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ABSTRACT. We prove that for every Aronzsajn line A and every Countryman line C, there is a
proper forcing extension in which A contains an isomorphic copy of either C or its converse C*.
As a corollary, we obtain answers to several related questions asked by the second author in the
literature: if there is an inaccessible cardinal, then there is a proper forcing extension in which the
uncountable linear orders have a five element basis; BPFA implies the existence of a five element
basis for the uncountable linear orders; BPFA is equiconsistent with the conjunction of BPFA
and Aronszajn tree saturation. These results are derived from new preservation results concerning
subtrees of Aronszajn trees, proper forcings, and countable support iterations, generalizing work of
Miyamoto, Abraham, and Shelah.

1. INTRODUCTION

In [16], Shelah proved the existence an uncountable linear order C such that C x C is a union
of countably many chains in the coordinate-wise partial order, answering a question of R. Coun-
tryman [5]. Such orders are now known as Countryman lines and, as we will see momentarily, are
fundamental objects within the class of linear orders. Countryman had already observed that such
linear orders are necessarily Aronszajn—they have no uncountable separable suborders and they
do not contain a copy of w; or w}. Galvin observed that if C is a Countryman line, no uncountable
linear order can embed into both C and C*. Clearly, any uncountable suborder of a Countryman
line is Countryman.

Thus, Shelah’s result demonstrated that any basis for the Aronszajn lines must contain at least
two elements: a Countryman line C and its converse C*. Shelah conjectured [16, 9A] that it was
consistent that any Aronszajn line contains a Countryman suborder. Subsequent work of Abraham
and Shelah [1], when combined with prior work of Baumgartner [4], established the following
reduction:

Theorem 1.1 ([1]). Assume PFA. The following are equivalent:

(1) Shelah’s conjecture.

(2) If X C R has cardinality wy and C is a Countryman line, then any uncountable linear
order contains an isomorphic copy of X, w1, a)i", C,orC*.

(3) There is an Aronszajn tree T such that CAT(T): whenever K C T, there is an uncount-
able antichain X C T such that A(X) is contained in K or T \ K.

PFA denotes the Proper Forcing Axiom, a powerful and versatile axiomatic assumption which
strengthens Martin’s Axiom and the negation of the Continuum Hypothesis; see [15, 22]. In
fact, the bounded form of PFA (denoted BPFA) introduced by Goldstern and Shelah [6] suffices
to prove the equivalence in Theorem 1.1. BPFA asserts that if a X';-sentence with parameters
in #(w1) holds in a proper forcing extension, it is true. Unlike PFA, which has considerable
large cardinal strength (see, e.g., [21]), BPFA is equiconsistent with the existence of a reflecting
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cardinal [6, 25], a hypothesis which is weaker in consistency strength than the existence of a Mahlo
cardinal.
Shelah’s conjecture was eventually confirmed by the second author:

Theorem 1.2 ([14]). Assume PFA. Any Aronszajn line contains a Countryman suborder.

Corollary 1.3. Assume PFA and let X C R have cardinality w1 and C be any Countryman line.
Any uncountable linear order contains an isomorphic copy of X, w1, oy, C, or C*.

The proof of Theorem 1.2 had two unusual related features. First, it required PFA just to prove
that certain posets needed in the argument were proper. In particular, even though instances of
Shelah’s conjecture are equivalent to X';-sentences with parameters in &?(wj ), the proof of [14]
did not yield that Bounded Proper Forcing Axiom (BPFA) implies Shelah’s conjecture. Second,
the proof relied on consequences of PFA which have large cardinal strength. Unlike MA,,, , whose
consistency can be established relative to ZFC, PFA has considerable large cardinal strength (see
[21]). Subsequent work of Konig, Larson, Velickovié, and the second author [9] reduced the large
cardinal strength of Shelah’s conjecture to something less than a Mahlo cardinal. Still, this work
left open the possibility that the consistency strength of Shelah’s conjecture was stronger than that
of BPFA, which is equiconsistent with the existence of a reflecting cardinal [6, 25].

In the present paper, we remedy these shortcomings.

Theorem 1.4. If A is any Aronszajn line and C is any Countryman line, then there is a proper
forcing extension in which A contains an isomorphic copy of C or C*.

This yields a number of corollaries, which answer questions in the literature.

Corollary 1.5. Let C be any Countryman line and X C R have cardinality wy. If L is any
uncountable linear order, there is a proper forcing extension in which L contains an isomorphic
copy of X, w1, oy, C, or C*.

Corollary 1.6. Assume BPFA and let X C R have cardinality w1 and C be any Countryman line.
Any uncountable linear order contains an isomorphic copy of X, w1, oy, C, or C*.

Corollary 1.7. The following are equiconsistent:

(1) The conjunction of: PFA for posets of cardinality at most wy, “Any two w1-dense sets of
reals are isomorphic,” Shelah’s conjecture, and ¢.
(2) There is an inaccessible cardinal.

In last corollary, ¢ is a combinatorial consequence of PFA which was introduced in [9], where
it was shown that the conjunction of BPFA and ¢ implies Shelah’s conjecture.

Central to the proof of our main result is a new forcing iteration preservation lemma for w1 -
trees. This lemma says that for any countable support iteration (IP;, Q; :i € B)of proper forcings,
where § is a limit ordinal, and for any w;-tree T in the ground model, every subtree of T which
appears in V5 contains a subtree which lies in Vi for some i € . We also use this iteration
lemma to prove that the statement ¢ is equiconsistent with an inaccessible cardinal, which answers
a question of [9].

Terminology and notation: A tree T is an w-tree if it has height w; and countable levels. Level
a of T is denoted by Ty, and 7' [ B = (Jy<p T If x € T and B is less than the height of x,
we write x [ B for the unique member of T with height . By a subtree of an w-tree we mean
a subset which is uncountable and downwards closed. Whenever Ty, ..., T,—1 are wj-trees, we
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write Ty ® --- ® T, to denote the product tree consisting of n-tuples in Ty X --- x T,—; whose
elements all have the same height, ordered componentwise. If all of these trees are equal to the
same tree T, this product tree is denoted by 7®".

An wq-tree T is coherent if it is a downwards closed subtree of <®12 satisfying that for all 5,7 €
T, the set of @ € dom(s) Ndom(z) such that s() # s(B) is finite. For any s,¢ € T, let s At be the
greatest lower bound of s and ¢ in 7. For an antichain X C T, let A(X) = {A(s,?) : 5,1 € X}.
For incomparable s,¢ € T, let A(s, ) be the least @ € dom(s) N dom(¢) such that s(«) # ().
Note that A(s, t) is the height of the meet s Az. Foraset Z C T andt € T, let A(Z, t) be the set
of all ordinals of the form A(s, ¢), where s € Z is incomparable with ¢.

2. SATURATION OF w1-TREES, ¢, AND

In this section, we review the concept of saturation for w;-trees and the related statements ¢
and . We also briefly discuss the ideas of a subtree base and subtree preservation which are due
to Baumgartner [3].

Definition 2.1 ([9]). Let T' be an wq -tree.
(1) Subtrees U and W of T are almost disjoint if U N W is countable.
(2) An antichain of subtrees of T is a pairwise almost disjoint family of subtrees of 7.
(3) A family of subtrees F of T is predense if any subtree of T has uncountable intersection
with some member of F.
(4) For a given family of subtrees F of T, - is defined as the set of all subtrees of 7' which
are almost disjoint with every member of F.

Note that if F is a family of subtrees of an w;-tree T, then F U F is always predense, and F
itself is predense iff F- = @.

Definition 2.2 ([9]). An w;-tree T is saturated if every antichain of subtrees of 7" has cardinality
less than w».

Definition 2.3 ([9]). Let T be an w;-tree and let F be a family of subtrees of 7. Define ¢(T, F)
as the statement that there exists a sequence (Ug : § € wy) of subtrees of 7" and a club C C w;
such that for all « € C and for any ¢ € T, either:

(1) there exists § < a such that7 € Ug and Ug € FL or
(2) there exists B < o such that for all v € (B,a) N C, thereis § < v such thatz [ v € Ug
and Ug € F.

Define (T, F) as the same statement except with alternative (1) omitted.
When T is understood from context, we write ¢(F) and ¥ (F) to abbreviate ¢(7, F) and
W (T, F). Observe that if F is predense, then ¢(F) and ¥ (F) are equivalent. Also note that

@(F) implies ¥ (F U FL). Itis easily seen that ¢(F) and v (F) are upwards absolute with respect
to any w1 -preserving forcing extension.

Lemma 2.4 ([9, Lemma 2.2]). Let T be an wy-tree and let F a family of subtrees of T. If ¥ (F)
holds, then F is predense.

The next two lemmas are implicit in [9].

Lemma 2.5. Suppose that T is an w-tree and for every predense family F of subtrees of T, V¥ (F)
holds. Then T is saturated.
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Proof. If T is not saturated, then there exists an antichain F of subtrees of 7" with cardinality at
least w;, which we may assume is maximal and hence predense. Let (Ug : § € w1) and C C w;
witness that ¥ (F) holds. Define F* = {Ug : £ € w1}. Note that (Ug : £ € 1) and C also
witness that ¥ (F*) holds. By Lemma 2.4, F* is predense. Since F is an antichain, it must be the
case that 7* = F which is a contradiction. ([l

Lemma 2.6. Suppose that T is a saturated wi-tree and for any family F of subtrees of T of size
at most w1, ¢(F) holds. Then for every family F of subtrees of T, ¢(F) holds.

Proof. 1t suffices to show that whenever F is a family of subtrees of 7', there exists a subfamily
F* C F of size at most w; such that 7+ = (F*)L. For then any sequence and club which
witness that ¢ (F*) holds also witnesses that ¢(F) holds. If not, then we can prove that 7' is not
saturated by recursively constructing an almost disjoint sequence (Uy : @ € w;) of subtrees of T,
each contained in some member of F, as follows. Assume that @ € w, and for all 8 < «, Ug is
defined and contained in some Wy € F. By assumption, {Wg : 8 < a}t # FL so wecan find a
subtree U of T which is almost disjoint from W for all B < «, but for some W € F, W N U is
uncountable. Let Uy, = W N U and W, = W. O

Definition 2.7 ([9]). Aronszajn tree saturation is the statement that every Aronszajn tree is satu-
rated.

Definition 2.8 ([9]). Let ¢ denote the statement that ¢(7, F) holds for every Aronszajn tree T
and any family of subtrees F of T'. Define ¥ similarly.

By Lemma 2.5, ¢ implies Aronszajn tree saturation.

Remark 2.9. In [9], ¢ and ¥ were only defined for Aronszajn trees. The generalization for
w1 -trees is equivalent, however: if T is an w-tree and U is an Aronszajn tree, then 7 ® U is
Aronszajn, and if ¢(T ® U, G) holds for any family of subtrees G of T ® U, then ¢ (T, F) holds
for any family of subtrees F of T'.

We now briefly discuss the idea of a subtree base which was introduced in [3].

Definition 2.10 ([3]). Let T be an w1 -tree. A family F of subtrees of T is a subtree base if every
subtree of 7" contains a member of F.

Definition 2.11 ([3]). An wj-tree has a small subtree base if it has a subtree base of size at most
w1l.

Note that if an w1 -tree has a small subtree base, then it is saturated. Baumgartner and Todorcevié
[3] proved that if there exists a Kurepa tree, then there is a special Aronszajn tree with no small
subtree base. In fact, if 7" is a special Aronszajn tree and U is a Kurepa tree, then 7 ® U is a
special non-saturated Aronszajn tree. On the other hand, Stejskalova and the first author proved
that the existence of a non-saturated Aronszajn tree does not imply that there exists a Kurepa tree
({10, 11)).

Baumgartner [3] proved that the Lévy collapse which collapses an inaccessible cardinal to
become w, forces that every wi-tree has a small subtree base. The proof is based on the fact that
countably closed forcings satisfy the property described in the next definition.

Definition 2.12. For an w;-tree T, a forcing P preserves subtrees of T if PP forces that every
subtree of 7 in V¥ contains a subtree which lies in V. A forcing P preserves subtrees if for every
w1-tree T, [P preserves subtrees of 7'.
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The proof of the next lemma is easy.

Lemma 2.13. Let T be an wi-tree. Suppose that P preserves subtrees of T. If F is a predense
family of subtrees of T, then P forces that F is predense.

3. FORCING ¢ AND

It was shown in [9] that instances of ¢ and i can be forced by adding reflecting sequences for
open stationary set mappings. We review this method and prove a new result that the standard
forcing for adding a reflecting sequence with countable conditions preserves subtrees.

Definition 3.1 ([13]). Let X be an uncountable set and let M be a countable elementary submodel
of H (), where 6 is a regular cardinal and [X]* € M. Let § C [X]®.

(1) S is M -stationary if forany club E C [X]|* in M, M NS N E # @.

(2) Sisopenifforall N € S there exists a finite set x € N such that

(Pe[X]?:xCPCNICS.

Definition 3.2 ([13]). A function X is an open stationary set mapping if there exists an uncount-
able set Xy and a regular cardinal 8y such that dom(X') is a club subset of [H(6x)]® consisting
of elementary submodels of H(fx) with [X »]* as an member, and for all M € dom(X), X (M)
is open and M -stationary.

Definition 3.3 ([13]). Let X' be any open stationary set mapping. Define Px as the forcing poset
consisting of conditions, ordered by reverse extension, which are e-increasing and continuous
sequences (N; : i < «) of elements of dom(X), for some @ € wq, such that forall 0 < 8 < «
there exists £ < B such that forall y € (§, 8), Ny N X5 € X (Ng).

Theorem 3.4 ([13]). Let X be an open stationary set mapping. Then Py is proper and the union
of any generic filter on Py is a reflecting sequence for X, by which we mean an €-increasing and
continuous sequence (Ny : o € wy) of elements of dom(X') such that for all non-zero a € wy,
there exists B < a such that forall y € (B,a), Ny N X5 € X(Ng).

Theorem 3.5. Let X' be an open stationary set mapping. Then Py preserves subtrees.

Proof. Let X = X5 and 0 = Oy. Fix an wy-tree T and a P-name U for a subtree of T'. It suffices
to prove that for every p € Py, there exists r < p such that the set {x € T : r I x € U}
is uncountable. Suppose for a contradiction that p is a counter-example. Fix a large enough
regular cardinal A and a countable elementary submodel M of H(A) such that [X]®, 6, X, Py,
H(Px|1), p, T, and U are members of M. Let M’ = M N H(H). Enumerate TMnw, as
(tn : n € w) and let (D, : n € w) enumerate all dense open subsets of IP 5 which lie in M.

We construct by recursion a descending sequence of conditions (p, : n € w)in M NP as
follows. Let po = p. Now let n € w and assume that we have defined p,. Define E, as the
set of all N € [X]? such that for some countable N* < H(|Px|") which contains as elements
X, Py, pn, and Dy, N is equal to N* N X. Then E, € M and E, is a club. Since X (M’)
is open and M'-stationary, we can fix N, € M’ N X (M') N E, and z, € [N,]=® such that
{P e€[X]?:z, C P C N} CXY(M'). Let NJ € M witness that N,, € E,. By the elementarity
of Ny, fix K, € N,y N dom(XY) such that z, € K,. Define ¢, = p, U {(dom(py), K»)},
which is in Py N N, and extends p,. By assumption and the elementarity of N,’, there exists
on < N, N w; such that for all x € Ty, ¢» does not force that x € U. In particular, we can
find py4+1 < gn in N,y N D, which forces that #, | o, ¢ U. Since U is forced to be downwards
closed, p,41 forces that t,, ¢ U.
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This completes the recursion. Define

g=Jpn U{M N1, M)}

Note that for all y € [dom(pg), M N wy), there exists n such that
Zn CKn NX Cppp1() N X =¢q(y) N X C Ny,

and hence g(y)NX € X (M’). It easily follows thatg € Py and g < p, for all n. By construction,
q forces thatt, ¢ U forall n. Hence,q IF U C T | (M N w1), which contradicts that U is forced
to be a subtree. (|

In [9], a method for forcing ¢(F) using the poset of Definition 3.3 was introduced and is based
on the following lemma.

Lemma 3.6 ([9, Lemma 3.6]). Let T be an wi-tree and let F be a family of subtrees of T. Let Eg
be the club subset of [H(w2)]? consisting of all elementary submodels of H(w2) which contain T
as a member. Let k > 21 be regular and let M be a countable elementary submodel of H (k)
with T and F members of M. Consider any t € Ty, and suppose that there does not exist a set
A e MNF+suchthatt € A. Let Xy be the set of all P € [H(w2)]? such that, if P € Ey, then
there exists some U € P N F suchthatt [ (P Nwy) € U. Then Xy is open and M -stationary.

We force ¢(F) by decomposing T as a two-dimensional matrix and then force witnesses to
¢(F) along each column in a forcing iteration of length w. The same construction also forces
¥ (F) in the case that F is predense.

Proposition 3.7. Let T' be an wi-tree and let F be a family of subtrees of T. Then there exists a
countable support forcing iteration (P, Qp : n € w) satisfying:

(1) for eachn € w, P, forces that Qu=P 5, for some open stationary set mapping Xy ;
(2) Py, is proper;

(3) Py, forces o(F);

(4) if F is predense, then P, forces yr(F).

Proof. We start by describing the open stationary set mappings used in the factors of the forcing
iteration. Suppose that {f, : @ € w;} is a set of elements of T such that each ¢, has height
«. Define ¥ as follows. Let X5 = H(w,) and 05 = 221", Define Ej as the club set of all
countable elementary submodels of H (w;) which contain 7" as a member. Let dom(X") be the set
of all countable elementary submodels of H(6y) which contain 7" and F as members. Consider
M e dom(X). If there exists some A € M N FL such that Mo, € A, then let ¥ (M) be equal
to [H(w2)]®. Otherwise, let X (M) be the set of all P € [H(w3)]® such that, if P € Ey, then
there exists some U € P N F suchthat? [ (P Nw;y) € U. Then X (M) is open and M -stationary
by Lemma 3.6. Now it is straightforward to use a reflecting sequence for X' given by a generic
filter on Py to define a sequence (Ug : § € wy) which witnesses the definition of ¢(F) restricted
to elements of {¢y, : @ € w1}.

Now working in the ground model, decompose the tree T as {¢(a,n) : @ € w1, n € w}, where
each 7(«, n) has height . Define a countable support forcing iteration (P,, Q, : n € ) so
that for each n, P, forces that Qn equals P 5, where Z"n is a [P,-name for the open stationary
set mapping described in the previous paragraph for the set {f(c,n) : « € w1}. In any generic
extension by P, it is easy to combine the w-many sequences obtained at each stage of the forcing
iteration into a single sequence which witnesses that ¢(F) holds. In the case that F is predense,
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Theorem 3.5 implies that each P, preserves subtrees, and therefore by Lemma 2.13 preserves
the fact that F is predense. So each PP, forces that F1 is empty, and consequently the sequence
obtained at stage n + 1 contains only members of F. Hence, the sequence which witnesses ¢(F)
in V¥ only contains members of F and therefore witnesses that v (F) holds. U

We note that a different method for forcing v (F) was described in [9], as Theorem 3.5 was not
known at the time.

4. AN ITERATION LEMMA FOR TREES

In this section, we prove a forcing iteration preservation lemma concerning subtrees of wi-
trees which is an essential tool for the main theorems of the article. Roughly speaking, we show
that for an w;-tree 7" and a countable support forcing iteration of proper forcings of limit length,
any subtree of 7" which lies in a generic extension by the iteration contains a subtree from an
intermediate model by an earlier stage of the iteration.

Let us clarify notation. Suppose that (IP;, Qi:ie B) is a countable support forcing iteration.
We let Pg denote the countable support limit of this iteration in the case that 8 is a limit ordinal,
and P, * Qy in the case that 8 = y + 1 is a successor ordinal. Let @ € 8 + 1. Then <, denotes
the order on Py, Ga is the canonical P, -name for the generic filter, and I, abbreviates the forcing
relation IFp,,. We also write H—KV for the Py -forcing relation relativized to a model W

Our iteration lemma can be thought of as a natural extension to the theory of trees of the follow-
ing landmark preservation theorem of Shelah. This theorem has provided a blueprint for a large
number of countable support (and revised countable support) iteration preservation results across
many different areas of set theory.

Theorem 4.1 ([17, Chapter III, Theorem 3.2]). Suppose that (P;, Q; : i € B) is a countable
support forcing iteration of proper forcings. Then IPg is proper.

One of several possible proofs of Shelah’s theorem is based on the following lemma, which we
will make use of (see Lemma 31.17 of [8]).

Lemma 4.2. Let (Pi,(@i : i € B) be a countable support forcing iteration of proper forcings.
Let A be a large enough regular cardinal and let N be a countable elementary submodel of H (1)
containing the forcing iteration as a member. Let o« € N N B. Suppose that p is a Py-name
for a condition in Pg, q € Py, and q Iy p € N. Also, assume that q is (N, Py)-generic and
g ko p | @ € Gy. Then there exists g+ € Pg such thatq™ [ o =q, g is (N, IPg)-generic, and
gt I p € Gg.

Lemma 4.3. Let T be an w-tree. Suppose that (Pi,(@,- 1 i € B) is a countable support forcing
iteration such that Pg preserves w1, po € Pg, and D is a dense open subset of Pg. Assume that
po forces in Pg that U is a downwards closed subset of T such that foralla < B, U contains no
subtree which lies in V¥, Let a < B. Then Py, forces that, if po | o € Ga, then there exists some
Y € wy such that for all u € Ty, there exists some p1,y <g po in D suchthat p1, | @ € Ga and

Prulry ugU.

Proof. Letr € Py. By extending r further if necessary, we may assume without loss of generality
that r decides whether or not pg | @ € Ga, and in the case that it does, that r <4 po [ @. If r
forces that po | @ & G, then we are done. So assume that r <¢ po | «. Extend r U pg | [, B)
to some condition s which is in D. Then s <g po. We claim that s [ « forces in [Py that there



8 JOHN KRUEGER AND JUSTIN TATCH MOORE

exists y € w such that for all u € T),, there exists p1,y <p po in D such that pq o€ Ga and
Plu H—Z u ¢ U. To prove this claim, let G, be a generic filter for P, containing s | ¢, and we
work in V[Gy]. Let Pg /G4 be the suborder of IPg consisting of all ¢ € Pg such thatg [ o € Gg.
Recall that Pg is forcing equivalent to Py * (IP’ﬁ/Ga). Since s [ o € Gg, 5 € Pg/Gy.

In V[Gg], let Up = {u € T : s IFpy/g, u € U}. Note that Uy € V[G,] and s forces in
Pg / Gy that Uy is a downwards closed subset of U. Hence, by our assumption on pg and U ,Up is
countable. Find y € w; such that Uyg C T [ y. Consider u € Ty,. Then u ¢ Up, which means that
there exists some sy <p,/G, § Which forces that u ¢ U. Then sy <p s. Since s, | a € Gy, we
can find #,, <¢ sy | o in G which forces (in Py, over V) that s, forces (in Pg/ Gy over V[Ga])
thatu ¢ U. Let Piu = tu Usy [ [a, B). Then p1y <g po, p1ru | @ =ty € Gg, p1u € D, and
prulryugU. O

Lemma 4.4 (Iteration Lemma for Trees). Let T be an w1 -tree. Suppose that (P;, Q; :i € B)isa
countable support forcing iteration of proper forcings, where B is a limit ordinal. Then Pg forces
that for any subtree U of T lying in V'8, there exists some o < B and a subtree W in V' such
that W C U.

Proof. Let U bea [Pg-name for a downwards closed subset of 7'. It suffices to show that whenever
p € Pg forces that for all < 8, U does not contain a subtree which lies in V¥« then there exists
g < p which forces that U is countable. Without loss of generality, assume that each IP; is
separative, for if not then we can find an equivalent forcing iteration for which this is true.

Fix a large enough regular cardinal A and let N < H(A) be countable which contains the above
parameters. Let § = N Nwj. Let (D, : n € ) be an enumeration of all of the dense open subsets
of Pg which lie in N and let (a, : n € w) be an enumeration of 7. Fix an increasing sequence
(ap 1 n € w) of ordinals in N N B cofinal in sup(N N B) with ag = 0.

We define by recursion two sequences (g; : i € w) and (p; : i € w) satisfying that for all i:

(1) pi is a Py;-name for a condition in Pg, and py is a Po-name for p;
(2) g; is an (N, Py, )-generic condition and g; I-o; pi € N A p;i [ o € Gai;
(3) gi+1 [ @i = gqi, and gj+1 forces in Py, ,, that:

(@) pi+1 =g Di;

(b) pi+1 € Di;

(©) pi+1 Hg ai ¢ U.

Begin by letting go be the empty condition in Pg and letting po be a Pg-name for p. Now let
i € w and assume that p; and ¢g; are defined as required. Applying Lemma 4.2 to p; | «;+1 and
qi»find gi+1 € Py, suchthatgi+1 [ o = gi, gi+11s (N, Po, )-generic, and gi 11 Iba; 1y Pi |
®i+1 € Go; -

To define p;1, consider a generic filter G, , which contains g;+1. Since gj+1 is (N, Py, | )-
generic, N[Gy, ] NV = N. Let Go; = Gg;, Naj. Let p; = piG"‘f, which is in N. So
pi | dit1 € Gg; . Also, p; <g p, so p; forces (in Pg over V) that U is a downwards closed
subset of T such that for all @ < S8, U has no subtree which lies in V%o

Applying Lemma 4.3 to p;, D;, and «; 41, we conclude that there exists some y € wp such
that for all u € T), there is some p1, =<g p; in D; such that pyy | @i+1 € G, and
Plu “_,‘; u ¢ U. Since p; and D; are in N[Gg; ], we may assume that y < N[Ggy,;, |Nw; = 6.
Consider u = a; [ y, whichisin N[Gg, ,]. By elementarity, we can find p;+1 € N[Gg, ] such



FIVE ELEMENT BASIS 9

that pj+1 <g piisin Dj, pi+1 | &i+1 € Ga;,, and pj41 Il—g a; |y ¢ U. As U is forced
to be downwards closed, it follows that p; .y H—g a; ¢ U. Finally, since N [Go; ( ]NV =N,
Pi+1 € N.

Since G, , was an arbitrary generic filter on Py, containing g;+1, we can fix a Py, | -name
pi+1 for amember of Pg which g; 1 forces has the properties described above. Now it is routine
to check that ¢; +1 and p; 4+ are as required.

This completes the construction. Let ¢ = | J,, ¢, which is in Pg. We will argue that ¢ < p and
q forces that U is a subset of N, and hence is countable. Let G p be a generic filter which contains

gandlet U = U%8. Foralli € o, let Gy, = Gg NPy, and p; = piG“". Since g | «; forces
that p; [ «a; € Ga,- and Py, is separative, it follows that ¢ | o; <o, p; | «;. Hence, foralli < j,
qaj <a; pj | & <a; pi | @;. Since dom(q) C sup, ay, it follows that g <g p; forall j. In
particular, ¢ < po = p. Also, g € Gg implies that p; € Gg for all i, and by the choice of p; 1,
a; ¢ U.SoU C T | §C N.As Gg was arbitrary, g forces all of the above statements. So g < p

andq kg U C N. O

5. SOME CONSEQUENCES OF THE ITERATION LEMMA

In this section, we derive some consequences of Lemma 4.4. Further applications appear in
subsequent sections.

Corollary 5.1. Let T be an wi-tree. Suppose that (P;, Q; =i € B) is a countable support forcing
iteration of proper forcing such that for all i € B, P; forces that Q; preserves subtrees of T. Then
Pg preserves subtrees of T'.

Proof. By induction on 8, using the assumption of the corollary at successor stages and Lemma
4.4 at limit stages. (|

Combining Proposition 3.7 with Corollary 5.1, we see that the forcing of Proposition 3.7 which
adds a ¢-sequence preserves subtrees.

Corollary 5.2. Let T be an wi-tree and let F be a family of subtrees of T. Then there exists a
forcing P which is proper, preserves subtrees, forces ¢(F), and if F is predense, forces vy (F).

Proof. Immediate from Theorem 3.5, Proposition 3.7, and Corollary 5.1. O

Lemma 5.3. Let {(T;, F;) : i € &} be such that for eachi € 8, T; is an wy-tree and F; is a
predense family of subtrees of T;. Then there exists a proper forcing which preserves subtrees and
forces that for all i € §, v (T;, F;) holds.

Proof. Define a countable support forcing iteration (IP;, Qi:ie 8) as follows. Arrange that each
PP; forces that Q; preserves subtrees, so by Corollary 5.1 each IP; preserves subtrees. Assuming
that P; is defined, let Q; be a P;-name for the forcing of Corollary 5.2 for 7; and F;. By Lemma
2.13, P; forces that F; is predense. Therefore, IP; * Qi forces ¥ (77, F;). Since v is upwards
absolute, Py is as required. (|

We now revisit some classic forcing iteration preservation theorems for trees, and show that
they can be derived as corollaries of Lemma 4.4. Silver [20] demonstrated the consistency of the
non-existence of a Kurepa tree from an inaccessible cardinal using the fact that countably closed
forcings do not add new branches to w-trees. Shelah proved that for an w;-tree T, the property
of a forcing poset that it is proper and does not add new cofinal branches of T is preserved under
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countable support forcing iterations (see [18, Chapter III, Theorem 8.5]). This theorem generalizes
Silver’s method to a broader context by allowing for the construction of models with no Kurepa
trees using iterated forcing.

Note that any cofinal branch of an w;-tree T is a subtree of T'.

Corollary 5.4. Suppose that T is an w1-tree and (P;, Qi :ie B) is a countable support forcing
iteration of proper forcings such that for all i € B, P; forces that Q; does not add new cofinal
branches of T'. Then Pg does not add new cofinal branches of T.

Proof. We may assume by induction that for all i € B, IP; forces that any cofinal branch of 7 in
VFi lies in V. If B is a successor ordinal, then we are done by the assumptions of the corollary.
Suppose that S is a limit ordinal. Then by Lemma 4.4, any cofinal branch of 7 in V"5 contains a
subtree lying in Vi for some i € 8. But any subtree of a cofinal branch is equal to that branch.
By the inductive hypothesis, that cofinal branch isin V. (Il

Abraham and Shelah [2] and Miyamoto [12] independently proved that for a given Suslin tree S,
the property of a forcing poset that it is proper and preserves the Suslin property of S is preserved
by countable support forcing iterations. This result has a number of significant applications, such
as the consistency of the forcing axiom PFA(S) for a coherent Suslin tree S ([23]). We reprove this
result as a special case of Lemma 4.4 by making use of the following well-known characterization
of an w;-tree being Suslin.

Lemma 5.5. Let S be an wy-tree. Then S is Suslin iff S contains no cofinal branch and for
every subtree U C S, U contains a cone (that is, there exists some x € S such that the set
{yeS:x<gy}isasubset of U).

Corollary 5.6. Suppose that S is a Suslin tree. Assume that (P;,Q; : i € B) is a countable
support forcing iteration of proper forcings such that for all i € B, P; forces that S is Suslin. Then
Pg forces that S is Suslin.

Proof. If B is a successor ordinal, then the result is immediate from the assumptions of the corol-
lary. Assume that f8 is a limit ordinal. By Corollary 5.4, Pg forces that S does not have a cofinal
branch. So it suffices to prove that any subtree of S in V¥4 contains a cone. By Lemma 4.4, Pg
forces that any subtree U of S in VF# contains a subtree W in Vi for some i € B. Since S is
Suslin in V¥, W contains a cone in V"7, which by upwards absoluteness implies that U contains
acone in V'5, g

For our final application of Lemma 4.4 in this section, we show that MRP is consistent with the
statement that every wj-tree has a small subtree base. A standard way to obtain a model of MRP
is to iterate forcings with countable support up to a supercompact cardinal x, where each forcing is
proper, has size less than «, and adds a reflecting sequence for some open stationary set mapping,
guided by a Laver function. By Theorem 3.5, each factor of the iteration preserves subtrees, and
hence so does the entire iteration by Corollary 5.1. Let (IP; : i € «) denote such a forcing iteration.
By standard arguments, any wi-tree 7 in V'« lies in V' for some i € «, and since the tail of
the iteration in V'¥7 also preserves subtrees by Corollary 5.1, any subtree of 7 in V¢ contains a
subtree lying in V¥, As the collection of subtrees of T lying in V¥ has cardinality w; in V¢, T
has a small subtree base in VP«

Corollary 5.7. If there is a supercompact cardinal, then there is a proper forcing extension which
satisfies the conjunction of MRP and “all w1-trees have a small subtree base.”
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We note that in contrast, MA,,, implies that for every Aronszajn tree 7', the minimum size of a
subtree base for T is at least w, ([7, Corollary 1.1]).

6. THE CONSISTENCY STRENGTH OF ¢

In this section, we resolve the issue of the consistency strength of ¢. In [9], it was asked whether
@ implies that @, is a Mahlo cardinal in L. We answer this question negatively as follows.

Theorem 6.1. The following are equiconsistent:

(1) There exists an inaccessible cardinal.
(2) ¢.

Lemma 6.2. Suppose that k is an inaccessible cardinal, S C « is stationary, and (sq : o € S) is
a Q(S)-sequence. Let (P;,Q; : i € k) be a countable support forcing iteration of proper forcings,
where each P; has size less than k and Py forces that K equals wy. Assume that:

(1) Py forces that for every wi-tree T and for every family F of subtrees of T of size at most
w1, ¢(T, F) holds;

(2) forall @ € S, if sq codes (in some canonical way) nice Py-names for an wy-tree T with
underlying set w1 and a predense family F of subtrees of T, then Py forces ¥ (T, F).

Then Py forces that for any wi-tree T and for any family of subtrees F of T, (T, F) holds.

Proof. By Lemma 2.6 and (1), it suffices to show that P, forces that every w;-tree is saturated. If
not, then there are nice P,-names T and Ui for i € k and some condition p € P, such that P,
forces that 7" is an w; -tree with underlying set w1, (U :ieklisa predense family of subtrees of
T, and if p is in the generic filter, then {U; : i € «} is a maximal antichain. By a straightforward
argument using the fact that P is k-c.c., there exists a club C C « such that for all @ € C:

e T isanice P, -name;

e forall y < a, Uy is a nice Py-name;

e for all B < « and for any nice Pg-name W for a subtree of T', P, forces that W has

uncountable intersection with some member of {Uy Ty < al.

Now find @ € S such that s codes 7" and {U,, 1y < al.

We claim that IP’O, forces that {U, i < a} is predense. If not, then there is a condition g € Py
and a Py-name Y for a subtree of 7" such that for all y < «, g forces that Y N Uy is countable.
Applying Lemma 4.4, find r < ¢, 8 < «, and a nice Pg-name Z for a subtree of 7" such that r
forces that Z C Y. But then r forces that for all y <a, zZn Uy is countable, which contradicts
that « € C. By (2), Py4+; forces 1//({Uy . ¥ < a}). By upwards absoluteness, P, forces
w({Uy .y < a}), and hence forces that {Uy : ¥ < o} is predense. This is impossible since p
forces that {U; : i € «} is an antichain. O

Proof of Theorem 6.1. The statement ¢ implies Aronszajn tree saturation, which in turn implies
the non-existence of a Kurepa tree and hence that @, is inaccessible in L. For the converse, assume
that « is inaccessible. Then in L, x is inaccessible and {, holds as witnessed by some diamond
sequence (sq : @ € k). Define a countable support forcing iteration (P;, Q; : i € k) of proper
forcings by recursion as follows. Arrange that for cofinally many stages of the iteration we force
with Col(w1, w7), thereby ensuring P, forces K = ;. By standard bookkeeping and Proposition
3.7, we can ensure that for any w;-tree T' and for any family F of subtrees of T of size at most
w1 which appear in V¢, there is some @ € « such that Pyt forces ¢(F). Finally, consider any
limit ordinal o € k such that s, codes nice Py -names T and {Ul ;i < o} for an wq-tree with
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underlying w and a predense family of subtrees of T. Apply Proposition 3.7 to find Qg such that
Py * Qg forces ¥ ({U; : i < a}). Now we are done by Lemma 6.2. g

In the above construction, we can also bookkeep to force along the way with any proper forcing
of size less than x which appears at some stage less than « in the iteration. In this way, Lemma
6.1(2) can be strengthened to include other statements, such as the proper forcing axiom for proper
forcings of size at most w; or the statement that any two wj-dense sets of reals are isomorphic.
In fact, if we strengthen the inaccessibility assumption to a reflecting cardinal, this method will
produce a model of ¢ together with BPFA ([6]).

Theorem 6.3. The following are equiconsistent:

(1) There exists a reflecting cardinal.

(2) BPFA and ¢ hold.

7. THE FAMILIES %, AND ;-

We now describe families of subtrees of products of a given coherent Aronszajn tree which play
in a role in the analysis of partial orders involved in forcing an instance of CAT. We make use of
the following basic result about coherent Aronszajn trees.

Lemma 7.1. Let T be a special coherent Aronszajn tree. Assume that { Xy, : o € w1} is a pairwise
disjoint family of members of T®", where n € w is positive. Then there is an uncountable set
B C wp such that for all « < B in B, every element of Xy is incomparable in T with every
element of Xg, and foralli < j <n, A(Xe(i), Xg(i)) = A(Xa(j), Xp())).

See Lemmas 4.2.4 and 4.2.5 of [26] for the proof.
For the remainder of this section, fix a special coherent Aronszajn tree 7 and aset K C 7.

Definition 7.2 ([14]). Let n € w be positive. For any X € T7®", define K(X) as the set of y less
than the height of X such that foralli <n, X(i{) [ y € K.

Definition 7.3 ([9]). Let n € w be positive. For any uncountable set Z C T, let R’, be the set

of all X € T®" for which there exists some ¢ € T in the downward closure of Z with the same
height as X such that A(Z,1) N K(X) = @.

For any uncountable set Z C T, if X € R”, as witnessed by ¢, then for all y less than the height
of X, X [ y € R, as witnessed by # [ y. So R, is downwards closed, and hence is a subtree
provided that it is uncountable.

Definition 7.4 ([9]). Define %, as the set of all subtrees of 7®” of the form R”, for some un-
countableset Z C T'.

Lemma 7.5. Let n € w be positive and let S € %j‘ Suppose that {Xy : @ € w1} is a family
of distinct elements of S. Then there exist a < B such that for all i < n, X4(i) and Xg(i) are
incomparable in T and X4 (i) A Xg(i) € K.

Proof. Suppose for a contradiction that the conclusion of the lemma fails. Applying Lemma
7.1, find an uncountable set B € w; such that for all « < B in B and for alli < j < n,
A(Xq (i), Xp(i)) = A(Xa(j), Xg(j)). Define Z = {X4(0) : « € B}. We prove that {X¢ :
£ € B} C R, which is a contradiction since it then follows that S N R’, is uncountable. So let
& € B. Then X¢(0) is in Z and has the same height as X, so it suffices to show that A(Z, X¢(0)) N
K(Xg¢) = @. Consider y € A(Z, X¢(0)). Then there is & € B such that y = A(Xy(0), X¢(0)).
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By our assumption for a contradiction, there is i < n such that Xy (i) A X¢(i) ¢ K. By the choice
of B,y = A(Xq(i), Xg(i)). So Xe(i) [ y = Xa(i) A Xe(i) ¢ K, and hence y ¢ K(X¢). O

Lemma 7.6. Let n € w be positive and suppose that U is subtree of T®" which is contained in
some member of %y. Then there exists a subtree S C U such that, letting Z = {Y(0) : Y € S},
forevery X € S, A(Z, X(0)) N K(X) = @, and in particular, S C R”.

Proof. Fix an uncountable set Z; € T such that U C R%l. Choose a sequence (Xy : @ € w1)
which lists in increasing heights uncountably many elements of U. For each o € w1, fix some #4
in the downward closure of Z; with the same height as X,, such that A(Z1,#,) N K(Xy) = 9.
Applying Lemma 7.1 to the set of pairs {(fy, Xo(0)) : @ € w1}, find an uncountable set B C w;
such that for all @ < B in B, A(ty,18) = A(Xy(0), Xg(0)). Let S be the downward closure in
T®" of the set {Xg : @ € B}, and define Z = {Y(0) : Y € S}. Note that S C U.

Consider X € S and we prove that A(Z, X(0)) N K(X) = &. Fix ¢ € B such that
X <ren Xq. Since A(Z,X(0)) € A(Z,Xy(0)) and K(X) S K(Xg), it suffices to show
that A(Z, X¢(0)) N K(Xy) = @. Let B € B\ {a} and we claim A(Xg(0), X¢(0)) ¢ K(Xq). By
the choice of B, A(Xg(0), X4(0)) = A(lg.ta) € A(Z1,1y). Since A(Z1,14) N K(Xy) = @, it
follows that A(Xg(0), X¢(0)) ¢ K(Xq). O

A combination of Lemmas 4.4 and 7.6 implies the next result.

Lemma 7.7. Suppose that (IP’,',Q,' 1 i € B) is a countable support forcing iteration of proper
forcings, where B is a limit ordinal. Let n € w be positive. Let F be a Pg-name for the set of
elements of %, U %’j which lie in Vi for some i € B. Then Pg forces that F is predense.

Proof. Consider a generic filter G on Pg and let F = FY. In V[G], let U be a subtree of T®".
For each i € B, define G; = G N P;. Since %, U %j‘ is predense in V' [G], we can find some
W in it such that U N W is uncountable. First, assume that W € %’nl Applying Lemma 4.4, fix
i € B and asubtree S € U N W which lies in V[G;]. Since S € W, clearly S € %;- in V[G].
SoS € Fand S NU = S is uncountable.

Secondly, assume that W € %,,. Applying Lemma 7.6, find in V' [G] a subtree S € U NW such
that, letting Z = {Y(0) : Y € S}, forevery X € S itis the case that A(Z, X(0)) N K(X) = @.
Applying Lemma 4.4, fix i € § and a subtree S € S which lies in V[G;]. Define Z* = {X(0) :
X € 81}, which is an uncountable subset of Z in V[G;]. Let R = R”., whichis in V[G;]. As
S1 € Sand Z* C Z, it follows that S; € R. Now it is easy to check that since R € %, in
V[Gi], it is also in Z,, in V[G] (see Lemma 8.1 below). So R € F, and R N U is uncountable
since it contains S7. ]

Lemma 7.8. Suppose that there exists some R € %1 which is uncountable. Then there is an
uncountable antichain X C T such that N(X) C T \ K.

Proof. Let Z C T be uncountable such that R = Rlz. Choose a sequence ((xy) : @ € w1) with
increasing heights consisting of members of RIZ. For each o € wj, fix some 7, in the downwards
closure of Z with the same height as x, such that A(Z, ty) N K((xy)) = &. Applying Lemma
7.1 to the sequence ((¢y, Xo) : & € w1), find an uncountable set B C w; such that for all ¢ < § in
B, A(ty.1g) = A(xq.xp). Let X = {xq : @ € B}. We claim that A(X) € T \ K. So consider
o < Bin B. Lety = A(ty.1g). Since y € A(Z,1q) and A(Z, 1) N K((xo)) = D, xo [ ¥ ¢ K.
By the choice of B, y = A(xq,xg),80 Xq AXg =X [ ¥ & K. U
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8. STABILITY FOR T AND K

In previous sections we considered a family J of subtrees of an w;-tree, together with its
orthogonal F~, and described forcing ¢ and ¥ for such a family. The situation with families
of the form %, and %,,L is more complicated, since the meaning of these objects can change in
forcing extensions.

For the remainder of this section, let 7" be a special coherent Aronszajn tree and let K C T.
We first note that being a member of %, is upwards absolute.

Lemma 8.1. Suppose that Q is an w1-preserving forcing. Then for any positive n € @:
(1) For any subtree R C T®", R € %, implies that IFg R € %,.
(2) For any subtree U C T®", if there exists some q € Q which forces that U € %nL, then

U e %
Proof. (1) It suffices to note that for any uncountable set Z C T, the set R, is computed the same
in both V and VQ. (2) follows easily from (1). O

Definition 8.2. Let Q be an w;-preserving forcing. We say that Q is stable for T and K if for all
positive n € w, if U € Z;- then IFq U € Z;-. If ¢ € Q and there exists some U € ;- such that
gl U ¢ %j‘, then we say that g destabilizes T and K.

Lemma 8.3. Suppose that Q is an w1-preserving forcing which preserves subtrees. Then Q is
stable for T and K.

Proof. Suppose for a contradiction that n € w is positive, U € %j—, G is a generic filter on Q,
and V[G] satisfies that U ¢ Z,-. Then in V[G], there is some R € %, such that the subtree
U N R is uncountable. Applying Lemma 7.6, find in V[G] a subtree S € U N R such that, letting
Z =1{Y(0) : Y € S}, forevery X € § itis the case that A(Z, X(0)) N K(X) = @. By the fact
that Q preserves subtrees, fix a subtree W C S which lies in V. Define Z* = {X(0) : X € W},
which is an uncountable subset of Z in V. The fact that W C S and Z* C Z easily imply that
W C R’%*. SommV,UnN R’%* contains the uncountable set W, and hence is uncountable. So
U ¢ %,J; in V, which is a contradiction. O

Definition 8.4. Let ¢(7, K) be the statement that for all positive n € w, ¢(%;) holds.
Lemma 8.5. There exists a proper forcing poset which preserves subtrees and forces ¢(T, K).

Proof. Define a countable support forcing iteration (P, Qn:ne ) so that for all n € w, Py
forces that Q, is the subtree preserving proper forcing of Corollary 5.2 which forces ¢(%y+1).
By Corollary 5.1, P, preserves subtrees. To see that P, forces that ¢(7, K) holds, consider a
generic filter G on Py,. Let n € w be positive and let G, = G N P,. In V[G,], fix a sequence
(Ug : § € w) and a club C C w; which witness that ¢(%;) holds. By Lemma 8.1(1), the same
sequence and club witness that ¢(%,) holds in V[G] provided that the elements of this sequence
which are in %’,{- in V[G,] are still in %’,{- in V[G]. In other words, (%) holds in V [G] provided
that the quotient forcing P,/ G, is stable for T and K in V' [G]. But this fact holds by Corollary
5.1 applied to the tail of the iteration together with Lemma 8.3. ([l

In the next section, we prove that it is consistent that every proper forcing is stable for 7" and
K. We also need to know that this property can be preserved by certain forcings.

Lemma 8.6. Suppose that every proper forcing is stable for T and K. Let F, = %, U ,@,f' for
each positive n € w. Assume that P is a proper forcing which forces that ¥ (F,) holds for all
positive n € w. Then P forces that every proper forcing is stable for T and K.
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Proof. Let Q be a P-name for a proper forcing. Let G be a generic filter on P and let H be a
V[G]-generic filter on Q = Q6. Suppose for a contradiction that for some positive n € w and
some S € Z; in V[G], S is not in % in V[G][H]. Fix R € %, in V[G][H] such that S N R
is uncountable. By upwards absoluteness, ¥ (F;) holds in V[G][H], and hence F, is predense in
VI[G][H]. So we can fix U € F;, such that U NS N R is uncountable. We claim that U € %,Jl- in
V. If not, then since F;, = %y, U%’,{-, UeZ,inV.ByLemma8.1,U € Z,in V[G]. ButUNS
is uncountable, which contradicts that S € %;- in V[G]. Now in V[G][H],UNSNR C U NR,
and hence U N R is uncountable. Therefore, U ¢ %, in V[G][H]. Soin V, P x Q is a proper
forcing which is not stable for 7 and K, which contradicts our assumptions. O

Starting with a model in which all proper forcings are stable for 7" and K and letting F, =
Iy U %’,ﬂ- for all positive n € w, we can use the forcing of Lemma 5.3 to obtain a generic
extension in which ¥ () holds for all n. Since v is upwards absolute, any further proper forcing
extension also satisfies the same. Applying Lemma 8.6, we can in this way make the property “all
proper forcings are stable for 7" and K” indestructible with respect to proper forcings.

9. ALL PROPER FORCINGS CAN BE STABLE
In this section, we prove that it is consistent that all proper forcings are stable.

Theorem 9.1. Suppose that T is a special coherent Aronszajn tree and K C T. There is a proper
poset which forces “every proper forcing is stable for T and K.”

Proof. We begin by recursively constructing Q for each ordinal « maintaining that for each «,
(QS : £ € a) defines a countable support forcing iteration (IPg, @g : £ € &) so that Qg is a Pg-
name for a proper forcing. We simultaneously recursively define ordinals y, and Py-names .7-"3
for each n € w. Since the construction describes a proper class, we will be careful to avoid using
global choice to ensure that the definition works within the framework of ZFC.
If (Qg : & € «) has been defined and P, is the countable support iteration, define fg} for each
n as follows. ]-" " consists of all (S, p) such that:
o pelq,
e S is a nice Py-name for a subset of 7®” and if « is a limit ordinal, then moreover S is a
nice [Pg-name for some < o, and
o plke S € %y UZ;.
We note that if Py is a complete suborder of a larger forcing P, we will also regard ]-"g as a -
name; with this convention 7 names the same set in both the intermediate extension by P, and
in the full generic extension. Define y, to be the least limit ordinal such that:
o there is a Py-name Q of rank less than Yo for a proper poset which forces Vn 1//(]'-"&’) and
o if there is a Py-name Q for a proper forcing such that there is p € Py, n € w, and a
Py-name S for a member of L@j— such that

Plbp ug S & Fy AYMY(FY)

then there is such a Q of rank less than .

Roughly speaking, we define Q4 to be the Pg-name for the lottery sum of all proper partial orders
having rank less than y, and which force Vn (F o). Notice that by Lemma 7.7, each .7-" " is forced
by Py, to be predense and hence by Lemma 5.3, this lottery sum is nontrivial.

More formally, define Q,, to consist of i together with all p € Py, and all (X, p) such that:
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e x is a Py-name of rank less than y, which is forced to be an ordered pair whose first
coordinate is a poset and whose second element is an element of this poset;
e if Q is a Py-name for the first coordinate of X and ¢ is a Py-name for the second coordi-
nate, then p Ik, ¢ € Q;
Define <g to consist of all (2, p) such that:

p € Pa,

z is a Py, -name which has rank less than yy;

p forces in P, that Z is an ordered pair of elements of Qq;

letting x and y be Py-names for the first and second coordinates of Z, respectively, either:
— p forces the second coordinate of x is ior
— for some Q, <o do, and ¢,

((Qv SQ? QO), P)7 ((Q’ SQ? 5]1)’ p) € @Oh

PlFa g1 = qo

This completes the recursive construction.

Notice that since properness is preserved by countable support iterations, each P, is proper.
The class of ordinals § such that if « < &, then y, < & is a closed unbounded class. Let 6 be the
least element of this class of uncountable cofinality. We first show that [Pg has the property that if
Q is a Pg-name for a proper partial order which forces Vn w(]:' g), then Py forces that Q is stable

for T and K. Then we will prove that Py satisfies the conclusion of the lemma.
Toward our first goal, suppose for contradiction that there isa p € Py and a Pg -name Q for
a proper poset which forces Vn w(]-"”) such that p forces that Q is not stable for T and K. By

extending p if necessary, we may assume that for some positive n and ¢ with p x g € Py x 0,
there is a Pg-name S such that

plrg S € Z
Pxqlbp,. S & By

Let U be a Py * Q-name such that p * q forces that U is a subtree of S which is contained in an
element of %, Since Y (F) implies that 7} is predense, we can find p’ * ¢’ < p x ¢ in Py * Q,
an o < 0, and a nice Py,-name S’ such that

P e S € %y U
p g Fp, «) S’ N U is uncountable.

Since cof(0) > w, by i 1ncreasmg o if necessary we may assume that it contains the support of p.
Notice that since p’ * ¢’ II—P «0 SN S is uncountable, it follows that

P g S € Zf.
Also we have that
P xq by, e S' & %y
Since membership to %j— is downward absolute by Lemma 8.1,

Py S € %t
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Let G, be the canonical Pg-name for the generic filter and let Q' be the Py |p/-name for the poset
(Py |p//Ga) * (Ql47). Then (Py|pr) * Q' is forcing equivalent to (Pg|,’) * (Ql4/) and hence

pl *Q/ S/ ¢<%J_

Also, since Qg is chosen so that it will force Vm w(}‘ ™), it is forced that (Pg|,// Gy) *Qisa

proper poset which forces Vm w(]-"m) By definition of g, there is a Py-name Q" of rank less
than y, such that:

p' Ik Q" is a proper poset which forces §’ ¢ ;- and Vm  (F™).
Now extend p’ to the condition p” in Py41 whose (« + 1)%-coordinate is

(@ <) 1g).
Clearly,
P rasr 8" & By
and therefore
p'lkg S & %y,

contrary to p” < p’and p’ I-g S’ € Z;+. This contradiction completes the proof that Pg forces
that any proper forcing which forces Vn v/ (F) is stable for 7" and K.

Finally, we will verify that Py ; forces that if Qisa proper poset, then Q is stable for T and K.
First observe that by upwards absoluteness, Pg forces that Qg *Qisa proper poset which forces
Vn w(]-' ™). Thus, Py forces that Qg * Q is stable for T and K.

Now suppose for a contradiction that n € w, S is a Py -name, and p * § € Py * Q is such
that

plhos1 S € %y
. C
P*qlrp, . woS &%n

Let U be a Poiq * Q-name for a subtree of $ which p * g forces is contained in an element of
Hn. Since Pyyq * Q forces ]-'g’ is predense, there is a Pg-name S’ for an element of ]-'g’ and a
p' * 4’ < p * ¢ such that

P *xq H— %0 S’ N U is uncountable.

In particular,

p*q L S’ N S is uncountable.
Since p’ IFgy1 S € Z;F, it must be that p’ | 6 I S’ € Z;+. But now U witnesses that
P %4 g, e S' & R

This contradicts our earlier observation that Py forces that Qg x Q is stable for T and K. U
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10. REJECTION AND THE KEY LEMMA

The remaining tools which we need for proving the main theorems of the article are the forcing
posets of [14] related to forcing an instance of CAT. These forcings involve the notion of rejection
and the associated Key Lemma. We now review these ideas and their connection with the state-
ment ¢. For the remainder of this section and the next, fix a special Aronszajn tree 7" which is
coherent, uniform, and binary, and fix aset K C T.

Definition 10.1. Define E as the club subset of [ H (w2)]* consisting of all countable elementary
submodels of H(w>) which contain 7 and K as elements. Let £ be the family of all club subsets
of [H(w2)]® which are subsets of Ey.

Definition 10.2 ([14]). Let n € w be positive and let X € T®”". For any P € E,, we say that
P rejects X if X has height at least P N w; and there exists an uncountable set Z € T in P and
some ¢ € Tpng, in the downward closure of Z such that A(Z,¢1) N K(X) = @.

In the above, since A(Z,t) € P N wy, easily P rejects X iff P rejects X [ (P N wy). Note
that P does not reject the empty tuple.

The next lemma connects the idea of rejection with the families %y, for positive n € w. The
proof is straightforward.

Lemma 10.3 ([9, Lemma 2.6]). Let n € w be positive. Let P € Eqg and let X € T®" have height
at least P Nwy. Then P rejects X iff there exists some R € P N %y suchthat X | (P Nw1) € R.

Lemma 10.4. Let n € w be positive. Suppose that S is a subtree of T®" and there exist station-
arily many P € Eq such that P does not reject any member of S. Then S € %j‘

Proof. Suppose for a contradiction that S ¢ %,,L Then there exists R € %, such that S N R is
uncountable. By the stationarity assumption, find P € Eg such that R € P and P does not reject
any member of S. As S N R is uncountable and downwards closed, we can fix some X € S N R
with height P N w;. By Lemma 10.3, P rejects X, which contradicts the fact that X € S. O

For any finite set X € 7T and any y € w1, let X | y denote the tuple which enumerates the set
{x Ty :x€X,y <htr(x)} in lexicographically increasing order.
Definition 10.5. Let P € Eg and let X C T be finite. We say that P rejects X if X [ (P N wy)
is a non-empty tuple which P rejects.
Definition 10.6 ([14]). The Key Lemma is the statement that for any countable elementary sub-

model M of H(2%"! +) which contains T and K as elements and for any finite set X C T, there
exists £ € M N & such that either every element of M N E rejects X, or no element of M N E
rejects X .

In [14], it is shown that MRP implies the Key Lemma.
Lemma 10.7. Assume that ¢(T, K) holds. Then the Key Lemma holds.

For a proof, see Lemma 2.7 of [9].

11. INSTANCES OF CAT

Our final step before proving the main theorems of the article is to describe the forcings of [14]
which are related to forcing an instance of CAT, and how the analysis of these forcings in [14] is
connected with the idea of stability introduced in Section 8.

Let y denote (22“")* for the rest of the section. The following definitions all appear in [14].



FIVE ELEMENT BASIS 19

Definition 11.1. Define E; as the set of all N € [H (21 1)]® such that for some countable
M < H(y)with T and K in M, N = M N HQ2®' ™).

Note that E; is a club.
Definition 11.2. Let H(K) denote the set of all finite antichains X C T such that A(X) C K.

Definition 11.3. Define d(K) as the forcing poset consisting of all pairs p = (X,, N}) such that:

() N, p 1s a finite €-chain of members of £7;

(2) X, € T is a finite antichain;

(3) forall N € Np, there exists some E € N N & such that X, is not rejected by any member
of NNE.

Letg < pif N € Ny and X, C X,.

Definition 11.4. Let 0 (K) be the suborder of d(K') consisting of conditions p such that X, €
H(K).

Note that d(K) and 0H(K) are both in H ().

Definition 11.5. The forcing 0H(K) is canonically proper if whenever M is a countable elemen-
tary submodel of H(y) with T, K, and 8% (K) members of M, if p € 3(K) and M N H(2®' ™)
is in \V,, then p is (M, d(K))-generic. A similar definition is made for d(K) being canonically
proper.

Lemma 11.6 ([14, Lemma 5.20]). Assume that 0H(K) is canonically proper. Then either there
exists an uncountable antichain X C T such that AN(X) C T \ K, or else there is a condition in
dH(K) which forces that there is an uncountable antichain Y C T such that A(Y) C K.

Proof. Fix M < H(x) which is countable such that T, K, and 0H(K) are in M, and let N =
M N HQ2®'™"). Note that N € E;. Fix any x € TMnw, and define p = ({N}, {x}). First,
assume that p is not in dH(K). It easily follows that there exists P € N N Eo which rejects {x}.
Then P rejects the 1-tuple (x [ (P N wy)), so Lemma 10.3 implies that x [ (P N w;) € R for
some R € P N %,. It follows that R is uncountable, so by Lemma 7.8 we are done. Secondly,
suppose that p is in 0H(K). Let G be a generic filter on dH(K) such that p € G. Since IH(K)
is canonically proper, M[G] NV = M, and therefore x ¢ M[G]. Since M[G] is an elementary
submodel of H(x)"IC!, by elementarity the set ¥ = U{Xy : g € G} is in M[G], and as
x € Y \ M[G], Y is uncountable. By the definition of 0 (K), Y is an uncountable antichain and
AY) C K. O

If 0H(K) is not canonically proper, then there are two alternatives: either (1) d(K) is canoni-
cally proper but dH(K) is not, or (2) both d(K) and 0H(K) are not canonically proper. In [14],
it is shown that both alternatives are false assuming PFA. We now connect the core ideas of the
proofs of these facts with the idea of stability.

Concerning alternative (1), the following lemma was proven as a part of the proof of Lemma
5.22 of [14].

Lemma 11.7. Suppose that d(K) is canonically proper but 0H(K) is not. Then there exist r €
d(K), E € &, and n € w positive such that r forces in 0(K) that there exists a sequence (X :
o € w) of elements of T®" satisfying:

(1) forall P € E and for all o« € w1, P does not reject Xy,

(2) forall @ < B there exists i < n such that Xo(i) A Xg(i) ¢ K.
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Lemma 11.8. Suppose that d(K) is canonically proper but 0H (K) is not. Then 0(K) is not stable
for T and K.

Proof. Fix r, E,and n as in Lemma 11.7, and let (X, : o € 1) be a sequence of (K )-names for
which r forces properties (1) and (2) of that lemma to hold. Define S as the set of X € T®” such
that for all P € E, P does not reject X. Then r forces that for all @ € wy, Xa €S.In particular,
S is uncountable. By Lemma 10.4 and (1), S € %’,{- and by Lemma 7.5 and (2), r forces that
S ¢ Z;;. So r destabilizes T and K. O

Concerning alternative (2), a proof of the following lemma appears as a part of the proof of
Lemma 5.31 of [14].

Lemma 11.9. Assume that the Key Lemma holds and 0(K) is not canonically proper. Then there
exist E € €, n € w positive, and a c.c.c. forcing Q such that Q forces that there exists a sequence
(Xo : a € wy) of elements of T®" satisfying:

(1) forall P € E and for all @ € wy, P does not reject Xy;

(2) forall a < B there exists i < n such that Xo(i) A Xg(i) ¢ K.

Using Lemma 10.7, the next lemma follows by the same argument as we gave for Lemma 11.8.

Proposition 11.10. Suppose that ¢(T, K) holds and 9(K) is not canonically proper. Then there
exists a c.c.c. forcing which is not stable for T and K.

12. THE MAIN RESULTS

We now have all of the tools at our disposal which are needed to prove the main theorems of
the article.

Theorem 12.1. Let T be a special Aronszajn tree which is coherent, uniform, and binary. Then
forany K C T, there exists a proper forcing which forces that there is an uncountable antichain
A C T such that either AN(A) C K or AN(A) C T \ K.

Proof. Applying Theorem 9.1, let I be a proper forcing which forces that every proper forcing is
stable for 7" and K. For each positive n € w, let Fy be a P-name for the set %, U% as computed
in V¥. By Lemma 5.3, we can fix a P-name Q for a proper forcing which forces w(]:n) for all
positive n € w. Applying Lemma 8.5, let R be a P * Q-name for a proper forcing which forces
@(T, K). Since ¥ is upwards absolute, for all positive n € w, P Q % R forces ¥ (F,). By Lemma
8.6, P * Q R forces that every proper forcing is stable for 7' and K. By Propositions 11.8 and
11.10, the forcing P % Q * R forces that dH(K) is canonically proper. Considering the two cases
described in Lemma 11.6, let S be a P * @ * R-name which is forced to be equal to: (a) in the first
case, the trivial forcing, and (b) in the second case, dH (K)|, for some condition r which forces
the existence of an uncountable antichain all of whose meets are in K. The forcing P * Q*Rx*S
is as required. g

The nontrivial content of the following two lemmas is stated without proof in [1]; details can
be found in [24, Proposition 8.7].

Lemma 12.2. Assume MA,,, and any two normal Aronszajn trees are club isomorphic. Then the
following statements are equivalent:

(1) There exists a normal Aronszajn tree T such that CAT(T) holds.

(2) CAT.
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We note that by [1], the proper forcing axiom for proper forcings of size at most w; implies the
assumptions of Lemma 12.2.

By Baumgartner’s axiom we mean the statement that any two w;-dense sets of reals are iso-
morphic ([4]).

Lemma 12.3. Assume MA,,, any two normal Aronszajn trees are club isomorphic, and Baum-
gartner’s axiom. Then the following are equivalent:
(1) CAT;
(2) Shelah’s conjecture;
(3) there exists a five element basis for the uncountable linear orders consisting of w1 and its
converse Y, any set of reals of size w1, and any Countryman line C and its converse C*.

Putting these together, we obtain:
Theorem 12.4. BPFA implies CAT.

Proof. Let T be a special Aronszajn tree which is coherent, uniform, and binary. Forany K C T,
the statement that there exists an uncountable antichain whose meets are either all in K or all in
T\ K is a ¥'|-statement with parameters in H(w;). By Theorem 12.1, there exists a proper forcing
which forces this statement, so by BPFA, this statement is true. As BPFA implies the assumptions
of Lemma 12.2, we are done. O

Since the assumptions of Lemma 12.3 follow from BPFA, we immediately obtain the following
corollary.

Corollary 12.5. BPFA implies Shelah’s conjecture and the existence of a five element basis for
the uncountable linear orders.

Theorem 12.6. If « is inaccessible, then in L there exists a proper forcing which forces the proper
forcing axiom for proper forcings of size at most w1, Baumgartner’s axiom, Shelah’s conjecture,
and ¢.

Proof. Let k be an inaccessible cardinal. Then « is inaccessible in L and ¢, holds. We define a
countable support forcing iteration IP of length « of forcings of size less than k. In order to arrange
that [P forces ¢, we repeat the argument of Theorem 6.1. Since x remains inaccessible after forcing
with any initial segment of P, and hence V. is a model of ZFC in any generic extension by such
an initial segment, we can apply Theorem 12.1 to force instances of CAT with forcings of size less
than k, bookkeeping to make sure all 7 and K which appear in V¥ are handled. Similarly, any
required instance of Baumgartner’s axiom or the proper forcing axiom for proper forcings of size
at most w; can be handled by standard bookkeeping. Now we are done by Lemma 12.3. g

Corollary 12.7. The following are equiconsistent:

(1) There exists an inaccessible cardinal.
(2) There exists a five element basis for the uncountable linear orders and ¢ holds.
13. OPEN PROBLEMS

We close the article by stating some questions related to Shelah’s conjecture which remain
open.

Question 13.1 ([14]). Does Shelah’s conjecture have any large cardinal consistency strength?
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It is not known, for example, if the existence of a Kurepa tree implies the failure of Shelah’s
conjecture. If it does, then Corollary 12.7 provides the optimal consistency strength result.

Question 13.2. Does Shelah’s conjecture imply the non-existence of a Kurepa tree, or Aronszajn
tree saturation?

Similar questions can be asked by replacing Shelah’s conjecture with any of the statements
listed in the conclusion of Lemma 12.3.

BPFA implies the non-existence of a Kurepa tree, but we do not know if it implies the related
statement of Aronszajn tree saturation. Under BPFA, ¢ is equivalent to Aronszajn tree saturation.

Question 13.3 ([9]). Does BPFA imply Aronszajn tree saturation?
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