee-completeness.

Definition 10.1 ([She98, Chapter VIII, Section 2]). A forcing poset Q has the w,-p.i.c. if
for any large enough regular cardinal A > w;, assuming:

o o< f <wy;
Ny and Ng are countable elementary substructures of H(A) with Q € Ny N Ng;
o € No, B € Ng, Ny Nw2 € B, and Ny Nx = Ng N f;
there exists an isomorphism h : (Ny, €) — (Ng, €) which is the identity on Ny N
Ng and satisfies that h(a) = B;
then for any p € Ny N Q, there exists a condition ¢ < p, h(p) which is both (Ny, Q)-
generic and (Ng, Q)-generic and satisfies that for any u € No N Q and for any r < q,
there exists s < r such that (s < u iff s < h(u)).

Our interest in this property is due to the following facts.

Theorem 10.2 ([She98, Chapter VIII, Lemma 2.3]). Assuming CH, any forcing poset which
has the wy-p.i.c. is wy-c.c.

Theorem 10.3. Let o < wy. Suppose that (]P’i,Qj 11 <a, j <a)isacountable support
forcing iteration such that for all i < «, P; forces that Q; has the wa-p.i.c. If o < ws, then
Py has the wy-p.i.c., and if @ = wy and CH holds, then Py, is wa-c.c.

Proposition 10.4. The forcing poset P has the w;-p.i.c.

Proof. Let A, a, B, Ny, Ng, and h be as in Definition 10.1. Note that & and B are uncount-
able and so Ny N w1 = Ng N wy. It easily follows that whenever U € Ny is a generalized
promise on 7" with dimension / and base level y, then A (I{) is a generalized promise on T
with dimension / and base level y, and moreover, U | [y, Ny Nw1) = h(U) | [y, No Nw1).
Consider (F, I') € Ny N'P. By Theorem 6.5 (Existence of Total Master Conditions), there
exists (G, X) < (F, ') which is a total master condition for N, has top level N, N wy,
and satisfies that X C N and for any U/ € X, G fulfills h(U).

We claim that (G, [ X]) is an extension of &((F, I")) = (F, h[I"]) which is a total master
condition for Ng. The fact that (G, h[X]) is a condition extending (F, h[I']) is clear. To
show that (G, h[X]) is a total master condition for Ng, it suffices to show thatif v € Ny NP
and (G, X) < v, then (G, h[X]) < h(v). For then if E € Ng is a dense open subset of P
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and v € h~1(E) N Ny satisfies that (G, ¥) < v, where such v exists since (G, X) is a total
master condition for Ny, then 2(v) € E N Ng and (G, h[X]) < h(v). Soletv = (H, A) be
in Ny NP such that (G, Y') <v. Then H C G and A C X. Therefore, h(v) = (H, h[A]),
H C G, and h[A] € h[X], s0 (G, h[X]) < h(v).

By Lemma 6.7, (G, ¥ U h[X]) is a condition which extends both (G, X') and (G, h[X]),
and hence is a total master condition for both Ny and Ng which extends (F,I") and
h(F,I"). Now consider u € Ny NPand r < (G, X U h[X]). We find s < r such
that s < u iff s < h(u). Consider the dense open set D in Ny of conditions which are
either below u or incompatible with u. Fix v € D N Ny such that (G, ¥') < v. By the
previous paragraph, (G, h[X]) < h(v). Asr < (G, X U h[X]) < (G, X), (G, h[X)]), it
follows that r < v, h(v). Case 1: v < u. Then h(v) < h(u). Sor < u,h(u). Case 2:
v is incompatible with u. Then /(v) is incompatible with A(u). Since r < v, h(v), r is
incompatible with ¥ and /(u), and in particular, r does not extend u or /(u). O

Definition 10.5 ([She98, Chapter V, Definition 3.1]). For any o < w1, a forcing poset Q is
a-proper if for any large enough regular cardinal A, if (N; : i < «) is an increasing and
continuous sequence of countable elementary substructures of H(A) with Q € Ny and for
all B <a, (N; :i < B) € Ngy1, then forall p € No NP, there exists ¢ < p such that q is
(Ng,Q)-generic for all B < a. A forcing poset Q is (< w1)-proper if it is a-proper for all
o < wi.

Proposition 10.6. The forcing poset P is (< w1 )-proper.

Proof. Let A be a large enough regular cardinal. The goal is to prove by induction on
o < wq the following statement: Assuming

e (N; : i < «) is an increasing and continuous sequence of countable elementary
substructures of H(1) with P € Ny;
o forally <o, (N;:i <y) € Nyyr;
e (F,I') € No NP has top level §;
e X C Tn,ne, is finite, X has unique drop-downs to B, and for all x € X, F(x |
p) =1
then there exists (G, X') < (F, I") which is a total master condition for N, for all y < «,
has top level Ny N w1, and satisfies that for all x € X, G(x) = 1.

The base case @ = 0 is immediate from Theorem 6.5 (Existence of Total Master Con-
ditions). For the successor case, suppose that « = y + 1 and the statement holds for all
ordinals less than «. Let (N; :i <y + 1), (F,I'), 8, and X be as above. By the inductive
hypothesis applied to X | (N, N w1), we can find (G, X') < (F, I") which is a total master
condition for Ng for all § < y, has top level Ny, N w1, and satisfies that for all x € X,
G(x | (Ny Nwy1)) = 1. Now apply Theorem 6.5 (Existence of Total Master Conditions) to
find (H, A) < (G, X') which is a total master condition for N,, 11 with top level Ny, 11 Nwy
such that forall x € X, H(x) = 1.

Now assume that « is a limit ordinal and the result holds for all y < «. Let (N; : i < «),
(F,I'), B, and X be as above. Fix an increasing sequence (o, : n < w) of non-zero
ordinals cofinal in a. Now repeat the argument of Theorem 6.5 (Existence of Total Master
Conditions) to build a descending sequence of conditions ((Fy,, I,) : n < @) in Ny below
(F, I'), with the following adjustment. At a stage n + 1 where we previously extended to
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get into a dense open set, we instead apply the inductive hypothesis to extend to a condition
with top level Ny, N w1 which is (Ny, P)-generic for all y < «,. We leave the details to
the interested reader. 0

In [She98, Chapter V, Section 5], the notion of a simple w1-completeness system D is
defined, as well as the idea of a forcing poset Q being D-complete. Define a forcing Q
to be Dee-complete if there exists some simple w;-completeness system ID such that QQ is
D-complete.

Theorem 10.7 ([She98, Chapter V, Theorem 7.1]). Suppose that (P;, Qj i <a, j<a)
is a countable support forcing iteration such that for all i < «, P; forces that Q; is (< wq)-
proper and Dee-complete. Then Py, does not add reals.

Proposition 10.8. The forcing poset P is Dee-complete.

We omit the proof because it is essentially identical to the proof of [She98, Chapter V,
Section 6] that the forcing for specializing an Aronszan tree with promises is Dee-complete
(and that proof itself is quite trivial). We leave the matter to be explored by the interested
reader.

11. CONSISTENCY RESULTS
In this section, we complete the main consistency results of the article.

Lemma 11.1. Let 2 < n < w. Suppose that every normal infinitely splitting Aronszajn tree
contains an uncountable downwards closed n-splitting subtree. Then every Aronszajn tree
contains an uncountable downwards closed (<n)-splitting subtree.

Proof. By Lemma 1.1(a), the assumption implies that every normal infinitely splitting
Aronszajn tree contains an uncountable downwards closed n-splitting normal subtree. Let
T be an Aronszajn tree. We may assume that 7" has a root, for otherwise we can restrict our
attention to T for some x of height 0. If 7" is not Hausdorff, then by a standard shifting
argument find a Hausdorff tree 7 such that 77 is equal to T restricted to non-limit levels.
Note that if 7+ has an uncountable downwards closed (< m)-splitting subtree, then so does
T. So without loss of generality assume that 7 = 7F. By Lemma 1.1(a), 7 contains an
uncountable downwards closed subtree U such that every element of U has uncountably
many elements of U above it. So again let us just assume that 7 = U. Then T is normal.
So by Lemma 1.1(b), there exists aclub C € w; suchthat 7" [ C is infinitely splitting. Note
that 7 | C is normal. Find an uncountable downwards closed normal subtree W C T | C
which is m-splitting. By the normality of W, it is easy to check that the downwards closure
of W in T is (<m)-splitting, and we are done. O

Theorem 11.2. It is consistent that CH holds and for all 2 < n < w, every (> n)-splitting
normal Aronszajn tree contains an uncountable downwards closed n-splitting normal sub-
tree. In particular, it is consistent that CH holds and there do not exist any Lindeldf trees.

Proof. Start with a model satisfying GCH. Define a countable support forcing iteration
(P;,Q; i < wy, j < wp) where we bookkeep so that for every 2 < n < w and
every normal (> n)-splitting normal Aronszajn tree 7" in the final model, there exists some
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i < wy such that IF; Q; = P(T, {n}). By Proposition 10.4 and Theorems 10.2 and 10.3,
this bookkeeping is possible since each PP; has size w, and is w,-c.c. By Propositions 10.6
and 10.8 and Theorem 10.7, P,, does not add reals, and in particular, preserves w; and
CH. We claim that in V¥«2 there do not exist any Lindelf trees. Start with an w;-tree T
If T is not Aronszajn, then it is not Lindel6f by [Mar24b, Lemma 4.2]. So assume that 7" is
Aronszajn. By Lemma 11.1, T contains an uncountable downwards closed (< 2)-splitting
subtree. By Theorem 2.7, T is not Lindelof. g

Now we turn to consistency results involving the preservation of Suslin trees. We make
use of the following forcing iteration theorem.

Theorem 11.3 ([AS93], [Miy93]). Let S be a Suslin tree. Then the property of a forc-
ing poset being proper and forcing that S is Suslin is preserved by any countable support
forcing iteration.

Theorem 11.4 ([Lin87]). Let T be an Aronszajn tree which does not contain a Suslin sub-
tree. Then for any Suslin tree S, \Fg T is Aronszajn.

Namely, if x € S forces that T is not Aronszajn, then there exists a club C C w; and a
strictly increasing function of Sy [ C into 7". The image of this function is a Suslin subtree
of T.

Lemma 11.5. Let 2 < m < w. Suppose that every normal infinitely splitting Aronszajn
tree which does not contain a Suslin subtree contains an uncountable downwards closed
m-splitting subtree. Then every Aronszajn tree which does not contain a Suslin subtree
contains an uncountable downwards closed (< m)-splitting subtree.

The proof is the same as for Lemma 11.1, using the fact that the downward closure of a
Suslin subtree is Suslin.

Theorem 11.6. It is consistent that CH holds, there exists a Suslin tree, and for every
wi-tree T, T either contains a Suslin subtree or is non-Lindeldf.

Proof. Start with a model satisfying GCH and there exists a Suslin tree. Repeat the con-
struction of Theorem 11.2 to build (Pi,(@j 11 < wy, j < wy), except that we obtain the
conclusion only for those normal Aronszajn trees which contain no Suslin subtree. By The-
orems 8.1 and 11.4, each forcing we iterate preserves all Suslin trees. By Theorem 11.3,
P,, preserves all Suslin trees, and in fact, if 7" is a normal Aronszajn tree which has no
Suslin subtree in the final model, then it does not have a Suslin subtree in any intermediate
model. Now repeat the same argument as in the end of the proof of Theorem 11.2, but using
Lemma 11.5 instead of Lemma 11.1 g

Finally, we show that we can consistently separate different degrees of subtree splitting.

Theorem 11.7. Let 2 < n < w. It is consistent that CH holds, every normal (> n)-splitting
Aronszajn tree contains an uncountable downwards closed n-splitting normal subtree, and
there exists a normal Aronszajn tree which is infinitely splitting but does not contain an
uncountable downwards closed (< n)-splitting subtree.
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Proof. Start with a model satisfying GCH and there exists a normal infinitely splitting
Suslin tree S. By [Mar24b, Theorem 4.12], S does not contain an uncountable downwards
closed finitely splitting subtree. In particular, S does not contain an uncountable downwards
closed (< n)-splitting subtree. Now define a countable support forcing iteration (IP;, Qj :
i <wy, j < wpy) asin the proof of Theorem 11.2, except that we only force with P(T, {n})
for normal Aronszajn trees 7 which are (> n)-splitting. By Theorem 7.1, each such forcing
preserves the fact that S does not contain an uncountable downwards closed (< n)-splitting
subtree, so by Theorem 3.1 so does P, . O
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