INTERNALLY CLUB AND APPROACHABLE

JOHN KRUEGER

ABSTRACT. We prove that PFA implies for all regular A > wa, there are sta-
tionarily many N C H(A) with size X; which are internally club but not
internally approachable.

A set N is internally approachable with length and cardinality X, if there is an
increasing and continuous sequence (N; : i < wy) of countable sets with union N
such that for all & < wy, (V; : i < @) isin N. N is internally club if there is an
increasing and continuous sequence (NV; : i < wiy) of countable sets with union N
such that for all & < wy, N, isin N.

Foreman and Todoré¢evi¢ [2] asked whether these two notions are equivalent for
a club of N in [H(\)]™, where A > wy is regular. Clearly any N < H(A) which is
internally approachable is internally club. We prove the converse fails in general.
Namely, if PFA holds, then for all A > wy regular, there are stationarily many sets
N in [H(M\)]®* which are internally club but not internally approachable.

1. PRELIMINARIES

Suppose k is regular and X is a set with size at least k. A set C C P.(X)
is club if it is closed under unions of C-increasing sequences of length less than
and cofinal. A set is stationary if it has non-empty intersection with every club.
If C C P.(X) is club, then there is a function F : [X]<* — P,(X) such that for
any a in P, (X), if for all zg,...,z, in a, F(zo,...,z,) Ca, then a isin C. If k is
regular and X has size k, a set S C P.(X) is stationary iff there is an increasing
and continuous sequence (a; : i < k) of sets with size less than x with union X and
a stationary set B C k such that {a; : i € B} C S (or equivalently, for any such
sequence there is a stationary set B with {a; : ¢ € B} C 5.

If A\ is a regular cardinal, H()) is the collection of sets whose transitive closure
has size less than A\. Any set in H(\) can be coded by a bounded subset of A, so
|H(M\)| = A<*. Suppose A > w; is regular, P is a forcing poset in H(\), and G is
generic for P over V. Then H(\)[G] = H\)VICL. If Pis in N and N < (H()\), €),
then N[G] < (H(\)VIE g).

If N is a set and G is a filter on P, we say G is IN-generic if for any dense set
D CPin N, NNGnN D is non-empty. A condition p is N-generic if p forces G
is N-generic. Suppose A > wsy is regular, N < H(A), and P is in N. Then the
following are equivalent: (1) p is N-generic; (2) p I- N[G] N On = N N On; (3)
plF N[GINV =NNV;and (4) pl- N[G]NH(\)Y = N. A sufficient condition for
p being N-generic, known as strong N -genericity, is that for any dense set D C P
in N, there is v in D N N with p < u. If P is wy-c.c. then any condition in P
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is N-generic. A condition p * ¢ in a two-step iteration P x Qis N-generic iff p is
N-generic for P and p forces ¢ is N [G]—generic for Q.

A forcing poset P is proper if for any set X which contains w;, P preserves the
stationarity of stationary subsets of P,, (X). Equivalently, P is proper iff for all
sufficiently large regular A > wsq, there is a club of N < H(A) in P, (H()\)) such
that for any p in N NP, there is ¢ < p which is N-generic. Any wi-c.c. or wi-closed
forcing poset is proper.

A forcing poset P has the countable covering property if whenever p forces &£ C On
is countable, there is a countable set a and ¢ < p which forces & C a. Any proper
forcing poset satisfies the countable covering property.

We let ADD(w) denote the forcing poset for adding one Cohen real. Conditions
in ADD(w) are finite partial functions p : w — 2, ordered by extension of functions.

If G is a filter on a poset P in V and @ is a P-name for a subset of V, then a“ is
defined as the collection of x for which there is p in G which forces z € a.

Suppose I is a class of forcing posets and « < w; is a cardinal. Then MA,(T)
is the following statement. Suppose P is in T', (4; : i < a) is a sequence of names
for stationary subsets of wy, and D is a collection of ¥; many dense subsets of P.
Then there is a filter G on P which intersects each dense set in D and for i < «,
AZ-G is stationary in wy. If T" is the class of proper forcing posets, then PFA is the
statement MAo(T), and PFA™ is the statement MA;(T).

Fact 1.1 (H. Woodin [5]). Assume o < wy is a cardinal and MAy(T') holds for
a class of separative forcing posets I'. Suppose P is in T’ and (Al ci< ) isa
sequence of P-names for stationary subsets of wi. Then for any reqular 0 > ws with
P in H(9), there is a stationary collection of N in [H(0)]™ for which there exists

a filter G C P which is N-generic and for all i < a, AlG 18 stationary in wi.
2. DISTINGUISHING INTERNALLY CLUB AND APPROACHABLE
We prove the following theorem.

Theorem 2.1. PFA implies that for all reqular A > wo, there are stationarily many
sets N in [H(N)]®t which are internally club but not internally approachable.

The structure of the proof will be as follows. We define a proper forcing poset P
and apply Fact 1.1 to obtain stationarily many N in [H ()™ for which there exists
an N-generic filter G. We then prove that whenever N is such a model, N N H(X)
is internally club but not internally approachable.

In the proof we will use a forcing poset P(S) defined as follows. Suppose S is a
stationary subset of P, (Y'), where Y is a set containing ws as a subset. A condition
in P(S) is a countable increasing and continuous sequence {(a; : i < ), with each
a; in S. The ordering is by extension of sequences.

Lemma 2.2. If S C P, (Y) is stationary then P(S) is w-distributive.

Proof. Suppose p forces f:w— On. Let 6 > wy be a regular cardinal such that
f and Y are in H(#). Since S is stationary, we can fix a countable elementary
substructure IV of the model

(H(9),€,5,P(S),p. f)

such that NNY isin S. Let (D, : n < w) be an enumeration of all the dense
subsets of P(S) in N. Inductively define a decreasing sequence (p, : n < w) of
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elements of N NP such that pg = p and p,,+1 is a refinement of p,, in D,, " N. Write
UH{pn:n <w}=(b;:i<7). Clearly U{b; : i <y} =NNY. Since NNY isin 5,
the sequence (b; : i < ) U{(y, NNY)} is a condition below p which decides f(n)
for all n < w. (|

The poset P(S) adds an increasing and continuous sequence of sets in S with
order type w; and union Y. In particular, P(S) collapses the size of Y to N;.

Let (T, <7) denote the tree of all increasing countable sequences of ordinals less
than wsy, ordered by the initial segment relation. Under PFA, 2¢ = 241 =Ny, so T
has height w1, size Ny, and has Ry many cofinal branches.

Fix A > ws regular. Let X be an ADD(w)-name for P, (H(A\)Y)N V. Since
ADD(w) is proper, it forces X is stationary in P,,, (H(\)V). Let P(X) be an ADD(w)-
name for the forcing poset discussed above which adds an increasing and continuous
sequence through X with order type ws.

Proposition 2.3. The forcing poset ADD(w) * P(X) is proper.

Proof. Fix 6 > X regular with ADD(w) * P(X) in H(A). Let N < H(#) be a

countable set containing ADD(w) * P(X) as a member. Let p x ¢ be a condition in
N. Since ADD(w) is wi-c.c., p is N-generic for ADD(w). We will find 7 such that p

forces 7 < ¢ and r is N[G]-generic for P(X). Then p*7 < px¢ and px7 is N-generic

for ADD(w) * P(X).

Let (D,, : n < w) enumerate all ADD(w)-names in N for dense open subsets of
]P’(X ). Inductively define a sequence (¢, : n < w) as follows. Let ¢o = ¢. Given gy,
let G,+1 be an ADD(w)-name in N such that p forces ¢, 41 < ¢, and ¢, 41 is in D,,.
This completes the definition.

For each o < N Nwy, there is n such that p forces D,, is the dense open set

of conditions in P(X) whose domain has length at least a. On the other hand, p
forces N[G] Nw; = N Nwy, so for all n, p forces dom(g,) < N Nw;. So there is an
ADD(w)-name (&; : 4 < N Nwy) for an increasing and continuous sequence which p
forces is equal to J{g, : n < w}.

We claim that p forces J{i; : i < NNwi} = NNH(A\)V. Forifaisin NnNH(\)Y,
then there is n such that p forces D,, is the dense open set of conditions of the form
(y; - i < 7), where a is in y; for some i < 5. Since p forces ¢n41 is in Dy, p forces a
isin J{&; : ¢ < NNw1}. On the other hand, if G is generic containing p and a is in
(U{x; : i < NNw;}, then there is n such that g, is of the form (z; : i < (), where
a is in 2; for some i < ¢. Since @, is in N[G], a is in N[G]NH\)V = NnH(\)V.

Let 7 be a name such that p forces © = (y; : « < N Nwy), where y; = &; for
i < NNw; and yyne, = NN H(N)Y. Then p forces 7 is a condition in P(X) below
¢ which is N[G]-generic. O

After forcing with ADD(w) * P(X), Ry is collapsed, so T becomes a tree with
height and size X;. The next proposition is similar to the Key Lemma of [3]. Tt

implies in particular that ADD(w) *P(X) does not add any new cofinal branches in
T.

Proposition 2.4. The poset ADD(w) x P(X) forces that whenever b : wy — On is
a function whose initial segments are all in V, b is in V.

Proof. Suppose for a contradiction that p * ¢ forces b:w; — On is a new sequence
whose initial segments are in the ground model. For each i < w; let X; denote the
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set of conditions in ADD(w) * P(X) below p * ¢ which decide for some s in V that
b[i=s. Then X; is dense open below px*¢. Note that if i < j < wy, then X; C X;.

Claim 2.5. There is pg* §o < p* ¢ and a sequence (El 11 < wi) of ADD(w)-names
for dense open subsets of P(X) such that whenever py forces ¢1 < ¢o and ¢1 € F;,
then po * ¢1 is in X;.

Proof. Let G * H be generic for ADD(w) * P(X) containing p * ¢. Then for each
i < wi there is p; x ¢; in X; N (G * H). Since |ADD(w)| = Ny, there is p* such that
for cofinally many ¢ < wy, p; = p*. But X; C X for i < j < w;. So for all i < wy,
there is u; such that p* x4; € X; N (G * H).

In V fix po*do < p*(¢, a condition p* in ADD(w), and a sequence of ADD(w)*P(X)-
names (; : i < wy) such that pg * o forces p* x 4; is in X; N (G * H) for i < wi.
By separativity, pop < p*. For i < wy, X; is open, so pg * gg forces pg * 4; is in

Fix i < w;. Let E; be an ApD(w)-name for the dense open set of conditions
in P(X) which decide the value of ;. Suppose py forces ¢; < go and ¢ € E;.
Then there is an ADD(w)-name ©; such that pg IF ¢; IF @; = v; and v; € H. By
separativity, po IF ¢ < ;. So pg * ¢1 < po * v;. Since X; is open and pg * ¢; forces
that pg * ©; is in X, pg * ¢, forces itself to be in X;. Hence pg * ¢; is in fact in
X;. O

Fix 6 > A regular and let N be a countable elementary substructure of (H(6), €)

containing as members the objects A, ADD(w) *x P(X), po * do, b, (X; : i < wy), and
(Ei :i <wp). Let (D, : n < w) enumerate all ADD(w)-names in N for dense open
subsets of P(X). Let (7, : n < w) be increasing and cofinal in N N w;.

We define an indexed family {(ps, ¢s,&s, ts, as) : s € <92} of elements of N by
induction on the length of s in <“2. Let pyy = po, 4¢y = do, and &y = 0. Suppose
Ds, s, and & are defined. Let t5 be the maximal sequence in V' such that pg * ¢
forces ts is an initial segment of i), and let oy = dom(ts). Then there are distinct
ordinals £s~¢ and &~ in NV and for i < 2 a condition ps~; * ¢,~, < po * ¢s which
forces b(as) = {;~;. Without loss of generality we can assume pg forces ¢’~, < ¢s,
otherwise replace it with a name which satisfies this property. Let ¢s~; be a name
which pg forces is below ¢.~, and in the dense open set

D|S‘ N ﬂ{Ez i < max (), as)}-
Then by Claim 2.5, pg * ¢s~; is in

ﬂ{XZ- 21 < max (), as)}-

Since po * ¢s~; is compatible with ps~; * ¢.~,, po * gs~; forces b(as) = &,~;. This
completes the definition.

If £ : w — 2 is an ADD(w)-name for a real, let g; be a name such that py forces
g: = (yi 1 < NNuwq), where (y; : i < N Nwi) is the union J{gin : n < w}
and ynnw, = N N H(A)Y. As in the proof of Proposition 2.3, py forces that g; is a
condition in P(X).

Fix an ADD(w)-name for a real i : w — 2 which is not in V. For each n, po
forces gj,y(,41) is in N{E; : i < v}, so py forces gj, is in ({E; : i < NNw}.
Hence po * gj, is in ({X; : ¢ < NNwi} = Xnnw,. Fix t such that pg * g;, forces

b NNwy =t. Define z : w — 2 inductively as follows. Given z [ n, let z(n) =i
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for i < 2 iff t(az1n) = Ezpn)~i- Then po forces z = h and h is in V, which is a
contradiction. [l

Let (a; : i < wy) be an ADD(w) * P(X)-name for an increasing and continuous
sequence of countable sets from X with union H(\)" given by a generic for P(X).
Let (51 :i < wy) be a name for an increasing and continuous sequence cofinal in wy
with & = 0.

Let G s H be generic for ADD(w) * P(X) over V. In V[G * H| define a relation
Ry on T as follows. Let sRrt iff there is ¢ < w; with ¢\ & non-empty such that

s=tNn¢;. Clearly (T, Rr) is a tree.
Lemma 2.6. The tree (T, Rr) has height and size X1 and has no cofinal branches.

Proof. To show T has height wq, let @ < wy. Fix a C wy in V[Gx H] countable such
that {i < w :aN[&,&41) # 0} has order type at least o+ 1. Since ADD(w) *P(X)
has the countable covering property, there is a countable set b in V' such that a C b.
Let s be the increasing enumeration of b. Then s is in T and {s’ € T': s'Rys} has
order type at least a.

If b is a cofinal branch in (T, Rr), then the set {i < wy : ran(b) N [&;, &v1) # 0}
is cofinal in wy. So b is cofinal in wy and hence is not in V. It is easy to check that
every initial segment of b is in T, which contradicts Proposition 2.4. [

In V|G * H] we define Q as the forcing poset from [1] which adds a specializing
function for the tree (T, Rr). A condition in Q is a finite partial function ¢ : T — w
such that whenever v and v are in dom(g) and uRgv, then ¢(u) # ¢(v). The
ordering of QQ is by extension of functions. The poset QQ is wi-c.c. and forces that
there is a total function h : T'— w such that whenever uRpv, h(u) # h(v).

Let P be the proper forcing poset ADD(w) * P(X) * Q. Let Rp be an ADD(w) *
P(X)-name for the tree relation defined above, and let h be a P-name for the
specializing function for (T, RT> given by a generic for Q.

Now we are ready to prove Theorem 2.1. Assume PFA. Fix a function F :
H(\)<¥ — [H(A)]®. We will find a set M C H(\) with size R; closed under F
which is internally club but not internally approachable.

Fix 6 > X regular. Let A denote the structure

<H(9)>€7Fa <T7 <T>,Pa <az 11 < W1>7 <§z 11 < w1>7RT7h>'

By Fact 1.1 we can choose a set N < A in [H(0)]™ containing w; and a filter
G * H xI = K C P which is N-generic for P. It follows that G x H is N-generic for
ADD(w) * P(X). Let M = NN H(A) and let 3 = M Nws.

Suppose xg, ..., &, are in M. Since N < A, F(xg,...,2,) € N. But w; C N,
so F(xo,...,xn) CNNH() =M. So M is closed under F'.

For each i < wq, let a; = (ziG*H and & = §1G*H Since a; is forced to be in V, a;
is the unique set such that there is p in G * H which forces a; = a;, and similarly

Lemma 2.7. The sequence (§; : i < wy) is an increasing and continuous sequence
of ordinals cofinal in B with & = 0.

Proof. For each i < w; there is a dense set in N of conditions which decide the
value of &;. So by N-genericity and the elementarity of N, each &; is in N Nws.
For i < j < wy, since P forces & < & and conditions in G * H are compatible,
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& < . Clearly £ = 0. If @ < N Nwa, then there is a dense set in /N consisting
of conditions which decide for some i < w; that & > a. So by N-genericity, the
sequence is cofinal in (.

Suppose § < wy is limit. Fix p in G * H which forces £ = &. Then for each
v < &5, there is a dense set of conditions below p in N which decide for some 7 < §
that v < éi < &5. By N-genericity there is ¢ < § with v < & < &s. So the sequence
is continuous. O

Lemma 2.8. The sequence {(a; : i < wi) is an increasing and continuous sequence
of countable sets with union M.

Proof. The proof is similar to Lemma 2.7. ]
Lemma 2.9. The set M is internally club.

Proof. Tt suffices to show that each a; is in M. But a; is in N and P forces a; is in
H(\)V. So there is p in (G* H)N' N and 2 in N N H(\) = M such that p forces
a; = x. Then z = a;. O

Let Ry = RG* and h = Al

Lemma 2.10. Foru and v in TNN, uRpv iff there is i < wy with v\ & non-empty
such that w = vN&;. The function h is defined on every u in TN N, and uRpv
implies h(u) # h(v).

Proof. Use N-genericity as in the previous lemmas. O

Now suppose for a contradiction that M is internally approachable. Fix an
increasing and continuous sequence (M; : i < wq) of countable sets with union M
such that for all ¢ < wy, (M; : j < i) is in M. Define b : wy — wy by letting
b(i) = sup(M; Nwe) for i < wy. Then b is cofinal in 3, and every initial segment of
bisin NNT. For each i < wy let b; be the maximal initial segment of b such that
ran(b;) C &;. Since b is cofinal in 3, {b; : i < w1} has size 8; and is linearly ordered
by Rp. But then h is injective on this set, contradicting the fact that the range of
h is countable. This completes the proof.

Acknowledgements. Our proof of Theorem 2.1 bears some resemblance to the
earlier proof in [4] that PFA implies the failure of AP, .
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